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PREFACE. 


IT is hoped that the following Solutions of the Examples 
in my Treatise on Algebra wil be of use to teachers, many 
of whom can ill afford time to write out detailed solutions 
of the questions which prove too difficult for their pupils; 
and that it will also be of service to those students who 
have not the assistance of a teacher. 

The solutions will, I trust, be found sufficiently full and 
clear. In some cases more than one solution is given. 

My thanks are due to many of my friends, and parti- 
cularly to Mr J. Barnard, Mr S. Wilson, Mr H. H. Holland 
and Rev. J. Haworth, for their kindness in reading the 


proof sheets. 


CHARLES SMITH. 
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EXAMPLES II. Pages 42—45. 


πὃ-. 522+1 
20° + 5a +1 
24$ — 102° 4+ 9435 
5at — 952? ++ 5a 
a? — 5a? +1 


935 — 10a? + 5a1 — 923? — 5a? + δω +L 


24’ -- δα +y? 
223+ 5ry? +y? a 
429 — 10α5ῃ + 2αϑῃῦ 
10275? — 25299? 4 5zy* 
+ 2a8y3 5x" yt 
4x6 — 102?y + 1029? — 21x99? — 5a?y* + Day? +y’ 


3a?— 92a?b-- 3ab?— 805 
2a?-- 5a?b — 4ab?4- b’ 
6aS— 4a5b+ θα’ὺξ-. bab? 
15a°b — 10a4b? + 15a30? — 15a7b4 
—12a4b?+ Sab? — 12a2b* + 12ab5 
3a9b? — 9a?b*-- 3ab5 -- 805 
6af + 11a5b — 16a4b? + 20a3b* — 99a?b* + 1δαῦ᾽ — 309 


2a?z? — 3a?z*y? + 546 
ax? + Aaay^ — 249 
Φαδᾳθ — 8αδωδι” + δαλαδηδ 
Sa*z*y* — 12a?x*y^ 4-20aa? 
— 4a?a*y6 + 6a?z?;j5 - 10y? 
24545 — Bary? + Satatys — 11a3a?9$ + 622478 + 20αωφ1Ὀ -- 10y?? 


2a — 3a? + 5a? — Ta” 
1- 2a? + bat 


2a — 3a? + ba? - ταῦ 


— 4a? + bat — 10αὔ + 14a’ 
4- 12a? — 18a! + 30a7 — 42a? 


2a — 3a? + a3--6a* — ba? — 18a$-r- 44a! — 42a? 


16, 


πο 
20. 


21. 
22. 
23. 


24. 


and 


29. 


MULTIPLICATION. 
a?— ab-ac + b- be+ c? 
a+ b+c » 
a? — a?b — a?c -- ab? — abc -4- ac? 
3-a?b —ab?— abe +08 bebe κ 
Ha?c — abe- ac? toe- be? +08 
a? — Babe n 4 οὗ 
a?— qy-— ο y?- 4 ο 
a+ y+ 2 
αὐ — ay - αὓρ--ωοὐ- ryz + az? 
αι -ay - xyz +y? — ?z + ye? 
Ta? — aye ag +yz- yz? + 
ga — 3xyz +y’ +2? 


4a?— 6ab +2ac +902 +3be +e 
2a + Bb -ο 
8a? — 12a?b + 4a?c +18ab?+ 6abc 4- 2ac? 


+12a%b —18ab?-- 6abc + 276? + 902c + 8205 
— 4a?c + 6abc -- 2ac? — 9b?c — 8bc? -- οὗ 
8a? 4- 18abc + 275 -- οὗ 


(αὐ -- 1) (x?-- 1) (7? --1)5 (r441) (αἱ — 1) 225 --1. 


(a4 + 16y*) (e? 4-492) (£+ 2y) (x — 2) = (αἱ 16y*) (0? + dy?) (ἳ - 4 


= (xt + 16y4) (x4 — 165*) = 8 — 25698. 


Product Ξ{(α-- y) (x y) (a? +y*)}?= (xt - y* 248 — 22*9* + y. 


Product = {(a?+1) (x+ 1) (α- 1)? 2 (xt - 1? =x! — 3a 4323-1 


(a? — z 4-1) (2? - x 4-1) 2 a5 23? 41; 
4C(m*2- a? 1) (z* — 2? 4 1) 2 x3 - m -- 1. 
(a? + 2ab + 403) (a? — 2ab + 40”) = α΄ + Aa? V? + 160, 
(a4 + 4a?0? + 1004) (a* — 4a?b? + 1004) — a8 + 16a*b* + 95605. 


[ΕΧ. 


y?) 


(i) 


a? + 4b? + 9c? -+ 2a (2b) + 2a (-3c)-+2 (2b) (- 8ο) 


=a? + AU? + 9c? + 4ab — bac — 12be. 


(ü) a*-4a?b?-4- b4+ 2a? (— ab) + 2a7b? +2 (— ab) b? 


(iii) 
(iv) 
(v) 


. =a — 2a3b + 3a2b? — 2a b? + bt 


bc? -+ c?a? + a?0? --9be . ca+2be . ab+2ca . ab 


=b 4 c?a? +a? 2abe (a+b 4- c). 


14-42? θα} 4-2 (— 2x) +2 (32?) +2 (- 2x) 32? 


z1-4z-4102?— 192? 4- 92, 


e+ x44 a? 414223. 92+ 203. 24243 420? . 4+ Qn? + 2x 


= 08 + 245 -- δα! + 4x? 4 307+ 2a+1. 


Π.] MULTIPLICATION. | 9 


26. Asin Art. 67, we have (a+b -- c)? = Za? -- 3Ea?b + babe. 


Hence (2a — 3b — 2c)? 
= (2a)? + (- 3b)? + (- 2c)? 4-3 (2a)? (- 3b) +3 (2a)? (- 2c) 4-3 (2a) (-- 3b)? 
+3 (2a) ( - 2c? +8 (- 80)? (-2c) +3 (- 3b) (-- 2c)? + 6 (2a) (- 80) (— 2c) 
= 8a? — 27b? — 8c3 — 36a?b — 294a?c + 54ab? + 94ac? — 54U?c — 86065 --T2abc. 
Also (1-- 2-2?) 
—1l-ra?-- a8 + 3T + 32? + 32? + 323 -- 9x5 + 3a + 62? 
=14 3x + 622+ 72? + 604 + ϑαῦ + a. 
27. We have 


a? 4-9? 4- z? --2yz 4-922 + Qry - (à? 4-9? +2? + 2yz — 22x — 2») 
+ (a? + y? 4-2? — yz + 922 — 21) — (a? + y? +27 — yz — zg 4-2xy) 2 82a. 


98, (xcy)(r-2)-a?-—gyz-- ze 4 xy — &c. 


29. Left side 
=Y? 4-9yz +2? + 22 + 222 +L? 4 a? Qey M y? — à? — y? — 2? 
za? +Y? 4 25 9yz4 22x + 22y = (x+y t 2). 


91. On expansion it will be found that both expressions 


= B(y2? — y?z + za? — z?x + xy? — xy). 


39. (a+b)? —a3--3a?b + 3aU? + 9 — a? + b? + Sab (a+b) ; 
^. (a+b)? — Bab (a+ 0) =a? + B, 
(a+ b)*=a4 + 4αδῦ + θα”ῦ” + 4ab° + b4 = a4 + b4+ 4ab (a? + b? + 2ab) — 24303: 
*, (a+b)4—4ab (a+b)? + 2a7b? = a* + bt. 


93. (a? +ay + y!) - day (2? y?) =at + 22?y + Bary? + 22y? + yt 
— 4a?y — 4a? = (a? — ry + y?y. 
34. The expression on the left is easily seen to be 
Aa? + Ay? + 42? + Syz + Szat 8zy — 4 (uty +2)”. 


86. 2 (a? +y?+22- yz — 2a - xy) (y - 2)? + (2-2)? +(x- y? 
z (b -- ο): -- (c — a)? + (a - 0)? —2 (a? + ο +0? — bc — ca — ab). 


37. 2(3249)422-yz-zx -ay)- (y —2)? + (z - x (η -- y)? 
z(c- b)? p... 22 (a? - 0? - c? - bc — ca — αὖ). 
38. ο (6-e) (c- a) + (a - ϐ)--θ; 


E κ... ο. 


„e (b —c)?-- (e - a)? + (a — 0)? 22 (a — 0) (a - c) - 2 (b — ο) (b — a) 4- 2 (c — a) (c — b). 


4 DIVISION. [Ex. 


39. Left side 
=a? (b? + c?) + y? (c? + a?) +2? (a? +b?) -- 2bcyz — 2cazz ~ 2abay 
= (b?22 — 9bcyz + c2?) + (οὐαξ — 2caza + a?2?) + (a9? — 2abxy + b?x?) 
= (bz — cy)? + (cx — az)? + (ay — bx). 
40. aa-+by+cz=a (a? — be) +b (D? — ca) +c (c? -- ab) =a +b + c? -- δαῦο 
z (a 4- Ὁ 4- c) (a? ἠ- δ +c? — be — ca -- αὖ) [See 16] z (a -- 5 4- c) (& 4- y +z). 
Again 
be (x? — yz) =be (a? — bc)? — (b? — ca) (c? — ab) | — abe (a? +b? + cè — Sabe), 


and the symmetry of this last result shews that it is also equal to ca (y? — za) 
and to ab (z? — ay). 


41. (α--α))-(α-- ὂ)θἠ- (α-- ο)δ-- 8 (x-a) (x -- b) (x- ο) i 
=(e«-a+x2-b+a-c) {(α- α)λ--(α-- δ) + (x -- c)? --(α-- b) (α-- ο) - (x - c) (Œ - a) 
— (x — a) (x — b)} [From 16, where x-a, x—b, x—c are substituted for a, b, c 
respectively. ] 


= (3% -a -b — ο) {(x-a)?+&e.}=0, since 3x -a-b—-c-—0. 
43. On the right, the coefficient of x? is a?-- ab + 0?, the coefficient of αγ 


is —2ab+a (a -- b) — 0?-- 2b (a - 0) —a? -ab--U?, and the coefficient of y? is 
b — b (a 4- D) 4- (α 4- 0)? — a? ab 4- 03. 


Hence the whole expression on the right = (a? + ab 4- 0?) (x? + £y 4- y?). 

50. The product can only contain terms of which a?, a?b and abe are 
types. 

The coefficients of all terms of the type a? are obviously unity. 


The term a?b arises in two ways, namely a?x b and —ab x a: the coeffi- 
cient of a?b, and of every term of the same form, is therefore zero. 


The term abc arises in three ways, namely — be xa, —ca xb and —ab xc: 
the coefficient of abc, and of every term of the same form, is therefore — 3. 


The required product is therefore Da? -- 3Xabc. 


ΤΠ. Pages 51--52. 


6. z-y)o rSn eA (C ey qai γα ον 
46 -- ay 

ety 

aty ~ ay? 

5 gy? 

ay? = oy 

ay? " 
xy? gy 
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— Ag p dys 


ΠΙ.] DIVISION. 


7. neo 140+0+0+0-64+5( 142434445 
, The DET 
DER 
2-4+42 
Sis 
3-643 
4-3 
4-844 
5—104-5 
5-104+5 


Ans. 1+42a+3a?+ 423+ δω, 
8, Asin]. Ans. m4+2min + 39m?n? + Amm? + 5n4, 


9. 1-241 )1+04+04+04+0+0-746 (14243444546 
1-24 


Ans. 14+2x”+32a7+4 4o? 4- 5x* + 625. 


14. z4y- 1) a3 -- 32? E3z cy? --1 (αἳ --ᾱ(/ 3:39) yh y 1 
gra (y — 1) 
-α"(ψ 1-3) 
- 2? (y +2) -æ (y +2) (y - 1) 
a (f y lpky -l 
ο” +y+1)+(y?’+y+1)(y-1) 


Or thus: 
Since a? +b? — (a +b) (a NEN 
we have (x - 1)? y?- (x—1-4y)i(v- y (z - 1) - 9?), 
and therefore Oe qo ος 1?-y(r-1)-y?. 
16. 1-343-1)1-547-1-442(1-2-2 
1-3+3-1 
—2+4+0 
-246-642 
-246-6--2 
-246-6--2 


Ans, a?-2uy -2y?. 


ΡΙΝΙΡΙΟΝ. [Ex. 


17, a—b+2c)a? +a (b ο) -- 203 4-Tbc -- 6c? (a --20 — 
a? — a (b — 2c) 
a (2b — 3c) 
a (2b — 3e) + (2b — 3c) (= -+ 2c) 
18. a+b- c) a? +a (3b + 2c) + 202+ be -- 805 { a+20+ 3c 
a? +a (b — c) 
~ a(2b+3c) 


a (2b + 3c) + (b -- ο) (2b -- 3c). 


20. atty? - 2311 at e 20% η y* — 24 4-222 — ia Ryte 
zeeen RE 

e yt a -- 

(y? aa +1) (y? +2- 1) 


5 
2 


231. (a-b — c= {(a—b) - οὶ ((a— 0)? (a - b) +e°}. 
Hence quotient required is (a — b)? +c (a — b) - c?. 
22. a+2b~c) ad+ Gabe + 8V? -- 3(a?-a(2b—c) +40? + 2be + c? 
a? + a? (2b -- c) 
— a? (2b — c) 


-a (2b --ο) - a (2b - ο)” 


a (40? + 2be + c?) + (2b — ο) (40? + 2be 4 c?) 


99. a?-a(2b +3c) + 4b? — Gbe + 9c? ) 
a? ~ 18abc + 8? +2768 ( a 4-2 + 3c 
a? — a? (2b + 3c) + a (40? — Gbe + 9c?) 
a? (2b + 8c) — a (4b? + 12dc + 963) + Sb? + 27c? 
a?(2b + 3c) — a (2b + 3c)? + (2b + 8c) (4b? — 6bc + 0c?) 


3a — 2b — 8c ) 27a? — õtabe — 8b? — 21ο ( 9a? + 3a (2b + 3c) + 407 
27a? — 9a? (2b + 3c) — 6be + 9c? 


9a? (2b -- 3c) 
9a? (25 + 3c) -- 3a (20 -- 3c)? 
3a (403 — 6bc + 9c?) 
3a (4b? — Gbe + 9c?) — (2b + 3c) (40? — 6bc + 9c2) 


95, az-b ) aca? + (ad — bc) a? — (ac + bd) x + bc (ea? dz- c 
aca? — bea? 
ada? 
ada? — bdx 
— aca 
— aca -- be 


IV.] FACTORS. y 


26. az 4 2(b — c) y) 241? + abay -- 2 (b --ο) (8b — 4c) y? ( 2ax — (3b — 4c) y 
24? 7ο) + 4a (b — e) xy 
— a (3b — 4c) zy 
τά (3b — 4c) wy ~ 2 (b ο) (3b — 4c) y? 


27. Arranged in descending powers of a we have 
440-243) 4-124+2+9-1143(1-341 
ο 
—12-4-4--6 
—124-046-9 
EE Xd 0-9 5 
4:099 
Ans. α- -- δαὺ -- V. 


28. (@+y°)+(et+y)=2?- xy +y. 
Hence ((z 4- y)? - 22) - (x y) 21 9 (zy)? - α(α +y) +22. 


29. y -39-(z- το ον. 
e. (0 yy -82) (x49) - 22] 2 (x y)? 4-22 (w+ y) +42". 


IV. Page 56. 


ib — 1604= (a? + 403) (a? — 4b?) = (a? + 403) (a + 2b) (a — 90). 
2, 16x4- 81a*D* — (42? 4- θαϑδ9) (4a? — 9a2b®) = (4x? + 9a2b2) (Qa + Bab) 

(2a - 3ab). 
8. 16- (3a - 25? — {4 + (3a - 25) (4 - (8a - 2b). 
4, 45?- (22 - x)? = {2y + (2z — x) (2y - (22 α)}. 
δ. Sax (4a?z? — 995) = Sax (3αα + 3y) (Zax — 3y). 
6, 42x? (9x4 — y4) = 4a?a? (32? + y?) (32? — ?). 
7. S8(a*- 55) 28 (a? -- 03) (a+b) (a — b). 
8. 16 (a*— 5*) — 16 (a? 4- b?) (a+b) (a — b). 
9. (51?+2x —-3 a? — 2z -- 3) (532-22 - 3 - à? + 2x - 3) 

= 24 (x? — 1) (z? + x) = 242 («+ 1)2 (z — 1). " 

10. (30?- 42-2432? + 4a — 9)(3a? - 4c - 2 — 83? — 4x + 2) — — 162(32? - 2). 
ll. 403 (Sa? - 0θ)-- 41? (2a — b?) (4a? + 2ab? 4- 24). 
12. (a?-2bc—9bc) f(a? — 2bc)? + 206 (a? -- 209) + 40505}. 
19. (a-4)(a-2). 14. -(α-4)(α- 3). 


15. 
if 
18. 
19. 
21. 
22. 
23. 
24. 


25. 
26. 
27. 


28. 


ae Sede Dem 


FACTORS. [Ex. 


(1 - 212) (14-32). 16. 524 (ae Ly 

ab (a? — 4ab + 3b?) = ab (a — 3b) (a — b). 

a?b (a? + bab 4- 403) = ab (a +b) (a+ 40). 

(b+c — a) (b-- c 5a). 20. í(3(a-5b)- (c4 d))*. 
(a? — 4) (a? — 25) 2 (x +2) (x — 2) (+5) (x — 5). 

(25? — y?) (42? - y?) = (Ba +y) (δα — y) (35 +y) (22 - y). 

(x? — 44222)? = (x + 992)? (x — 2419)”. 


a? (9a3 — 10a2b? + 03) = a? (9a? — b?) (a? — b?) 
=a? (3a + b) (3a — b) (a+b) (as 
x? — D? — 2a (x — b) = (x — b) (x+ b — 2a). 
2? — a? + Yy (x — a) — (x — a) (x -- a 4- 2). 
12ab + 2cd + a? +b? — c? — d? Rip es a? — D? 4 c? - d?Y 
={(a+b)?—(c—d)?} 1(e-- d? — (a — b)?} 
=(a+b+e- duros —e-r d) (c - d — a-- b) (c - d - a — b). 
(22 — 2ab + a? +y? εισαι 2ab — a? — y? E) 


= ((z- yy —- (a+ 5) {ία -- b)? - (z - y) 
ος σης κ Ee N 


V. Pages 64—65. 


a (i2 — 1) 39 - — (a 2) (x? — 1) — (a2) (8:11) (e — 1). 
a (c — d) +be -- bd — (a+b) (c — d). 
a (c? — d?) + bd? — bc? — (a — b) (2 — d2) — (a — b) (+d) (c — 4). 


a (ca? + day) + bey + bdy? — ax (cx + dy) + by (cx + dy) 
= (aa + by) (cx + dy). 
a (ca? + dx) + bea? + bd = ax (ca? +d) +b (ex? + d)= (ax +b) (eo? 4- d). 


(a + by — Ct ee (b 4- d)?=(a+b+c+d) (a+b-c-d) 


+(a+b+c+d) (α--ο-- —d)=(a+b+e+d)(at+b-c-d+a+c—b-d) 


7. 
8. 
9. 


10. 
11. 


—2 (a — d) (a.4- b -- c - d). 
a? (a+b) — b? (a+b) = (a + Ὁ) (αὖ — b) = (a + b) (a — b) (a? + ab +b). 
a3 (a — b) - b? (a — b) = (a — b) (a3 — 53) = (a — b)? (α” + ab 4- 0”). 
a? (b — 1) —02-- 1— (0? — 1) (2? — 1) =(b +1) (b — 1) (a+) (a — 1). 
a2 (y® — 2) — yit ehm (y? — 23) (2? 22) =(y +2) (y — 2) (+2) (α - 2). 
a? (yh — 2) - yhp om (δε — 1) - (y% - 1) m (ze - 1) (yz - 1)... 


v.] 


FACTORS. 9 


12. αὖ (e+y)+23 (αγ) (5-1) (42) (à? — α 4). 
18. a?—- y? 2 (z- y) - (z - y) (w+ y +2). | 
14. (z*-9)(z?--2) — (e -- 8) (c — 8) (a? 2). 

15. (z?4-198—952?— (αἳ +5241) (2? — ὅσ 4-1). 

16. ("3 - 16a?y?— (a? + dary + y?) (a? — 4vy 1-05). 


17. (αἱ -- 1) - αἲξ (αἱ -- 2? +1) (αἱ |- αὖ -- 1) 
= (w* — x? + 1) (x? — 2c 4- 1) (2? -- c 4- 1). 
18. z*- 2 (a? - b:) a? 4- (a? +b)? — (a? 4- b)? + (à? — 2? = (a? — (a? + 0912 — 4a*t? 
= (a? — a? — b? — 2ab) (x? — a? — b? + 2ab) = (x? — (a -- b (22 — (a - b)?} 
ώς à — b) (x — a 4- ὁ) (x -- a — b). 
19. (c? -2y"y. 


20. {x-(a+)}?-(a+b)?—ab (a - 2) (b+2)=(e-a~ b)? — (ab +a — 0)” 
= (w+ ab — 2b) (x — αὖ — 2a). 


2]. a(a+b) +23 + ba?=(a+ 2?) (b+2). 


22, 4 (L- 222+ a) + 2y (Lat) + (1 - 20? +2) 
=y? (1 — 2)? + 2y (1 — x5) + (1 -- @?)? = (1 — a?) (y(1— 22) + 2 (1+ 22) + (1 — 22)] 
=(1-2°){(y+1)?- (y -1)?a"} =(1- 2?) (y +1 +a (y -1)}{y +1- 2 (y - 1))- 


93, α -—2wz +2? -— y? — Az? + 4yz = (x-z)? — (y - 92? = (æ +y- 3z)(x -y +2). 
24. Complete the square in y; then we have 


2 1 
-2 [16] - jg θα θα” | 
-94 -7 θα τα) εχ ο ~ 5 (50 +a) - 1 (30 194) 
=(2y - z t a)( y - 2x — a). 


95. a2—2a(b+c) + (b+c)? -- (b -- c? — 8b? — 3c?-- 10bc 
Ξία-- (bc)? -4(b- c= (a- (bc) 26 - )] la - (5b c) -2(65-0] 
— (a +b- 8c) (a — 8b 4- c). 


207 nul ΝΕ ἢ 2.112429, ὃ 
26. 2|a!-5 (10-5) +76 (0-5 -jg (10-5 - 110 ο 5 


=2 [h-i z τα 2250- 210b +49) ] 


ο ο -p 050-79 | 
= (2a - 115-11) (a+2b - 8). 
27, l-a?zx?- bz? (1 -- az)- (1 — az) (1 ασ 4- bz?). 


98, 1-2ax+ ax -- cx? (1 -- azx)-—(1- az) (1— az — οκ”). 


10 FACTORS. [EX. 


DIT A vem d ne »(b—c)=(b—- 2a (b+ b 
29. a*(b-c)-a (b-c) + be (b - c) & (0 --ο) {a a E 
90. a? (b+c) +a (b? +c? + 309) + δὲ Μο ο a UE 
2 ~a(b2-+¢2+ 909) +be (b 4- c) —- (b -- ο) fa? — a. (b 4- ο) 4- bc 
δι, ο) απο μα ο ο. νη 
82. ax (a? - ay +y?) +a? y + by (2 - ay +y”) 
= (0? ay y?) (az +2 +y + by). 


33. Complete the square in a: then we have 
ο ο ο 24 72 
πρὶ [ων +52y +w} m (y? — 03)? |= (ab + ay) (ay? + b?:). 


94. 2a?—4a?y--2xy? — z (a? — Qay + y?) = (a? — 24 +y?) (2x — z). 

35. atyzt+yter+ctay — y? — zx x5? 
= atyz — 323 Γύρω — ay? + Ary — 22? = yzat- y???) + σγϑ(ψα — a?) + ez? (yz — a?) 
= (yz — 2?) (ay? + 223 — yz (yz κα) - (yg - x?) (zx — y?) (vy - 2). 

96. (z?--z — 12) (a?-- x — 2) z (x+ 4) (x — 8) (z +2) (x — 1). 

97. {a%+404+8+4 2x] (a2 -- Av 4- 8 - 7] — (v +4) (w+ 9) (22 4- δα 4-8). 


38. Taking the first and last factors together and also the middle 
factors, we have 


(a? + 5x +4) (2? 4- 5x +6) — 24 = (a? + 52)? + 10 (a? + 52) =x (x +5) (2? 4- ὅσ +10). 
39. Taking the first and last factors together and also the middle 
factors, we have 
(22 + 8z +7) (αὐ -- 8z 1-16) -- 15 — (x? + 8x)? + 22 (a? + 8) +120 
= (x? + 8x + 12) (x? -- 8x + 10) = (æ + 2) (x + 6) (2? 4- 8x + 10). 


40. Taking the first and last factors together and also the middle 
factors, we have 


4 (a? + 17x + 60) (x? + 162 + 60) — 32? 
4 (x? + 60)? + 1824 (x? + 60) + 10852? 
(2 (x?-- 60) -- 312] (2 (αἳ -- 60) + 352) 
= (x + 8) (2x + 15) (22? + 35x + 120). 


VI. Pages 73—79. 


1. The given expression would vanish if y-z=0; and hence y -z 158 
factor, and similarly z— z and z —3 are factors. Hence, as the expression 18 
of the third degree, it must be L (y—2) (z — ο) (z — y), where L is numerical. 
Comparing the coefficients of z?y in the given expression and in 


L (y - 3) (2-2) (x-y), 
we see that L —3. 
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2. The given expression would vanish if y —z were zero. Hence y —z is 
a factor, and similarly z — z and z — y are factors. Hence as the expression 
is of the fifth degree and is cyclically symmetrical, it must be 


(y — z) (2-2) (x — y) (42? + Ay? + 422+ Byz + Bzz + Day)......... (i), 
for Ax? + Ay?+Az2*+Byz+Bze+Bay is the most general cyclically sym- 
metrical expression of the second degree. 

Equating the coefficients of «ty in (i) and in the given expression, we 
have 4=5. 
Now put #=0, y=1, z=2; then 
-1432-1-—(-1)2(-1) [5-- 20-- 25], 
whence B=-5. 
Hence the given expression 
=5 (y — z) (2-2) (x — y) (2 +Y? +2- yz — zo — vy). 


3. a4 (03 -- c?) — a? (05 — οὐ) + 23ο’ (b? — c?) = (0? — c?) {a4 — a? (D? -- c?) + 02631 
= — (b? — c?) (c? — a?) (a? -- 03). 


4, It is easy to shew that b-c, c-a and a—b are factors, Hence as 
the given expression is of the fourth degree and is cyclically symmetrical 
there must be another cyclically symmetrical factor, and therefore the given 
expression must be 

zL(b-c)(c-a)(a— ὦ) (a4- b 4 c). 


Equating the coefficients of a?b, we have L=1. 


5, ltis at once seen that b-c, c-a, a-b are factors. Hence the given 

expression 
— (b — c) (c-a) (a - b) (LZa? + M Za% + Nabe ) ...........:... (i). 

Now the coefficient of ařb in the given expression is — 1, and in (i) 18 -- Ι,; 
p 0-1. 

The coefficient of atb? in the given expression is 0, and in (i) the co- 
fficient is L- M; «..M=L=1. 

To find N, put a=1, b=2, c=3 in the given expression and in (i); then 

l —1+64-3=2 {1+8+27+5+16+27+6N}, 

whence N= — 9. 

Hence Za (b-c) = (b -- ο) (c — a) (a — b) {Za + Za?b -- 9abcj. 


6. We have 
ο (b — ο) +a (c? -- b?) +a? (b — c) = (b - c) {bc -- αὖ -- ac +a} 
D = - (b - c) (c - a) (a — b). 
ASTE. 2 
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7, Arranging according to powers of a it becomes obvious that b —c 18 a 
factor; then arranging according to powers of b it becomes obvious that ο-- a 
is a factor; &c. Thus 
υδοῦ (b — c) +a? (c* — 03) 1 α΄ (D? — c?) 

= (b — ο){δ3ο5 — a? (05 + Όδο + bc? + c?) + a4 (b? + be + ο} 

= (b — c) {93 (c? — a?) + λα” (a — c) }- a?bc (a — ο) ἠ- c?a? (a — c); 
=(b — c) (c — a) (D? (c? + ac + a?) — ba? — αὖδο — c?a?Y 

=(b -- c) (c — a)(e? (b3 — a) + abe (b? — a?) +. a?0? (b — a) } 

= - (b— c) (c — a) (a — b) (c? (a? + ab +b?) + a?bc + ab?c --αἲ 031 
= - (b— c) (c - a) (a -- b) (c? + a? + a?0? + abe (ας b 4 ο)}. 


8. a*(b—c)- a (b* — c*) + bc (03 — c9) 
— (b — c) {at — a (05 4- D? + bc? + c?) + be (0? + be -- c?)) 
= (b — ο) {03 (c — a) + be (c — a) + bc? (c — a) — a (c? — a?)) 
= (b — c) (c — a) (09 + Όλο + bc? — a (c? + ca. αἲ)} 
= — (b - c) (c — a) (a — b) (a? -- 0? -- c? }- bc -- ca -- ab]. 


9. (b—c)(a5— a (b4+ Όλο -- b?c? + bc? + οὐ) + be (05 + b? + bc? 4- c?) 

b — c) (c — a) {b*+ ὅδο + D?c? + be? — a (a? -- a?c + ac? + c?)] 

= - (b— c) (c - a) (a — b) (a? 4- a?b + ab? + 59 -- c (a? 4- ab -- ὃ”) 

T ca 4 οὐδ +c} 


ll 


— (b — c) (c — a) (a — 0) (Za? + Za?b -- abc]. 


10. The expression is evidently symmetrical and hence 
= L2a?+ M=b*c + Nabe. 
The coefficient of αὖ is easily seen to be zero, and therefore L=0. The 


coefficient of αὖ) is easily seen to be zero, and therefore M=0. The co- 
efficient of abc is 6+6+6+6=24. Hence the whole expression =24abc. 


11. It is easy to see that abc is a factor. Hence, as the expression is 
symmetrical and of the fifth degree it 
=abe {L (a? +b? 4- c?) + M (be+ca+ab)}. 
Putting a=b =c=1, we have 248-1- 1- 123L «5Η: —. L-- M —80. 
Now put α-- 1, b=1, c=2; 
then 960—12L--10M, and 800=10L4+10M; whence L=80 and M=0, 
Hence the whole expression —80abc (a? +6? + c?). 


12. The coefficient of a? is 0; the coefficient of a?b is 0; and the coeffi- 
cient of abc is 2--2--2—2—4. Hence expression —4abc. 


18. The coefficient of αὖ is 0; the coefficient of ab is 1-1-141=0; 
the coefficient of abc is 2. Hence the expression =2abc. 


14. Arrange in powers of a. Coefficient of a? is -1+1=0; coefficient of 
ab is 1+41-1-1=0; also coefficient of abc is —2--2--2.-2—4. Hence 
expression =4abc. 
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15. The expression would vanish if b-c were zero. Hence b-c is a 
factor, and similarly c-a and a-b are factors. Hence the expression 
=L (b — c) (c — a) (a — 0). 

Put/a-0, 5—1,c-—2:; 
then —1.1.—-142.—1.3.- -1.3. 1z, (-1.2.—-1); ..1---4. 


16. We see at once that y 4-z, z+2, +y are factors, Hence the given 
expression = L (y 4-z) (z 4- x) (£ +y). 
Pat c=y=z=1; then 27—1—1-1=2L.2.2.2; .. L=3. 


17. It can be seen at once that y+z, z+ and «+y are factors. 
Hence, as the expression is symmetrical and of the fifth degree, it must be 
δα (y +2) (z 2) (x+y) {L (2? y? c 22) + M (ys b zx σγ)}. 

Put v=y=z=1; then 240—24L -- 24M. 

Put 2-0, y=1, 2-1; then 30—4L + 2M. 

Whence L — M —5, so that given expression 

=5 (y +2) (2 +2) (x+y) fa? y? γε yz zx my). 


18. Itcan be seen at once that b-c, c-a and a— b axe factors. Hence, 
as the expression is of the third degree, it must be equal to 
L (b — c) (c — a) (a — b). 
Put a=1, 0522, c=3; and we find L= - 1. 


19. It can be seen at once that b-c, c - a and a — b are factors. Hence, 
as the expression is cyclically symmetrical and of the fourth degree, it must 
be equal to 

L (b - c) (c - a) (a-b) (a6 4- c). 

Equating coefficients of a, we have 

-L=-1+8; .. L--2. 


20. It can be seen at once that b-c, c - a and a - b are factors. Hence, 
as the given expression is cyclically symmetrical and of the fifth degree, it 
must be equal to 

(b — €) (c~a) (a — ὁ) {L (à? 4- U? -- ὁ”) + M (be - ca - ab)]. 

Equating the coefficients of atb and of ab? we have 

ὃ-- --Ἡ, and 2--- M 4- L. 
Hence the given expression 
= - (b- ο) (c — a) (a — b) (3a? +30? -- 803 + bbc + ὅσα + oa]. 


91, As no factors are obvious arrange in terms of a. The coefficients can 
be easily picked out by inspection, and we have 
a? (b+c) +a (906 +b? +c?) + be + bc?. 


It is now obvious that b+c is a factor, and the given expression is then 
seen to be equal to (b 4- c) (c +a) (a+b). 
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29. Tt 15 easily scen that b-c, c — α and a- b are factors. Hence, as the 
given expression is a cyclically symmetrical expression of the fifth degree, 
it must be equal to 


ο (b-c) (c - a) (a — b) {L (a? +0? +0?) + M (bc 4- ca 4 αὐ)}. 
Comparing coefficients of atb and of a*b”, we have 
1—--L and 1—L- JM. 
Hence the given expression 
= — (b - 6) (ο-- a) (a - b) fda? - 2Xab]. 


23. Arrange in powers of x; then we have 
2? (y 4-2) +a (y? -3yz 1-23) -- yz (y tz)... (i) 
the factors of which are 
z+y+z and z(y-42)4yz. 


If the factors of (i) cannot be seen by inspection, they can be found as in 
Art. 81, by writing the expression in the form 


€ E yz 1 WES η ge^] 
τος ZEE jr ΠΠ 3 iM tec. v 

Bc 1 , yz X. il yz ) 

=(y +2) ferz (ute E) πο ο 


ferg (utar te E tUe 
i 9 y +z 3 y +z 


=(x +y +z) (ya d gx d zy). 


24, Arrange in powers of a; then 
a? (b+c) +a? (20? + 2c? + Abc) +a (b -- ο) (Bbc +b? -- c?) +be (b-- c)? 
(b -- c) (a? + 2a? (b 4- ο) +a (05 +c? + 905) + be (b-+c)} 
(b -- c)1 0? (ο +a) 4- Ὁ (c? + 2a? -- 3ac) + a? + 2a?c + ac?) 
(b -- c) (ο +a) (0? -- b (c - 2a) +a (a -- c)) 
(ὦ +0) (c +a) tc (a+b) +(a+b)?} = +c) (c +a) (a+b) (a b 4- c). 


| 


25. It is easily seen that x, y and z are factors. Hence, as the given 
expression is symmetrical and of the fourth degree, it must be equal to 


Lauyz (a 4-3) +2). 
Put s=y=z=1; then 81 --16.--16--16--1--1--1--51, 
Hence the given expression --19αγ2 (£ +y +2). 


26. Arrange in terms of a: then 
δα” (b — c) -- 8a (b? — c?) + Bbc (b — ο) -- -- 3 (b — ο) (c - a) (a — b). 
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27. Itis easily seen that b-c, c-a,a—b, a-d, b —d and c— d axe all 
factors. Hence, as the »xpression is of the sixth degree, it must be equal to 
L (b — c) (c — a) (a — b) (a — d) (b — d) (c — d). 

To find L, put a=0, b=1, c=2, d= —1; then we have- 199 — 19 T. 
Hence the given expression 
= —16 (b — c) (c — a) (a — b) (a — d) (b — d) (c — d). 


28. We have found in 25 that 
(zy 2) - (y 1-1)’ - (2 x) - (e y) γαλ y* rz i—9zxyz (x+y 1-2). 
Hence we have to prove that 
(£+ y +z)?” E (y +2) = (z +a) pun (x Ty)? qp? 4 ym + gn 


is divisible by x, y, z and «+y+z for all positive integral values of n, and 
this follows at once from Art. 88. 


29. The given expression would vanish if a were zero: hence a is a 
factor, and so also b and c are factors. The expression is therefore equal to 


abc{L (a? -- V? 4- c?) 4- M (be 4- ca 4- αὐ)}. 
Put a=b=c=1; then we have 6-- 51; 4-3M. 


Put a=1, b=1, c= —1; then we have 2= —3L-4-M. Hence L=0 and 
M=2. Thus the given expression — 2abc (bc + ca + ab). 


30. Square the two sides of the identity 
(b — c 4- (c-a)? 4- (a - 0)? 28 (b — c) (e - a) (a — b) ; 
then Z (b — c)6--2Z (c — a)? (a ~b} =9 (b — c)? (e - a)? (a — 0)”. 
Hence Z (b --c)6 -- 9 (Ὁ -- ο (c — a)? (a — D? 22 (a — b)? (a — ο)”. 


81. (bac) (a4 d)—(a-b4c4 d) ((b4-c)? — (b4-c) (α }- d) - (a 4- 493, 
(ο +a)? + (b 4- d)? — (a. -- b 4- c 4- dt (e +a)? — (e +a) (b 4- d) 4- (b -- d)?), 
and —(a- 0)? (ὁ-- d)? — (a 4-0 4- c - d) ((a -- b)? — (a+ ὃ) (ο 4- d) 4- (ο 4- d). 
Hence the given expression —3 (a +b +c + d) (a? 4- 0? 4- c? +d’). 


39. We have 4 (a? + ab + b?) — (2a? + 8a?b — 3ab? — 209)» 
= 912302 + 54a30? + 97203 = 27020? (a+ D)?. 
33. Since Zat- 22b? = -(a+b+c) (-a+b+¢) (a—b+c) (a - b — ο), we 
have only to shew that a+b =c are all factors of the given expression. 
Now, if 
a+b+c=0, +e- a? — — 906, +a? -b= — 2ca and a? ὐ” -- c? — —2ab, 
and the given expression would be —8a%b%c?(a+6+c). Thus the given 


expression would vanish if a+b-+c were zero. Hence a+b+c is a factor of 
the expression, and similarly it can be shewn that — a-F b 4- c, &c. are factors, 


Or thus:— 
The given expression is easily seen to.be 
-- Ea? + 3Za80? — 2Zia60^ — 6Zia80?c? + 6Xia? bct, 
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Now, if Σα4 -- 2Zb?c? be one factor of the above it is easy to see that the 
other must be - Za! + AZa40? + ua?b?c?, where X and u are to be determined. 


The necessary and sufficient conditions that the given expression may be 
(Zat 9Σδ303) ( — Za + AZa30? + wa*b*c?) 
are that values of A and u can be found to satisfy simultaneously the 
equations 
32142, -2- -1—2A +A, -6=2-4vA+m and 6— —2A - 2j. 
These equations are all satisfied by the values \=1, w= — 4. 
Hence the given expression 
= (Zat -- 220c?) ( - Za9 + Darl? — 443036"). 


94, We have 
(a? — b?) a dy + 16a2D?c?d? + 40348 Ta b?)? + 4a?0? (c? — d?)? 
(c? — d?)? {(a? — 02)? + 4a?b?} + Ac?d?( (a? — b?)? + 40767} = (c? + 2)? (a? + 03)3, 


35. The expression on the left 
(y? - 22) 1-- o (y 2) 22) + ke. 
=a (y +2) (y?— 2) +y (z + 2) (2° — 22) +z (x+y) (2? — y?) 
t aye {æ (y2 — 2?) +y (22-2?) +z (a? — y?)1. 
And it is easily seen that KER ανα 
hA ce (y =z) (z - 2) (x-y) (ey 2), 
and Da (y? — 22?) = (y — z) (2-2) (£ — y). 


36. It is at once seen that b-c, c-a, a-b, a-d, b- d and c— d are all 
factors. Hence, as the given expression is of the sixth degree, it must be 
L (b — c) (e - a) (α-- ὁ) (a-d) (b — d) (c-d). 


The coefficient of a*d?b in the above is — L, and in the given expression is 
-1; hence L=1. ! 


o7 sts at once seen that b-c, c-a, a—b, a-d, b-d and c — d are all 
factors of the given expression which is of the ninth degree. Hence it must 
be equal to 

(b — c) (c - a) (a — b) (a — d) (b - d) (c - d) (ZLa? + ZMa?b + E Nabe}. 


Now, in the given expression, the coefficient of a9b?c is zero, and therefore 
L=0; the coefficient of a5b3c is zero, and therefore M—0; thus there are no 
terms of the form a? or a?b, so that the hen expression must be 

(b - c) (c — a) (a — b) (a — d) (b — d) (c -- d) {Nybed + Nscda + Nsdab + N abc}. 

Comparing the coefficients of a*D?c? in the given expression and in that 

last written we have N,— — 1, and we find in a similar manner that 
NUNDINAS 
Hence we have 


— (b — c) (c - a) (a — b) (a — d) (b — d) (c — d) (bcd + cda + dab + abe), 
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VII. Page 84. 


4, The difference of the given expressions 
= 245 — 8z?y a? — x (2x — y) (x - y). 


And, from Art. 88, it is obvious that 2x —3 is a factor of 2a?--94?y —4/? 
and that z and v- y are not factors. Hence 2x — y is the n. c. F. required. 


5. The expressions are respectively 
x? — (2y — 82)? and (a +2)? — (2y — 2z)?, 
that is (9 + 2y — 32) (x — 2y --3z) and (x 4-2y — z) (x — 2y + 3z). 
Hence z — 2y + 32 is the n. c. F. required. 


Παρ gr 12)1+0+0- 3+20(1 
1240-54-12 
5]5—15--20 
1- 34 4 


Ἱπο \) ος 1 ( 14-3 
1- 8-4 
3-9+12 
3-9412 
Ans. b2- 3ba+4a?, 


7. 1-1+1+14 )4+3- 9+ 2(4 
4-4+ 4+56 
7-13-54 ) 7- n T o8 (1 
Heie μδι 
6+ 61+ 98 
7 
42+ 427+ 686 ( 6 
49— 78- 324 
505/505 + 1010 
qu 2)7-18-54( 7-27 
74-14 
-97-54 
-27-54 


Ans. a+2b. 
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8, 241-948-2)2-7411- 8+2(1 
πι OS =e 
-4|-8-20- 16-4 
COE Bas dic 
2-6f4-1)241- 9+ 8-2(143 
2-54 4- 1 
6-134 9-2 
6-15+4+12-3 
g- 3c1)2-544-1(1-1 
2-341 
-248-1 
-248-1 


Ans. 2a?-3a+1. f 


9. a*--a?z?--9aa? — 11«* ) a^ + 2a?3? + 1003? — 1904 ( 1 
a+ a?x!-- 9aa? - 1145 
a?3?-- ag? — Ώσ4--αλ(α }- 3π) (α-- 9). 
Now, from Art. 88, it is at once seen that x— a is a factor, and that a? 


and 22+a are not factors of the first of the given expressions; hence the 
H. C. F. required is x — a. 


10. 14+1-9-3+18)1+0+ 0+6-494+42(1-1 
ο. 9- 518 
-1-- 9+9-67+42 
-1- 1+9+ 3-18 


— 10]10-0— 704-60 


1+0- 7+ 6 
140-7+6)1+1-9-3+418(1+1 
1+0-74+6 
πμ, 
dete αυ 
(= 2/-2-2412 
E 6)1+0-746(1-1 
Uap lee 
=a Sree 
Ans. 272+ - 6. Sates 
11. 1-24+5-44+3)2-1464243(1 
1-2+5—-4+8 
LESSE Lone πο ρα 3(1-3 
115 6 
-ϑη4-10-- 3 
2252902 5-18 
7|7- 7421 


1- 1+ 8 
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1-1+3)14+1+1+6(1+2 
ripe Be 
2-246 
2-246 


Ans. %*-—24-8. 


12. 14043464235 )1+2-5+26+21(1 
14+04+3+ 6435 
2)2-8+420—14 


144+10- 7) 1+0+ 3+ 64-35 


1-4+10- 


παπι» 
4--16-40-- 28 
9|9 - 274-63 

1- 84 7 


1-347)1-4410-7 eT 
1-94 T 
-1+ 3-7 
-1- Sic 


Ans, a2—82-4- T. 
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12. By Art. 98, any common factor of the two given expressions is also 


a factor of 
α (ax? 4- bx: +c) — a (a/a? 4- bz Ἴ- ο), 
and of 6’ (ax? + bx 4- c) — c (α’α3 }- b'e 4- c^), 
that is of 
x (a'b — ab’) + a’c — ασ’ 
and a? (ac' --α͵ο) + & (bc' — b'e). 


Hence, if the given expression have a common factor of the form z-j, 


this factor must divide both 
x (a'b — αὖ) -- ae — ac' 
and a (ac! — a'e) 4- be" — νο, 


whence it follows that 
a/b—ab'  a'e-ac' 
ac'—a'c CEDC 


[See algo Ex. 3, Art. 153.] 


20 LOWEST COMMON MULTIPLES. [Ex. 


18. By Art. 98, any common factor of the two given expressions is also 
a factor of 
α (aa? + ba? + ex 4- d) — a (aa + δ' ο) + ος 4- d) 


and of d (aa? ba? + cx -- d) — d (aa? 4- υπ) -- c^ 4- d), 
that is of (ba -- b'a) a? + (ca/ -- c'a) x + da’ — d'a. 
and of (ad! -- a'd) a? + (bd' — b'd) a? + (οἆ' — c'd)a. 


Henee, if the given expressions have as à common factor a quadratic 
expression in v, that common factor can only differ from 


(ba! — b'a) x? + (ca! — c'a) wrt (da! — d'a)............ eese (i), 
or from 
(ad’ — a'd) «? + (bd! — b'd) æ+ (ed! — c'd)........ ............ (ii) 
by a factor which does not contain «, and therefore the expressions (i) and 
(ii) can only differ by such a factor, whence it follows that 
ba'—bla ca —ca _da' -da 
dumadi bd'-Vd ed’ cd" 


]4. Any common factor must also be a factor of 


ὦ (aa? 4- bz 4- c) — c (a/ 2? }- να 4- e^), 
and therefore of 
(CHE ασ SY Dr ο... (i). 


Again any common factor of the given expressions must be a factor of 


a’ (aa? + ba +c) — a, (a'z? + b'z; 4- c^), 
and therefore of 
ασ γους οσο. (ii). 


Hence z + (ca/ — c'a)|(ba/ - b'a) must be a common factor, and the condition 
that the above should be a factor of (i) is, from Art. 88, 


(ca^ — c'a)? — (bc' — b'c) (ba/ — b'a)? =0. 


15. From Art. 105, we have 
ig =be, l9,—ca and l.g,=ab; 


^Olslsgigsga = (abe)?. 


16. Let (BC)=(ABC)a, (CA)-(ABC)8 and (4B)=(ABC)y; then 
a, β, y have by supposition no factors in common. 


We must also have the following relations: 
A — (ABO) .B .*y. o, 
B=(ABC).y.a.y, 
and C=(ABC).a.B.% 
where 2, y, z have no common factors. 
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Now the τ. c. m. of A, B and C is obviously. 
— (ABO) afyxyz 
(ABO) &26%2ayz ABC(ABC) 


~ {(ABC) a} {(ABO) B} {(4BC) 7} ~ (BO) (CA) (4 δ᾽ 


IX. Pages 99—104. 


] 90a?b3c9a?)*58 δυο" x 6a?bc?a?yz6 — 5b®c3y3z2 
*  86a?bc?a?yz6 ^ — 6Ga?x?x 6a?bc?a?yz0 Baa | 


2 3a7b?cVgsyzt — Sab?c9x52* x aSctx*y — 3ab?c83571 
E adcizy6 -- y X αὔεῖίαῦι PE y? 


a?-8ab--70? . (a-70)(a-0)  a-b 
a?—83ab-280? (a-7b)(a+4b) a+4b° 


4 Tætyt — 82y” +1 Ly - 1) (x*y?-1) | a*?-1 
' 9835yi.8a2y? 1 (Τωγρ-1) (494? 41) 4a2%y?+1° 


PEU (x? +xy +4”) (x-y) (x y) ο τα 
* (+y?) (x-y) (a? -—ay+y?) (ey) (+y) -ryty 


6 (9-9) (z-y) αἳ- γα -sy +4?) (x +y) (2 =y) _ a?- xy +y? 


GE CNE N ^ cry 
7. Dividing the numerator and the denominator by their 5. c.r. (æ 4- 1)2, 
2x — 
we have re i 
ᾳ5 }-1 


8. Dividing the numerator and the denominator by their m.c.r. 


(c - 1) 
2 
22--x4-1, we have 4673: 11^ 
9, Dividing the numerator and the denominator by their m.o.r. 
92 + δη 
a?--xy —3?, we have ο E 
3z“ — y 


10. Dividing the numerator ay v denominator by their m.c.r. 
Qa? — 32 — 9 


xv? — 39 }- 2, we have ATI . 
11. The fraction 


T (a+b) (a-- b 4- c) (a b — c) a+b 
=(a+btc)(-at+b+c) (a—U4e)(at+b—c) (—atb+e)(a-b+e)’ 


FRACTIONS. 


[EX. 


12. Thenumerator= - (y — 2) (z — x) (x —y)(yz4- zo + xy). [Art.93, Ex. 3]. 


The denominator =- (y — z) (2 — x) (x — y). 
Hence the fraction —3z -- zc + ty. l 


13. The numerator = — (y — 2) (z - x) (x - y) (2 +Y? + ὁ) +yz +zx v vy). 


[See Examples VI. 8.] 


The denominator — 2 (a? + 4? +2? -- γα 4 zz 4- ay). 
: 1 
Hence the fraction = -- (y - z) (z - æ) (x - y). 


a (b—c) (¢c—d)—¢ (d-a) (a-b) αἲς -- ασξ -- bd (α--ο) 


14. b(c-d)(d-a)-d(a-v)(0—c) 09d - bd? — ac (b — d) 


_(ac—bd)(a-c) a-e 
~ (bd—ac)(b-d) d-b' 
15. The numerator = — (y —z) (z — ) (x — y) (yz +z% + xy). 
The denominator = — (y —z) (z — x) (x — y) (x+y +2). 
Hence the fraction = !^ * 4* * 2Y 
2 -Ί| 1-4 
aie, 9 — (a? 2 2 2 
16. The errena E 2a (a — b) + 2b (aa) (a mule Noi C E 
-b? a-b? 
17. The expression 
Je- (3 — 2) (1+ 3x) - (3 +x) (1 - 82) + (1 -- 169). 1 
1 — 9a? — 9x2" 
18. We have ey Caan Eis --ν nur 
g? -- 4y? στ αξ-- gy? 
19. We have 
(x — 2a + --- T8ac ΕΞ 2x 4a 
— 4a? -4d; ~ g-92a" 
20. Whole expression 
_ (z4- 8) ~ (x 4-2) —3(v@+6)+5(e@+4) _ 6 6 
(+2) @1 8) (+4) (+6)  (@+2)@+8) @+4) @+6) 
— S(@+4) (+6)-6(@+2)(~+8)_ Ἢ 48 Y 
(z--2)(z--4) (@+6) (z--8) — (24-2) (7-4) (c6) (c8) 
21. We have 
6a 6a 48a3 


0 γα) (ατα)  (z--3a)(x4- 5a) D TOT. (z4-5a)( (z Ta) " 


1x.] FRACTIONS, 23 


22. We have 
. 2x 8 6  2a?(z?-—a?)- 8x? (x? — 443) + 6 (x? — a?) (x? — 4a?) 
ahe L rz æ (x? — a?) (x? — 4a?) 


e 24a* 
— & (à? — a?) (x? — 4a2) * 


. Weh (z-9)-2(z-2y)-(x-3y) _ 
23 e have ee ae a =0 


-a(b-c)-b(c-a)-c(a-V) | 
94, We have ας ANCUS (IMP ---0 


as -a? (b-c) - b? (c-a)- (a-b) _ (b-c)(c-a)(a—b) 
29. We have (b — c) (c - a) (a — 0) πο YES 


26. We have 
Σ (1 -- αὖ) (1--αο) (c-b) _ E(c-b)+ Za (c? -- 0?) + abeZa (c — ὃ) 


(b—c)(c-a)(a—*) ^ (b — c) (c — a) (a — b) 
* | — Za(c-b) ET 
~ (b-c)(c-a)(a—b) 


97. We have 
Zbc (a+d) (c-b) Σαὺς (c-b) + dZbc(ec-0) _ d(b—c) (c-a) (a-b) _ ] 
(b-c)(c-a)(a-?b) (b-c)(c-a)(a-b) (b=) (ca) (a=8) | 


(x? — yz) (y +2) + (y? — zz) )(z +a) + (2’ - xy) (x+y) 
28. We have (y 4-2) (61-α) (@+y) - 


E (y -a) (z - x) (-2x +y +2) 
29. Wehave (-- 30 +y 1-2) (x — 2y +z) (z +y - 22)? 


or, putting y - z=a, z- αξῦ and z -y =c, we have 
__B-cb(b-c) _y 
(b-c)(c-a)(a—b) ~ 


30. The denominator 
233 + 9:Zibc 


ΠΟ 2. 22 

73 ο ο το στο 1l] 
_lfata «+b zte aeta eret] 
mo a-b' z-c (a — a) (x — b) (x — c) 


since 2a3 + 9x Zbc — (x — a) (x — b) (x — c) 24? + Za 4- adhe + abc 
σα +a) (w+ b) (ο), 


Thus the denominator is one-half the numerator. 


24 FRACTIONS. [Ex. 


3l. We have 
— Zia? (b — c) (ὦ -- ο) (c-a) (α-- ὦ) (a--b4-c) — 

UD σοι ο ασ UTE 
82, We have 
- Dat (b -- c) (0 -- ο) (ο-- a) (α-- b) (a? ++ beca ab) yay Ebe. 

(b—c)(c-a)(a—5) - (ὦ —c) (c — a) (a-b) 
33. We have 
-- Za? (a+b) (a+e)(b—c) {(ὐ-- ο) (ε-α)ία--. b) (a-- b 4- c)? 

(b=) (c-a)(a-5) Ue π΄... 
94. The numerator me E = (sd eco) Ee Ia d) . 
The denominator E 2 = Used a (ey) : 


Hence the fraction =a+b-+e. 


35. The fraction 
={(-a+b+c)+(a-b+c)+(a+b-c)}/{(-a+b+c) (a—b+c) (a+b-c)} 
=(a+b+c)/{(—a+b+c) (a—b+c) (at+b—-c)}. 

36. The given expression 
H b-c c-a a-b 
=(a+b—c)(a—b+e) Ore- a0 eta Cro oC ati) 
_(b-c)(-a+b+c)+(c-a)(a-b+c)+(a-b)(a+b-ce) 
ie (a+b--c) (α-- ὑ 1-0) (a b 4- c) 


TU πα ο αι ee 2(a?--a?)  2(a?—a2)) 2 
ο al 2 eric e ) 
37. T ία — z-a ota "atra 1641 a? a? x+ a? | 


4a? a? aw4+as\2 
=16+4 ZI T) CL). 


38 a+b a-b "m wa T Uy u 2 ος Uy) 2 (a4 vy) 


ax+by ac-by ^ aX? Vy a'a? — by? 2r atx? + Uy? 


E 


asx? — 0419 
asa* — py" 


; Za? (c — b) (1+ ba) (1 -- cx) 
39. (i) We have POE EE E E 
Now, in the numerator, the coefficient of x? is abcZa (c—b)=0, the 


coefficient of z is Xa? (c? -- bY) = 0, and the terms which do not contain æ are 
Za? (c - 0) - (5 — c) (c - a) (a =b). 


Ix:] FRACTIONS. 25 


1 
(1-- az) (12- bz) (13- ex) ' 
a Za (c — b) (1 +b) (1 -- cx) 
We h ane Ἐν 
Gu) “an (b — c) (c — a) (a—b) (1+ ax) (1+ ba) (1+cx) 
In the numerator the coefficient of x? is abcZ (c — 0)--0, the coefficient of 


x is Σα (c? -- b?) = — (b — c) (c — a) (a — b), and the terms which do not contain x 
Sz. 

(1-4 az) (1+ bx) (L+ cæ)" 

Z (e — b) (1-- bz) (1 -- ex) 
) (c — a) (a — b) (1 -- az) (12- 9) (12- ex) ` 
The coefficient of α is Ebe (c — b) - (b — c) (c — a) (a — b), the coefficient of x is 

= (c? — 0?) 20, and the terms which do not contain x are Z(c - 5) 20. Hence 
x2 

(4 -αα) (1+ δα) (1+ ez) " 


Hence the whole expression is equal to 


are Σα (c-b)=0. Hence the whole expression = 


(ii) We have (Qm 


the whole expression — 


Z (a+ p) (α--ᾳ) (z 0) (w+e) (c - 5) 
(b — c) (c — a) (a — b) (x +a) (x +b) (x +c) * 


40. We have 


The numerator 
za?Z (c — b)(a+ p)(a4- q) +42 (c? — 0?) (a+ p)(a+q) + Zhe (c ~ b)(a+ p)(a4-q). 
Now 2be (c—b) (a+ p)(a+q)=abe Za (c — ὁ) 4- abc (p+q) Z (c — 5) 
+ pqZbe (e — b) - pq (b — c) (c 
Z (e? - V9) (a+ p) (aq) Σα (è = 25 + (p+q) Za ( - 9) + pax (e? - 0) 
= -(p-q)(b- c) (ο-- a) (a ~ b), 
and Z (c — b) (a+ p) (a 4- q) 2 Za? (c -b)+ (p +q) Za (c — ὃ) 4- pgZ (c — ὃ) 
=(b-c) (c — a) (a-b). 
Hence the numerator 
z(b— c) (c - a) (a-b) (32 — (p- 9) £+ pq}. 
The whole expression is therefore equal to ο rd. ae 
Za (b-- c — a) (ο-- ὃ) 2Σ0(07-ο —— — 
(-0) (c= a)(a—b) (=c) (c-a) (a-8) - 


4]. We have 2. 
E (a-b+c)(a+b-c)(c-b)_ Za? (c-b) += (b-c) 
(b — c) (c — a) (a — b) ^ (b-c)(c— a) (a=b) 
(b - c) (c - a) (α-- 5) - 3 (b -- c) (c - a) (a - b) 
= (b-c) (c — a) (a — b) 
Σα (b+c) {αὖ-- (ὁ -- ο) — 
(-a-b--c)(a-  -- ο) (α-ὖ -- ο) 
The numerator is a symmetrical expression of the fourth degree, and 
therefore = A Dat + Bda*b + CZa2b? + DZabc, where A, B, C, D are numerical. 


But, by inspection, the coefficients of a4, a?b and ad? are all zero, and the 
coefficient of a?bc is 2. Hence the numerator —22Za?bc —2abc (a 4- b 4- c). 


49. We have 


=4, 


43. We have 
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1 2 1 2 T 2 
44. (m+ >) -+ (n + a) + (m + τη) 


id LD d 
=m? +n? qw Dons --- at 


d mn 


als E 1 j 1 =m? +n? MN + = To i τα. i +2 
also m + e n+ 2 mn + peed e v M UE . 


2bc 1, 1 X E ο(-90) --ο (6-26) 
39. (ous 9) Giu) ιν EU OR ERN OEE oS Me 


-be (c ~ 2b) 
i 
Hence the whole expression = bc. 


2 + 8 5 


The other term = 


46. We have to shew that 
(b — c) (1+ ca) (1+ab) + (c — a) (1 -- αὖ) (1+ be) +(a— b) (1+ be) (L+ca) 


=(b-c)(c-a)(a-D). 
The expression on the left 
== (b - ο) + Za (b? — c?) +abc 2a (b -- c) = Za (b? — c?) =(b-c) (ο-- a) (a — b). 


(yz+ σα -- 21)” νο +220? xy? 
LYS zyz 
=2 (a*yz t pou +g gy)|vyz=2 (x+y +2). 


47. We have 


YEZ βγω c4y 6 


19, Det το οπου. 
then y t z-A(b-c), z+%=) (c-a) and x+y=) (a-b); 
*., by addition, x+y+2=0; 


~-=) (b-c), Koc and --2Ξλία- 0); 
+ y? Ez M f(b- e)? + (ο-- a) (a- by. 


49. Let then z—Xy and a=)b; hence 
aras αἴ’, iy guum ye +b 
ata * yxb — Xyre) ^ yro Ot Ngee" 
ATO (z 4- y)? 4 (a+b)? A (Ελ) (? - 0?) 
£--y--adb (1+A) (y +b) ` 
50. Since Segoe i Ξλ suppose, we have 


b+e-a c+a-b atb—e 
mb y=) (c +a- 0) and z=) (a. 4-5 —c). 


Hence Σ(ὐ -- 6) α-- ig ) b+c- Dnm E theo 
Ξλί σα, b—c)}=0. 
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51. We have τ CY p 


= =A su ose; 
-¢ c-a POSS; 


εν bz- cy=(b- c) X and ez -az=(c-a)X. 
Hence a (bz — cy) +6 (ca — az) 2^ {α (b-c) +b (c-a)}; 
^ C(br — ay)-Xc(b—a). Hence, unless c—0, we have (ay — bx) —3 (a — b). 


Hence also, by addition, bz — cy + cæ — az - ay — bz X (b €4- c - a a — 0) —0, 
and therefore Zæ (b - c)=0. $ 


52. Multiply by (b-c) (c-a) (α-- b) (a-d)(b-d)(c-d); then we have 
to shew that 
- a* (b — c) (b -- d) (c — d) —b4 (c — a) (c — d) (a — d) 


- cá (a — b) (a — d) (b — d) — d* (b — c) (c — a) (a — b) 
= (b — c) (c — a) (a — b) (a — d) (b — d) (c — d) (a+b +c +d). 


Now, it follows at once from Art. 88 that b-c, c—-a, α-- ὖ, a — d, b - d, 
c — d are all factors of the expression on the left. Hence, as that expression 
is cyclically symmetrical and of the seventh degree, it must be equal to 


L (b — ο) (c — a) (a — ὃ) (a — d) (0 — d) (c — d) (a -- b -- c -- d), 
and comparing the coefficients of a*b?c we have -1= — L. 


53. Multiply by 

{ (ay — ag) (αι — αφ)...(αι — an) (ας — a3) (az — a4)...(as — an) 

n (ag — a4)... (a5 — αῃ)...... (αμα 7 24)); 
then the expression becomes 

Σαχ" (as — αι) (ας — a,)...... (aa 7 25)], 

and it is easy to see that this expression would vanish if any two of the 
quantities a, ἄν, 4s, &c. were equal; for, if we suppose that a, — a,—0, all 
the terms would vanish except the first two on account of the factor aj- as, 
and these two would be equa! and opposite. 


Hence a, — ἄν, à, — a4, &c. are all factors of 
Da,” (a5 - a3) (25 — a,)....... (25-3 7 04)]; 
1 Js 
and there are (η -- 1) - (n-2) -...3— 5n (n-1) of the quantities a4 — ds. 
But the number of dimensions in the expression 
Σα { (aq - as) (ας-α)...... (24 7 2,)] 
1 
ig r*$(n-1)(n-2) ο 1, 
Hence, if r<n-—1, the expression vanishes for more values than the 
number of its dimensions: it must therefore [Art. 90] vanish identically. 
If r=n-—1, we have found all the algebraical factors, and we have 
Za" { (as - ag)... -+ (05 7 an) } =LI (a, — a), 
where L is numerical, and by comparing the coefficients of αι” we see 
at once that L=1. 8 


S. A. K. 
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Lastly, if r=n, there will be another algebraical factor, and this must 
be Za, since Za, {(αο-- α)...... (24,7 4,)) is a cyclically symmetrical ex- 
pression. Hence 


Za" {(d_—ag)..,... (a3 — %)} =L (a, + y+... 4) » TE (αι - 25), 


where L is numerica! and is found as before to be unity. 


54, Itisobvious that 


hence assume that 


αι αι πο. gn 
l4 to Ἕ = _______., 
ον (v-aj)...(z744 1) (2-4)... (2- 44) " 
Then 
n—2 n=l 
IE CT PRESUMED LIC Lue 
Md] (z-a,)..(z-a&3)  (€-G)...(@- ay) 


= gn nt p g^ 
(z-a)... (3-an) (*z-4j)..(v-a4) (zx—4)...(x- αι) 
Thus the theorem will be true for n+1 terms if it be true for n terms; 
but the theorem is obviously true for 2 terms, and it must therefore be true 
for 3; and, being true for 3 terms, it must be true for 4; and so on 
indefinitely. 
55. We have 


b+c+d+...+k+l l 
a(a+b+c+...+k+l) (at+b+... +k) (ab... Eu) 


a+b+...+k)(b+e+...+k+1)—al 
a(a+bo+...+k)(a+b+...4k+1) 


_ δτου tk 
^ a(atb+...+k) 


E 


Similarly 
btet.thtk | k _ b.e uh 
a(at+b+...th+k) (a+...+h)(at+b+...4h) a(atb+... +h)’ 
b+c+d 5 d τοξο 
a(at+b+c+d) (a+b+c)(a+b+c+d) a(atb+c)’ 
> Des NE ELA eae 
a(a+b+c) (a+b)(a+b+c) a(a+b)’ 
b b 


a(a+b) ACES eo 


The required result follows at once by addition, 


L # 
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X. Pages 130—134. 


1. Since 
(a+b)8= { (a — a 4-20) -- (z - 2a 4-5)]3 (α-- ᾱ-- 90) — (x -2a +b)? 
— 3 (z —a.-- 2b) (x — 2a +b) f(x — a + 90) — Wi 2a+b)}, 


we have (z — a 4-2) (x — 2a 4- b) «0, 
whence . w=a-2b or z-2a - b. 
9. We have 


(x - 1) (e - a — 2b) z — (b--c—2a)) 50; 
^ z—1 or αΞξ(ὔ-Γο-- θα)[(ο--α-- 20). 


8. a? (x +b)? -- b? (x — a)?=0, 
that is fa (x 4 b) b ( - α)} {a (ο 4-0) - ὃ (x-a)}=0, 
whence z=0 or α--9αζ/(δ-- α). ` 


4. Multiply both sides by 2(α--2) (b+); then after transposition we 


have 
2 (a -- x)? -- 2 (b -- 2)? — 5 (a-- «) (0-2) 20; 


. a?-F (a - b) x — 2a? - 20? + 5ab 0; 
that is _ («@+2a-b) (x -- 20 — a) z0; 
' whence zzb-2a or z—a- 9b. 


5. Multiply both sides by (α-- bz) (c-- dz); then. * 


(ax+ b) (c + dx)=(a+ bx) (cx + d); 
. (ad -- bc) a?--bc - ad 0; whence c= +1, 


6. Multiply up, then after reduction 
(a? — 1) (ab — 1) Z0, whence x— +1. 


7. Wehave 
πα ος or 22--2y —23, whence z—1 ΟΥ -- 
1-1 
8. We have 
1 οἳ-- ὅσα — ele 
κ AT di uaa 
-4 :αἳ 2-444 
- = τας zs: 
UII tra la dec ea IN 
whence (z-- 1)? 23m — 4-0, or 84-350. 


30 EQUATIONS. ONE UNKNOWN QUANTITY. [EX. 


9, Taking the first and last terms together and also the two middle 


terms, we have 
2x 2x 


a? -- 64 n g-397 9 


Hence «50, or x? -- 36+ a3? — 64 —0 giving x= +,/50. 


10. We have 
2 Ji Bay abe 42 6: 
2+8 2+15 24+9 «+6 ^ 
6-2 x-6 


rer CC ο 
402—620, or (x+9) (x+ 6) - (x+8)(x+15)=0 giving «= =. 
2 3 3 1 
n. 2-8 8ο 9r42 G2 
απο cm o MPO Ee η, 
** (2x-3)(8c42) ^ (z—2) (321-2) 


.. 18(z-2)--8(2—3)—0, &c. 


0; 


ES 


x-a z—-b z-c 
12. HL x) c Tv ea ές. 
whence 
(b-a) (α — ο) (č — a) (c — ϐ) (z-a) (0) + (a — ο) (s -9) (z — 0) 50; 


«0m (a? ab? + bc? — Sabo)[(a? + b? -- c? -- be — ca — ab). 


13. a-a περ πρ ; 


4^ £=0 or (b -— x) (c -—x)+ (c 72) (a - z) - (a - z) (b 2) 20; 


«. x=0 or 3 {ας bes (a? 34-1 - be — ca - ab). 


14. zoo id dm e feo 


4 4 (z—-5) (z—c)--5 (z—- c) (z— a) - (x-a) (x — 0) z0, 
whence 


z-—[bc- ca 4- αὖ 2: {0305 + c2a® + a?0? — abe (a ὃ 4- c)3] | (a - Ὁ 4- c). 
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3 7 6 
15; oer pce i au deerit 


td Leet κος 
eed, στο 0-0 


4 4x°-152 —95—0, whence x=5 or-7. 


16. Multiply by 6x; then 32?--12—22?.- 18, whence «= +,/6. 


9021-8942 93.905 
αλ -- a? x? — 02 


-. 24—a?b?=0, &c. 


17. : 


=0; 


18 =i 3 «2-2 x-4 
: Belew ea. Cho need: 
4. 42 


"ox pdsy8 bers? 


4 ©=0, or 2?+47+3=2°+62+4+8 giving α---, 


1 1 
19. ο PD οτε. 
*. 2α(α) - 2) -- o b v 4-53 
A eroe 
α 
20. Multiply by (8α-- α) (80 -- x) (3c - x); then 


(3b - a) (3c — 2) + (8c -- 2) (8α-- ο) + (3a — x) (8b — 4) «0, 
“. 2-2 (a+b+c)£+3(be+ca+ab)=0, 


whence ga b c3: AJ (a? -- 09 +c? — be -- οᾱ-- αὖλ, 


a+b a+c 2 (a-- b 4-c) 

Ἔν ἢ = ED 

21. z+b : Ὅἠ-6 2 a+b+e ; 
a-z a-z Σὂ(α--) 
Erb ^ro X4bc4C 
1 9 

Hence zd DL ορ. S40 atb+e’ 


ee 


the latter giving (+c) a= -- (0? 4 c?). 
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99, We have 


ate ^ atc bte b+c E 
ᾳω--οὗ ασ! αὐ #£+2a r--a4b |^ 


. _(ate)(a-b)  (Φεσί(α-ῦ) Ὁ 
** (r--2b)(z--a4-0)  (α-3α) (α-α-- ὃ). 


«.. (@+¢) (z4- 2a) -- (b }-ο) (ο 4-20) Z0, 
w= -2(a+b+e). 


whence 


23 2 (a - 0) atte 2 (a-b) 
i (z-a) (x-b) α-α-δ' 
Divide by a-b; then 


2p-a-b. —- 2 |. 
(r-a)(r—-0) x-a-b' 


^ (20—a—b) (x-a—0)z2 (x — a) (x -- b), 


whence (a+b) «a? +b? 
b cd 
. We have Msc = : 
24 ULT το ο) 
«. αὐ (x 4 € 3 d) z cd (x -- a 4- 0), 
whence 


x= {cd α-ξ b) - ab (c+ d) (ab -- cd). 


e b c d 
25. (c - d) (zi ο )= 0-9) (zz. za 3 
. (c-d)(a-b)z (α--)(ο-- ἆ) ο 


(+a) (ο)  (x+c)(e+d)’ 
e 2Ξ0 or (x +a) (ας) «(x +c) (x 4 d). 


z-a a z--b b 
26. Cpu ρα... 


0; 


uc ELM 
3 α’ -{α-ὗγα (ατα ϱ. 
E b (x — b) a(rv-a) Fi 

«. αἳ — (a 4-0) c=0 giving $0 orz-a-b, 


or b (x — 0) -- a (x-a)=0 giving z— (a? 4- 0?)|(a +b). 


2 


-ᾱ 


. Multiply by the product of the denominators ; then we have 
= ((b — c? + (c - a? - (a - b?) +3 (b -- ο) (c — a) (a - 0) 0. 
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Φ z 
28. (1x37) (2432) GF E192) ^ 
“. =0, or (1-- 22) (2-32) 4- (8 4- 4x) (4-52) 20, 
that 1s i 262? 4- 38x -- 14 —0, 
giving 2-35 (- 194/78). 
(x+ a) (x 4- 0) — 0 4- ma) (x +mb) 
ο s (r-a)(r—-5) ^  (z-ma)(z-mb) ^" 
, 2(a-b)z ^  2m(acb)z 


"(r-a)(z-b) α- πια) (α-- mb)? 
«. ὦΞ0, or (z — ma) (α-- ab) 2 m (x — a) (x — b), 
giving x?=mab. 
30. N (2 19) — J/ (z — 4) + (2 +1). 


Squaring, we have 
25 -p9-x—4-rF 241-4 2A/(c— 4) A/(x 4-1), 


or 6—A/(x — 4) v (£+ 1), 
and therefore ὄθξαλ-- δᾳ--4, giving z—-8 or x= --δ. 
a J@=1) @=2)=n/2- Nis - 3) (@—-9). 


Squaring, we have 
(2-1) (672) 92 (z - 3) (2 — 4) - 2/2 (s — 3) (s - 3), 
whence (2a -- θ)2--9(0-- 8) (x-4), giving α--8 or z—2. 
82. "7a«-5-4z- 14-2 (7x -- ὄ)κ/(4α -- 1) 
τα --4--4μ--9 9 (78 — A) J (de — 2); 
4 (7x — 5) (4x - 1)= (Tx — 4) (4r- 2), whence z—1. 
83. Square both sides; then 
a? — ο 4- D? 4 z 4- 24/ (a? — £) (b? +x) =a? +b? + 2a ; 
^ ab?= (a? — α) (D? +z), whence 2-0 or x— a? — δὲ, 
94. Square both sides; then 
a-z4b-2z492 κ/(α-- ο) (b —2) -a-t b - 22. 
Hence (a —«) (b — 2) =0, 
35. Square both sides; then 
à — bz +c- dz 4-24/ (a — bx) AJ (c — da) — a-t- c — (b 4- d) z. 
Hence (a — δα) (c — dx) =0, 
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96. We have AJ (aac 4- 02) =a — b — AJ (bx +a?) ; 
z^. a2 4-03 — (a — b)? 4- bac - à? — 2 (a — b) / (bo - a?) ; 
" &$— 2a. — 2, (bz +a?) ; 
5, 22 — daz +4a?=4br +4a?, whence «=0 or x4 (a+b). 
37. Square both sides; then 
a xt br 2 24/ (a c x) (6-2) — ad b 22; 
^ (ar 2) (6+2) =0. 
88. Square both sides; then 
& —$4- b x 4 2,/(a — x) (b 4-2) -2a 4 2b; 
^. 2A/(a — x) (b 4-5) -a-- b; 
1 
. 4z?-4(a-0)z-(a—-0)—0; .. a= > (a-b). 


39. Square both sides; then 
(a +x) (x 4- b) 4- (a — α) (x — b) -24/(a? — 2?) (a? — b?) = 4ax 5 
n v(a- xy (x? - 0°) =a (a-b) ; 
 ᾱ-- 2abz?-ra2b2 05 zm zm Ψαδ. 
40. Transposing and squaring, we have 
|. a(a+b+a)=a (a--b -- α) | a?-- 2x wa (a -- b — a), 
or 2a% — x? = 2x Ja (a +b- α) : 
Hence x=0, or (2a—z)?—4a (α--0--), giving a?—4ab. 
41. Transposing and squaring, we have 
x? + az +b? — a? — az +b? + 4a? + Aa (x? — ax +b?) ; 
<. (x— 22)? —4 (x? — az 4-0?), or 327=4 (a? - 9). 
42. Square both sides ; then 
253 + 2a? + 24/ (a* + a?2? + a4) = 2a? — 9037 
ον (02 +02) ma + a?r? ah; 
s. a? (a4 — bt) | (202 — a’), 
43. Square both sides; then 
(a+c) z - 24/ (az — b) AJ (σα +b) — (a +c) £+ ϑν/(αα 4- b) (ex -- b) ; 
^ (aa — ὁ) (cc - 0) z (ax 4- b) (cc — b), whence «=0. 


44, Ja(b+ 0-4) + Ab (ab) - Ju (a bo); 
- a (bxc - a) - b (ax — b) --2 Jab (2? — (a - 0) =a (a4-b -a); 
^ - (a- bi —2n/ab (23- (a—0)], 
whence z= + (a-b) ου s= (a4). 
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45, Rationalizing, we have 
92? -- 2 (a 4- b -- c) z — (a3 -- 3 -- c? — 20c — 2ca — 240) «05 


1 
«. οτί — (a. b - c) Ξ- 24/ (a? + 0? 4- c? -- bc -- ca — a). 


46. Rationalizing, we have 
x? (a? + ab + 0)? + 2ab (a +b) (a? + ab +b?) x — 3a20? (a ἠ- b? 0, 
whence «=ab(a+b)/(a?+ab+0?) or x= — 3ab (a + b) (a? + ab + ?). 


47. We have 
Mocacgrgd a-He rcd 
«. a? — ary] (x? — b? — c?) =N (a? — c? — a?) (£? — a? — b?) ; 
. 04 + a? (a? — 02 — c?) — 2a?z J (3? — δ — c?) = (a? — οἳ — a?) (αἳ -- a? -- V), 
Or 2α”αχ/ (x? — b? — c?) = 2a?a? — b?c? — c?a? — a?b?, 
whence 4a?b?c?x? = (U?c? + c?a? + ab). 
48. We have 
05 —a34 y- a =,/a?+0? +0? - αᾱ-- Ja?- αὖ, 
Squaring and transposing 
(02 — a?) (e? — 29) - a= — J (a? — a?) (a + Ue? - 2°) 
c 2a? V(b- x?) / (c? — x?) = bc? — c?a? — a?0? + 2a? ; 
-. Aa? b?c?2? = 4a*b?c? — (0303 — c?a? — a?b?)?; 
. 4a°b7¢%x? — (be + ca + ab) ( — bc 4- ca 4- αὖ) (bc — σα 4- ab) (bc -- ca — ab). 
49. /14-(3e-2) @-1)= J/12 450-30? — y- (2 — 8) (Ba +4). 


In order that the expression may be real (x — 3) (8x-- 4) must be negative, 
and therefore x cannot be positive and greater than 3 nor negative and 


numerically greater than 3° 


z?--34z — Τὶ 
ICE ρα -λ 
then ᾳ) (1-2) 22 (17 - X) - 7A — 7120. 
Now, if z be real, (17-3)?- (1-2) (7A —- 71) < 0, 
or 8 (A-9) (A-5) «0; 
hence λ cannot lie between 5 and 9. 
z?—6z-5 
51]. Put πρι 


“. 22 (1-2) - 2z (3-3) - (5 - 3) x0, 
Hence, if x be real, we must have 
(84:32 - (L-A) (5-A) «0, or 1244 4 0, ord + =F 
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δ2. Put (z? — xz 4- 1)/(à? - x -- 1); then 
a? (1—X) - z (13-3) - (1-3) x0. 
Hence, as x is real, (1--X)? — 4 (1 - A)? « 0, whence (3A — 1) (^ — 3) + 0, 80 


that ^ must lie between E and 3. 


53. We have (r - 3)? -- (y-- 4)?—26. Hence (x — 3)? +25, whence it follows 
that if v be positive it must not be greater than 8, and if x be negative it 
must not be numerically greater than 2. Similarly y must lie between — 9 
and 1. 


54. We have (α-- 4)?+ (2y - 42—67. Hence (x — 4)? + 63, whence it follows 
that x lies between —2 and 10, Also (2y — 4)? + 6°, whence it follows that y 
lies between —1 and 5. 

55. We have 24+ 2g? (y* — a?) --y*--2a?y?—0. Hence, for real values of 
αν, (y? — a2)? 4 y*-- 2a?y?, or a* 4: 4y?, so that 5 is the greatest possible value 
of y. 

56. We have (br--a)?--(b'r--a/)—0. Hence, as the squares of real 
quantities must be positive, and the sum of two positive quantities cannot be 


zero unless the quantities are separately zero, we must have be+a and 
b‘x+a’ simultaneously zero. This can only be the case for ome value of z, 


: à 
and is not true unless -=—. 


57. Let the roots be mà and m^; then (m+n) λΞ - and mn. 


p? 
Hence (m+n)? Sz — mn, 
a à 


58. . We have 
—b+,/(B-ac)  —v'+,/(b?- a'c’), 
a ET a’ , 
«. (ab! - a'b) -ay (L° —a/c)2 -a'N (b? - ac); " 
4. 2ab"? — a! (2bb' + ac! — a'c) =2 (ab! — a'b)a/ (b? — a/c'). 


Hence b”? — α’ο' must be rational, or else ab' — a/0— 0, and therefore j= Ῥ = 


, 
Now, if 5 = y the sum of the roots of one equation is equal to the sum 


of the roots of the other; and hence in this case each of the roots of one 
equation is equal to a root of the other. 


Hence, if the equations have only one root in common, 0? — a/c' must be 
rational, and similarly b* — ας must be rational. 


59, We have $4442 —b[a and zQr,—c[a. 


(i) The required equation is (a — 2,3) (x — α))) 0. 
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Now zs n o (xy + 20) {CA Tz)? -- 32,05} =- b z -t A ; 
and LI qj = - a | 


Hence the required equation is 
ax? + b (b? — 3ac) x 4- c? 2 0. 
3 2 

(ii) The required equation is c - =) (« ~ zx) -0, 
Ta qi 

PNE daz 


or "T3 € 2425-0, 
or α σα" + b (b? — 3ac) x -- ac? — 0. 
(ii) The required equation is {x — (b-- az;)] (z — (b -- az;)] =0, 
or (x - 0)? — a (z — ὃ) (a, +2) - a27,7,— 0, 
or (x — b)? 4-5 (z -- ὃ) 4- ac: 0. 
60. (i) ὕσχος (αι +T) + c (2+ m) 


2 2 
zb. (- 3) Tc (3-22) = aoe, 
a a a a a 


Qi) 207aryPag? + 2ὔσσιαν (t + σα) +07 { (wy + 23)? - 22123} 
= [20?c? — 20307 + c? (b? -- 2ac)]+ a? = c? (b? -- 2ac) +a. 


61. 22+ 2,0, + Xo? + G= (t 4 ση) — 4% +a=(-m)?-m-a+a=0, 


: -ma E 1+a? 
62. We have (i) 2,+2,= ΓΙ m)at and (ii) z425,— iri na 
Hence 
(1° + 1) (αρ + 1) = (y+)? + (1 -- 2,25)? = (ma? + mat) (Y (1 - m)a?}? 
m(1+a?) ma? 


7irü-so'irü-ma 74 (2x, - 1). 
63. We have z;4-2,— - Am[(A-4-.Bm?), and zjz,— Am? | (A -- Bm?) ; 
GP + a? = {4m - 24m (A 4- Bm?)] | (4 + Επι) 
= — (An --2ABm?) | (A + Bm?)". 
Hence A (1 + 2?) + Amm, + Boo 
= (- Am? - 242Bm^ + A?m? (A + Bm?) B A?) | (A + Bm)? 0. 


64. Put 9(α- ο) (z-- / 22-0?) zu; then 

{u— 22 (a-x)}?=4 (a— x)? (a?-- 0?) ; .. u?— dua (a — 2) - 4b? (a - z)?=0, 
or u? — 4a?b? — 4ax (u — 2b?) }- 4x? (u — v?) =0. 

Hence, 88 2; is real, we have a? (u — 202)? — (u — b?) (u? — 4a?0?), 
whence u? (a? +b? — u) 7 0. f 
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65, Put λ for the given expression ; then we have 
(2-A) α΄ — 4a? + (9 - 24) à? — 4x +2 - A —0, 


ος (2—X) (se2)-4(2 2) «9-75 


or (9-2) (2+3) -4(2+5)+5=0. 


: : Jc 
Now, since z is real, «+ z is also real, and therefore 


4--δ(2--λ)-«θ, or ver 


XI. Pages 141—143. 


1. We have (a? — 4) (a?4- 2)—0, 
whence ᾱξ 4-9 org X -39. 

2. We have (a? + 883) (a? — a?) 0, 
whence αὖ -ϑαδ--0, or z?— a3 —0. 


Hence the roots are —2a, —2aw, —2ac?, a, aw, a«?, where 1, w, w? are 
the cube roots of unity. 


8. We have (2? — 8a?) (x? 4- a?) =0, 
whence the roots are 2a, 2aw, 2aw*, —a, — ac, —aw?, 
4, . Multiply by 2z (2?-- 1); then 
22? — 5x (2? -- 1) - 2 (2? -- 1)? 0, 


that is (2z - (2? +1)} {z -2 (à? -- 1)] =0. 
Hence “=1 or 2-1 (12 A/ -1δ). 
5. Put (2? 4-2) (a? -- 4c -- 1) 2 y ; then 2y?- 5y 4220, 
whence yzl or --2, 
242 i E 
Hence a =5 giving «=1 or «=3; 


Z£'-FÁx--1 9 


T ——————À = ivi = =e 
ο τοι 2 giving «=0 or x 8, 
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6. We have (22 c z 4- 1? 4- (2? 4- 4-1) - 12-0, 


that is (2?--z 12-4) (22-2 4-1-3] 250; 

ie. 23-pz--5—0 giving α-χ(-1- NE 19) 

or v?+x2-2=0 giving z—1 or «= -2. 
7. We have 


(à? +7r+5) -3 (a? 775) - 420; 
τα) ETE 41} iz. 25-4) z0. 


Hence 2’?+72+6=0 giving z— —-1 or z—- 6; 
or a+Te+1=0 giving s; (- T4 49). 
8. Put 16 - 7z -22—4? 
then yale ee giving yee or y= d? 
4 2 2i 
νου. AE LA '.. 1} 
Hence ο giving α-σοια--- 
or 16-12-22- η. giving 2-5 (- 1449). 
9, Put z2—9z46-3; 
then y? 46-2720; 
whence y=3 or y= -9. 
Hence a22—92z4-6—9 giving x= —1 or x—3; 
or z?-27+6=81 giving c=1+,/76. 
10. We have 


(a-1)(1+a-+22)?=(@+1) (1-- z 1-22) (1 22); 
"e 1 Ξ-5 
^% 1+2+2°=0 giving w=5 (- 1+,/-3); 
or (a — 1) (1+a+2?)=(a4+1) (1 - x+ 2?) 
1 
giving a=, (adu (a? - 4). 
1l. Take the firsí and last factors together and the middle factora 
together; then 
(a? + 5x + 4) (x? + 5x6) 224; or (a?--52)?-- 10 (2? - 52) 20. 
Hence z2--5g—0 giving z—0 or z—- -5; 


or abbr 10-0 giving α-χ(-δ-- NE T8). 
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ν 


12. Take the first and last factors together and the middle factors 
together, then we have 


(a? + 8az + 7a?) (2? + 8ax + 15a?) =384a4 ; 
oe (22+ Sax)? + 22a? (2? + Baz) -- 219α:--0, 


that is (2? + 8ax + 31a?) (x? + 8ax — 9a?) — 0. 
Hence z?--8az —9a?—0 giving x=a or x= —9a; 
or a?4-8az--31a?20 giving z-a(-42 ,/-15). 


13, Take the first and last factors together and the middle factors 
together; then 


(a? + aw — 1943) (a + ax — 2a?) = 23'76a^ ; 
w(x? + ax)? - 14a? (<? + az) - 2352a4=0; 
© (a? + aa — 560?) (zx? -- az + 42a) =0, 
Hence a?+ax—-56a?=0 giving «τα or x=--8a; 


or 2?4+ax+42a?=0 giving z-5(-14 M EST x 


14. Take the first and last factors together and the middle factors 
together ; then 


(2+ 14z +24) (a? -- 3012 +24) = 42? ; 
ο. (2? +24)? + 25a (a? +24) + 15022=0; 


ie. (a? + 24 + 169) (2? + 24 + 107) — 0. 
Hence z2-.-10x--24—0 giving z=-6 or r= -4; 
2 ' Aut 1 
or z?--10z--24—0 giving 2—5(-1524/129). 


15. We have 2?-30+4-2a,/(2?-32+4)+2°=25; 
s N (2? — 8z--4) -x= -- 3 
M (c#5P=2?-32+4, 


21 
h = za 
whence 2=3 or g 13 


16. Wehave (z?-(a45b))]92—0; »,. 2=+,/(a+b), 


17. We have st- 22? (a*-4-b?) +(a? -- 52)? — 4a?5? —0; 
-- {α)- (a? +b?) - 2ab} (2? - (a? +b?) + 2ab} =0; * 
^o @=+(a+b) or z= &(a- 0). 
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i il 1\, 
18. We have 4 w+ E eu —~7=0, * 


Put z+t=y; then 4 (y? - 2) - 4y —7 —0, 


5* 3 
h =- ------ 
whence y=5 ry 5° 
IX 5E 1 
Then mcm. gives $—2 or 2-2. 
1 Si. e 1 
and GA ams gives s=7( -3+4 -7} 


* 
T 1 
19. We have JE (ον ) -2-ᾱ 
x x 


Put zil-y; then 9 (y? - 2) - 24y - 2—0, 


hene aS or re 
whence T= ger. 
Then αλ gives «=3 or iei 
« 3 
and ae gives pus qu J/- 8). 
2 8 8 
90, We have (z +1) (74 — 33 + 2? — 2 4-1) 0. 


Hence «= —1 or else zt- 23-4? — z--1—0, and therefore 


whence s=} [1 4-/5 2 4/( — 104-2,/5)] or 2-1 [1 - J3 - J(— 10 - 2/5)]. 


21. We have (z4+ 1) (z? +1) (2? — 1) 20. 
Hence ᾱ-- «1: ora=+ J-1; or 241-0, 
that is (a? + 24/2 4- 1) (3? — 24/2 4- 1) 0, 


whence 2-5 (525 4| - 2}. 
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22. We find by trial that z—2 satisfies the equation; hence z —2 is a 
factor of the expression on the left, and we have 


(a — 2) (3a? — 8x +4) 20, 
that is (x — 2)? (Bx -- 2) Z0. 


2 
Hence the roots are 2, 2, 3° 


23. We find by trial that x= —1 satisfies the equation, Hence we have 
(w+ 1) (#3 — a? — 14x +4 24) =0. 
Again ῶΞ 8 satisfies z? — x? — 14ω--24--0: hence we have 
(a +1) (0 — 8) (2? + 2z — 8)--0. 
Hence the roots are — 1, ὃ, 2 and —4. 


24. We have z*-1--7z (4? — 1) 20, that is (z2— 1) (a2-- 1 -- 72) — 0. 


Hence ο. lay 2-3 C12 45). 


. 25. The equation is satisfied by the values z—a or z—b or z—c; and as 
the equation is of the third degree there are no other roots. 


26. The equation is obviously satisfied by the value z—9, and the 
equation may be written (x — 9) (x? + 6x 4- 56) —0. 


Hence g=9 or x= —3: ,/—47. 
The equation is obviously satisfied by the values z-—9 or s= —6: 


hence (x - 9) (z4-6) is a factor of z (r—1)(x—2) (x —3)—9, 8, 7, 6, and we 
have (x — 9) (z-- 6) (£? — 3x + 56) - 0. 


Hence the roots are 9, — 6, i (32. / - 215). 


28. We have (a—-2)--(b—-z)-í(a—2)--(b-2))*; 
^ 8 (a — x) (b — x) (a +b- 22) —0, &c. 


29. Wehave (a-2z)*--(b-z)-((a—-2z)--(b—2))5; 
`. (a— x) (b — x) {4(a — x)? +6 (a — x) (b — α) + 4 (b - 2)? =0. 
Hence the roots are a, b and the roots of the quadratic 
"Ta? — τα (a+b) -- 2a? -- 8ab 4- 20? —0. 


30. (a-z) +(b- x)= (a-z +b- α)θ--(α-- ο) +5 (α-- αγ! (δ-- α) 
+10 (a ~ α)) (b -- x)? +10 (a - x)? (b - x)’ +5 (a -- x) (b — z)*-- (b -- α)δ, 


* 
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Hence (a — x) (b — a) [(a — x)? + (b —&)? +2 (a — x) (b 2) (a +b — 22)] —0, 
or (a — 2) (b —2) (a-- 0 — AME æ)? 4- (a — x) (b — x) + (b — z)?] - 0. 


Hence the roots are a, b, = 2 (a+b) and the roots of the quadratic 


3a? -- 8 Ups DE 


91. Cubing both sides, we have 
& tb -z-494/(a —«)4/(b —«)(4/(a — x) 4- (b - α)} 2 a4-6—22; 
«. =a or z—b or $/(a — x) - S/(b — z) 0. 
But, if J/(a — x)= — $/(b — x), we have by cubing both sides a — s= — (b — <), 
80 that 2-5 (a+b). 


82. «/(α--α) +4 (b —2) — d/(a -- b — 22). 
Hence (a — α) + 24/(a — z)4J (b — z)[23/(a — ο) + 34/ (a — xA (b — α) + 24/ (b — z)] 
+b-—xr=a+b-22; 


^. Maa) . Y-a) [23 (a— 2) + 34)(a~ 2) (0 — ο) -23/(0 - αὴ]-Ξ0. 
Hence Z=a@ or οὐ 
or 22/(a — ο) +22/(b- x)= — 34/(a — a) /(b- x). 
Squaring both sides of the last equation, we have after transposition 
4 (a +b — 2x) =} (a — x) . X (b — 2) ; 
~ 16 (a+b - 2x)?= (a - x) (b — 2); 
or 632? — 63 ΓΠΣ (a+b)? -ab=0, 


whence ; = zs ὃ) «ρα Ξία- b) X - τσ]. 
Thus the required roots are a, 5, 


plat) G5 (a bN — τσ. 


88, We have 
(α--α)δ + (x — b) — (a - z +x- b) — (a — x) +5 (a - x) (£ — b) +10 (a — x)’ (z — by? 
+10 (a - z)? (x — 5)? +5 (a — x) (z -- b)t+ (z -- b)" ; 
*. δ(α-- x) (x - b) {(α-- x)? +(x- b)? +2 (a — x) (x — ὃ) (α- ϐ)}Ξ0. 
Hence z—a or x=b or (a — x)? + (a — x) (u—b)+(e-b)’?=0 
the last equation giving : 


2-5 [eh (- ν-5. 
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34, Cubing both sides, we have 
à —z-4 x -b- 8 ία -- α)ϑ/(α-- b) (S/(a — α) ία -- b)}=a—d3 
<. Όσα or z=) or α)(α --) Ενα — b) 20. 
If 3(a- z)- —-4/(z-b) we have α-ᾱ--(α-ὐ) which requires that z 
should be infinite unless a — b —0. 


35. Raising both sides to the fourth power and cancelling we have 
Ma 2) y (T= b) [24/(a — 9) +3 Yla — 2) 4 (2 — b) + 2 X (x - b)]=0. 
Hence z—a or z—b or 2 /(a — ο) +2 X(x- b) 2 — 8 4 (a — x) ν/(α-- b). 
From the last equation, by squaring and transposing, we have 
4 (a — 0) « J/(a — x) / (x — b), or x? — z (a 4- b) 4- 16 (a — 0)? - ab — 0, 


giving 2-3 (a6) 4783]. 


96. Put — a; then 


(2y +a)t + (a - 2y)*— 1605, or 16y4 + 24y?a? + a* — 804, 
whence the result. 


97, Put zly- (a+b); 
4 
then {y+5@- 2 + | -δία-δ) =17(0- 0) 


1 
& 2yt+3y9(a—b)?+ s (a- b—17 (a - D), 


or 16y4+.24 (a — b)? — 185 (a — b)4=0; 

. 4. {442-9 (a - 5?) {4y2+15 (a - 0) 1530. 
Hence JEE (a-b), 

and therefore z=a-2b or z-b-2a; 

or y=; (a - b) J- 15), 

and therefore s= i Í- (a+b) (a - ϐ) /- 15]. 


38. We have by raising to the fourth power 
x+ (a — x) 1-3 4x Va- a [2 ϑίο 4-3 Ja (a - z) - 2 J(a - 2)]- 5; 
and by squaring Μακ ν/(α — α) 1- (a — 3) — b, 
“ (24/2 να — z) [24/b — να /(a — z)] 0 — a. 


Ld e 


xL] EQUATIONS. ONE UNKNOWN QUANTITY. 45 


Hence, if y is put for J/a 4/(a — α), we have 2y (24/b — y)—6 — a, 


whence y= Jb NE (a+b). 
COM 1 4 
Hence z is given by σ(α-α)-- νο + ye (a+ 2 ` 
39. The equation may be written 
(x? — ab) (a? — ba) (b? — ax) =0. 
Lee y. 
Hence the roots are ος and £,/ab. 


40. We have 
αδαῦο — x? (0363 + ca? + a?0?) + rabe (a? +b? 4- c?) — a?0? c3 — 0, 
that is (ax — bc) (bz — ca) (cx — αὖ) =0, | 


bc σα ab 
whence z=— or z--—- or ᾱ----. 
/ a b e 


4]. It is obvious by inspection that z—0 and z-a-b satisfy the 
equation. Hence, if the equation be written in the form 


(a+b)? ((a — z)*-- (x — b)4} — (at + δ4) (a+b -- 22)? 20, 
c(r-a-b) will be a factor of the expression on the left, and the other 
factor is easily found to be 
2 (a+ b)223 — Ὁ (a 4- ὕ)λα + 4ab (a3 4- 03) — 0, 
that is {(a +b) x- 2a] {(a+ b) x - (αἳ - 0?) j =0. 
Hence the required roots are 
0, a+b, 2ab/(at+b) and (a*+b?)/(a+b), 


49, We have 
αν + 0253 — 2023? — btg + b4 + aba (23 + ὅσα — 0?) 205 
(a? + bx — b?) (a2 — V + abs} --0. 


Hence a?--02x - 0?—0 giving ΟΣ 
: b 
or z?+abce-—b?=0 giving a= 5 {-a+,/(a?+4)}. 


48, Wehave (z?--0?? —2aa (x? +b?) 1- a?22 05 
-. 2+b2-ac=0; 


a ac {aty (P - 409). 


40 EQUATIONS. ONE UNKNOWN QUANTITY. [EX. 


44, Itis obvious that --ᾱ-- ὃ--ο is one root. The equation may there- 
fore be written (c+@+b+c) (x? 4- (a -- Ὁ }- ο) ὦ Ἴ- bc 4- ca 4c ab] — 0. 


a b x 
45. We have πε... ee 
: ! 1 1 1 
cee ο στο στ =O 


Hence one root is a 4- b 4- c, and the others are the roots of 
Ba? — Ax (a - b - ο) + Za? - 3Zbc — 0. 


46. Multiply by the u.c.m. of the denominators, namely 
(c+a-b—c) (ᾳ-- α--ὃ-- ο)(α--α-- ὐ-Γο); 
then (x-a)? (a#-+a—b—c)=(e+a-—b-c)(e-a+b-c)(x-a-—b-+c); 
ϑαῦ — 3a? (a +b +c) +a (- Za? +42bc) + Za? — Za?b =g? — a? Da 
+ (2Zibc — Zia?) + Zia? -- Zia?b + abe ; 
M08) -(a4b-4c)a? Ι-αΣῦο — abc —0, 
that is (z — a) (x — b) (x — c) 0. 


47, We have LE 
Tic Αα) κα. 2x (a +b) 2æ (c +d) __2æ(c+d) 
(α--α)(α-Ὅ) (γα) (ο +d) (ω-- ο) (ο -- d) (2 -- c) (x d) * 


Hence one root is zero, and the others are given by 


zl4 


1 1 
(a+b) Ee ο ση 


1 1 
Ἐν les (ο-ᾱ (eo) στα) 
y (atoe  . — (cdys — 
--- (a2—-a2) (x? --03) (a? — c°) (x? -- d?) " 
Hence another root is zero, and the others are given by 

(a +b)? (x? — c?) (à? — d?) — (c +d)? (x? — a?) (x? — 23) =0, 

or {(α-Γὐ c d) ο) - cd (a+b) -- ab (c+ ἆ)} {(α +b -- ο-- d) ο’ -- ab (c+d) 
+cd(a+b)}=0. 


It should be remarked that terms of the eighth degree would be introduced 
by multiplying throughout by the r.c.w. of the denominators: two of the 
roots of this equation are zero, four are given by 


cd (a+b) 4- ab (c -- d) ab (c +d) — cd (a +b) 
zx ic atb+erd } and A atb-c—d T 


and the remaining two are infinite. 
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XII. Pages 155—157. ~ 


1, Multiply by 6 and 10 respectively; then 2%- y=3 and 2g- 3y=5. 
Hence by subtraction 2y = — 2 or y= -1. Then 2e+1=3; .. z-l. ` 


2. We have ed In cei η Md and i056, 
TEE TE & 4 
3. Multiply the first by 3 and subtract the second; then 


ri Med therefore y=6. Then stp-i «- £=3, 


m- m Sg 
4. 2 =5 ας ὅτι 
v. y v y 
By addition ET or ee Then epee: or y=3, 
x 3 4 - 
5 Li haad usua ee τας τις 
- b(P—@) + 20% 3aj-a(f-a) --ᾱ 82? 
. 0 (0? ra) _ a (a? +b?) _ 
μη απορια. 
6 T — y is . * w=ab y= -- (a+b) 
ue ab-ab a-b? b-a’ ` : à 


7, We have c+% e=2a; 4 c=a+b. Hence y=2a-(a+b)=a-b, 


z 4 y 
* 2ac(b-c)-2ab(c—a) 2ab (ο +a) -- 2ac (b+c) 


[9] 


- (bro) (c — a) -- (b — ο) (c +a) ; 


. „_ 2a (C2 -ab) | _ 2a (c?—ab) | 
ΕΖΕΣ poA qm πο 2ab | 
E ERTER er oU LEE ME st 
3. a (a? +08) παρ! ^ Ja5—b (ae 0) Bas? 
a (a? — b?) ο ὁ (αἳ -- 09) _ 
μμ ας 
T e Y eer keo. 
10. z-o- (a+b) (a — 95) a) - (a b) (a3 — 03) atab 
„a taU) ECCE 
$ ge rdg ας δ) and Y= Beane b). 
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11, Subtract the first from the second and also from the third; then 
a+2y=3 and 8z--8y—15. Multiply the former by 3 and subtract from the 
latter; then 2y=6 or y—3. Since y=3, x+6=3, whence z— —3; and then 
=34+3+2=1, whence z— 1. 


12, We have s+y+z=1, 2¢+y+16z=4 and 20r+9y- 6z=12. 
Subtracting the first from the second, and also subtracting nine times the first 
from the third, we have x+15z=3 and 11x- 15723. 


Hence 12x=6, whence ασ . Then 152=3- whence z= : . Also 
2p-í.lul 
οὗ οἱ 


19. We have 22-9 —2—0, x-2y+z=0 and 2x+3y+z=6. Add the 
first and second, and also the first and third; then «-y=0 and 40 4-2y — 6. 
Hence 626, whence z—1-— and then z26-2—3—1. : 


14, Subtract the first equation from the sum of the other two; then 
2a=2b+2c-2a. Hence we have z—5b-Fc— a, y=c+a-—b and z=a+b-—c. 


15. Add the second and third; then z—b rc. Similarly y=c+a, and 
z=a +b. | 


16. Multiply the first by 9 and add the second and third ; then 


— 4g — 4a 4- 2b 4- 2c, 
Hence we have 


1 i 1 
t= -5 abc), y= -3 (a+2b+e); z= -z (4+b +20). 


PE bc -- a? + σα =b? + αὖ -- c? _ saben Ze 1. 
* a (be -- a?) +b (ca -- 03) +e (αὖ-- ο)  3abe-Za? a+bte’ 
Similarly y=z=— 


a+b+c' 
18. y +tz=r=b+¢, z+%-y=c¢c+a and z4 9 -2—a4 b. 
Hence zc4y-Zztz42—y-actbtccta; 
1 MG 
2 a= 5 (2a b 4c), and similarly y-5 bea) and z- Lea). 


19, eS ο) μα Eo (eet ο ον. 
be? — b’e-+ a (b? - c) +a? (c-b) (c-b)(b-a)(c-a) (b-a)(c-a)* 


v b E 
I= (6-3) (a-5 (a—c) (b—-c)' 


τα. Wb ὃ - 6) (οὖ — a?) + (be + ca + ab) (a — b) + (bc - ca +ab) (a — c) 

20: “z= - en 
cb —a? +b (a — b) 4- e (a — c) 

_ α {ο γεα--αὖ -- αἲ -- δὲ - οἳ} _ 

ο Κος ταδ-α E ὃ ο 
Hence also y=b and z—c. 


Hence and z= 
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Ol.’ z- (a +b+c) (bc — a?) + (a? -- 0? -- c?) (a — b) + (a? 4-02 c2) (a — c) 
᾽ bc — a? +b (a — ὦ) 1-6 (a — c) 


— 2a? (b -- c) 4- a (907 + 2c? + bc) — δῦ — c3 
— a? +a (b 4- c) — (03 +c? — bc) 


=-a+b+e. 
(a b c) (ac — 0?) + (a? + B+ 3 c?) (b — c) + (αἳ -- 0? c2) (5 — a) 
ac — 0? --c(b -- c) --a (b — a) 
03 — 203 (c +a) +b (2c? + 2a? + ca) — c3 — a? 
ry — D? b (c +a) — (c? +a? — ca) 
=-b+c+a. 
Hence, from (i), z= —c+a+b. 


(b — c) (c — a) (a — b) (ca — ab) 
ab (c +a) — ca (a+b) + (b+c) (ca — ab) + bc (b — ο) 
-a (b — ο)” (c-a) (a — b) 
= Be — be? + aca? t a?b — ab? 
za (b-c). 
The values of y and z are found by cyclical changes of a, b, c. Hence, 
x=a(b—c), y=b (c-a) and z=c(a—b), 


DOT 


a (bc — a?) 4- b (ca -- b?) +c (ab — c?) 
29. 2—7(bc—a3) +b (ca - 8)-Fe(ab- e) i 


Then by 4- cz — cy +az=ay+bz=0; 
4 Y=z=0, 
a 


94. It is clear that a, b, c are the three roots of the cubic in A 
gz- y +N? -λὂ--0. 


Hence, from Art. 129, 
a+b+c=z, be+ca+ab=y and abeam, 


m (2303 — 0363) +m? (05ο — bc?) +m? (bc? — b?e) 
aone a (bc? — bc?) +a? (bc — bc?) +a? (bc? — 76) 


m {be-m (b+c) +m} _m(m—b) (πι-- : 
= afbc—a(b+e)+a%} — a(a-b) (a-o) 


The values of y and z will be given by cyclical changes of a, 5, e, 
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26 (a? + 9δο) (be — a?) + (b? + 2ca) (ab — c?) + (c? + 2ab) (ca — b?) 
λα a (bc — a?) +c (ab — c?) +b (ca — b?) 
_ a (3abc -- αἳ — $$ -- c3) 
Sabe — αὖ -- δ) -- οὗ 
Lo 909) (ab — c?) + (02 + 2ca) (ca — b?) + (c? + 2ab) (be — a?) E 
c (ab — c?) +b (ca — b?) +a (bc — a?) 


=a, 


and z—c. 


2 (a bc) {b(a — b) — c (c — α)} --2 (bc + ca +ab) (b ἠ- ο -- 2a) 
b (a — ϐ) - c (c — a) +a (b4- c — 2a) + (b — ο) (c — ὁ) 

. 2 (bc) (- αἲ -Γα (b - c) - U-- bc - 

~  2f{-a®+a(b+c) - 09 -- be -- c?Y 

The values of y and z will be given by cyclical changes of a, b, c. 


27. 


ο. 


_ (a+b +c) (ab? — ac?) + (a 4- b 4- c)? (ac? — ab?) 
a (ab? — ac?) + a? (ac? — ab?) + bc (bc? — 03ο) 
H — à (a-- b 4- c) (b — ο) (bc +ca+ ab) 
^ — (b-c) {αἳ (b +c) - a? (0? + be +c?) + c9) 
a(a+b+c) _ a(at+b+e) 
a—a(b+c)+be (a-b) (α-- ο) ᾿ 
The values of y and z will be given by cyclical changes of a, b and c. 


28. 


29 pa Cmn) (m — m) -n (n- Ὁ} + (mn +nl+ ln) (m+n - 21) 
; m (1 -- m) —m (n — 0) +1 (m+n — 21) + (m — n) (n -- m) 
_ — (mn) (P — (m+n) Uo m? —mn e 92) 
-2 (P — (m+n) Lom? — mn -- n?) 
1 
The values of y and z are found by cyclical changes of 1, m, m. 
30 pa (Pt m? +n? - 3lmn) (mn -- P+ lm- n? + nl- πιὸ} 
DIT l (mn — P) +n (Im — n?) +m (nl — m?) 
= 4+ m?+n?-mn—-nl—In. 
Hence we have 
e=y=2=2 +m? +n? -mn - nl- ζην. 
31 (mn) mm? -- Pn + Imn? — m?n + lmn — ma? } 
~ 1 (m?n? — Pmn) + ln (Imn? -- m?n) + nl (Imn -- mn?) 
_mn(l+m+n) (mn nl--lin- P-m?- πλ) 1 
m Imn (3lnn — 13 — m? — n?) x 
Thus la=my=nz=1. 
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" 92. Multiply the equations in order by a+y, b+y, c+y respectively. 
en 


α(551- ΠῚ (253 - E53 =at- 69; 


ata b+a 
Pega ai en) NOM CL Seg ae 
(a+a)(b+a) © (α--β) (0--β) ^" 
and similarly z (a y) y (8-7). 


(ὦ -- α) (6--a) * (b -- 8) TOYS ew 


x Multiply these last equations by a+ and c+ respectively; then we 
ave 


ατα τω στα 2 (O48) - (ανα) (c9) ac; 


` x (& — y) (« — 8) (a-- a) (6 1- a) (c +a). 
The values of y and z can now be written down. 


33. Subtract twice the first equation from the sum of the other three; 
then 3x — b --c--d - 2a, and similarly for y, z and w. 


94. It is clear that a, b, c, d are the four roots of the following equation 
in A 
M+ wr? +207 4- y 4 2 — 0. 
Hence w= — (at b-4-c-4 d), z=Zbe, 
y=- bed and z—abced. 


XIII. Pages 163—165. 


1. We have (22-y)?-9?—23, .. y=11, and 2-23- y — 12. 
9, y-2rz—-1; ~». 2? -4 (22-1)? +443 (2x-1)=1; .. 152?—23z4-8—0; 


8 
ee OL s= īp” 


5 H 
Then y=2x-1=1 or IE 


3. We have &?+gy=12 (zy -2y?); therefore 7—3y-0 or z—8y-0. 
Hence either 9y? + 3y?—12 giving y= +1 and «= +3, or else 645? - 8y?—12 
giving y — +76 and x= FV : 

4. 17(z?--2y?) 222 (3y? — xy — x°); therefore 39x? + 221 — 32? —0, whence 


3z—2y or ἶϑα-- - 16y. Then, either (5*2 y?=22 giving y=+3 and 


16? μα 18 
æ= +2, or ΕΡΕ 22 giving y= tU and x= TED 
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5, x-y=5 and a- y=, therefore zy —84. Then (x — y)? + 4xy --961, 
whence z4-y — 419. Hence 2x —5--19 and 2y— +19-5. 

6. Multiply the second equation by (+b) (y+a) and then substitute 
&--b—z for y; we then have after simplification z? — (3a — b) x + 2a? — ab — 0, 
whence z—a orz-2a-b. Then y—a--0 —x-—b or 20 — a. 


7. We have g (b — a) — (a+b) y'and a (x+y) =ay ; 
therefore a i(a - b) y -- (b — a) y) — (a-- 0) y2. 
Hence y=0 or y —2ab[(a +b); then ~=0 or z—2ab[(b — a). 


2 
8. By addition G A z) ο = 


ET ας U b 
Hence «=a? G + s) = EN + 03), and similarly y= +z A/ (a? 4-09), 


2 2 Ὁ; 2. n 
9. We have S proto μια ΤΕΛ 
Ὁ CH) c y^ sy 
Hence e de donna oS +2, 
whence 22 4422= 46 or +2 and ο =the Da 42 or +6. 


The pairs of corresponding values of æ and y are therefore 5, b; - 5- b; 
b 


b 
a, 3? amd Dro 


3 


10. Divide the members of the second equation by the corresponding 
members of the first ; then we have 


be 
2 as ᾽ 
zx LY +y "E 


3 
Also 2? 4-229 4: y? — 435, Hence 3zy = 4a? -- z , and therefore 


D- Ἡ b3 
"2. — ο. νε «ες 
(z o= z(t τ)’ 
rs 3 
so that οτε 


SEIS 
Hence 2x —2a2- VES ae and 2y =2a+ Jes 
a 


Sq 
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ll. e?rzy-y*- (xay? yt) (z> zy + y?) = 4251[109 — 39. 
Hence 2zy —39 — 109— — 70. Then (4+y)?=4 and (z - y)? —144, &c. 


13. z- [zy y (22 ny e y)] + y +y)=138+19=7. 
Hence 2,/zy=12, and therefore (/z—,/y)?=1 and (J2+,/y)?=25. 
Hence ,/a—,/y= +1 and ,/x+,/y= +5, 80 that 24/z — £15 givi = 
4, and similarly y=4 or y y Y pep de. 
19. Cube the second equation; then æ+ ὃν) όν (ο ο + 3/y) +y — 216. 
Hence 184/z4/y—216 — 72, whence zy—512. Then 
(r- y) =(x +y) —4xy—5184 — 2048; .. 2-y— +56. 
Hence 2e=72+56 and 2y=72 56. 
14. By subtraction zy —6; and then z +y=2sy=12. Hence 
(x — y —144 — 24, giving x — y — -- 2/30. 
Then 2¢=12+2,/30 and 2y=12+2,/30. 
15. Substitute for y; then 2°+(1 --α)--91, whence 
zt — 203 + 2x? — x — 6=0, or (x+ 1) (x? — 32? + 5x — 6) —0, 
or (z +1) (α-- 2) (à? -2+3)=0. 
Hence | £--lorg-2 orz-5 (14/711), 
the corresponding values of y being 
1 -— 
y-20ry--1lor y=5 0 7A -11). 
Or thus: 
1 
Put v 
5 


1 Ji \ 5 1 10 
Hence G+) 4 (3-2) —981, whence gat gg ^ E0281 
1624+ 872 — 99. 


+z; then, from the first equation, ν--ε. 


or 
1 


Hence 422—9 or --11 and therefore z= 2 or σα) - Ti. 


16. Subtract the second equation from the first; then 
(+y)? - 6 (z --.y) -8—0, 
s+y=4 or £492:2. 
16+2y-16+3=0 or else 4-- zy -84-3—0, 
zy=- or else zy—1. 


whence 
Then 
Bo that 
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Then e+y=4 and ty= -3 
give w=2+,/7 and y=2=,/7; 
also e+y=2 and wy=1 
give z=1 and y=1. 


17. By addition (+y)? - (x+y) - 42:30, 


whence e+y+7=0 or z4y—-620. 
Then, from x (X 4- y 4- 1)—14, 

we have —-62:—14 or 72-14; 

therefore C= - or 2-2, 


the corresponding values of y being 


y= ss or 4, 


3 

18. £4 — (22 y)? - cy y) -8. 

Then, since 4? 29xy--3?-9 and αἲ- zy-ry?-3, 
we have zy=2 and therefore (x—y)?—1. 

Thus æx+y=3 and z-y-zxl. 

19, -We have ay=bxe and zy-0bx-2ab; 

ba? — abx — 2a?b, 

whence w=2a or z—-—a, 


the corresponding values of y being 2b and — b. 


20. z-1=-5 and Az 1-92; 
^ (z-1)(4z-1)- -z, that is (2r—1)?—0. 


Hence £j 3 and then yz 2. 


21. Wehave axv+by=2ab and ax+by=2xy; 


a) — ab. 
Hence (ax — by)? = (ax + by)? — 4abxy — 0. 
Then, from ax+by=2ab and ax—by=0, 


we haye g-b, y=a, 
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22. a3--9?-—19xzy and n+ yas cy 5 
x? — zy + y?= 36, 
Hence (w+ y)? - 3623zy -9 (x+y); 
whence x+y=12 or --8, and therefore zy—36 or --9. 
Then 2? — 20) ἠ-ψὸ--0 or 45, giving z-y—0 or +,/45. 
We have now x+y=12, z-y9 —0 giving z—-9—6; 
or a+y=-—3, c-y=+,/45 
giving a= 5 (- 32-45) and y= 5(- 80/45). 
23. We have 


; (a? + y?) 2 a? and 5 (a? + y?) = 02. 


Hence, by division and multiplication, we have 


2 2 
(à? +y? =a? and pp &c. 
TEC 
24. ω-ω(ῳ-;)-7 ο. 
ον p 2- (445) ay=0, 
1 
go that xy=0 or αγ ατα. 


If xy —0 it follows that α and y must both be zero but z : y = —a. 


If sant , we have Ξ 2 , and therefore 
a y a 


2 
w= P and y?=a?+1. 


25. Multiply the equations by v, x? respectively ; then 
2?-xy-y?-14x and αἱ αγ” y*— 847. 
Hence, by division, a? — oy +y?= 6x. 
We then have 9αῃ —8x, and therefore z—0 or y —4. 


But z—0 cannot be a root of the original equation for this would require 
that y=0 and that 14?—84. Hence y —4, from which it follows that z—8 


or z—2. 
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26. a*y!-(r-y)-?xy and αἳ y9—(x- y) o yy? - sey}; 
6 (36 — 22) (86 — 3ay) = 1440, 


whence xy? -— 30xy +176=0, giving xy=8 or xy 22, 
Then (z-y)— (r4 y))-4xy—4 or -- 52, 
go that $—y-32 or Ea- 52, 
and therefore 25-8 or 4 or 64/52 
and 2y—4 or 8 or 6x A/- 82. , 


27. Square the members of the first equation, and subtract the senengi 


then 2xy = 2431”, hence zy =0 which gives x=0 and JE or y= 
T 
From αγ —15 and z-4y- Suy, 


i 
we have σσ, Y= 


28. Subtract; then — (x—y)?-8(z—y)4-9, 


whence x-y=-1 or z-y-9. 
29. v(1+3y)=3-y, and z(8—y)-1-43y; 

e 0043y-(8- yy, 

whence y=-2 or y-i. 


, If a?—y?=0 then z—- y —0 and also x+y «0, and therefore zz y —0. 
But if x? — y? be not zero, we must have 


1 i 
a Tymis and 2-y-3. 


31. Square the first and subtract the second ; then 27b E —2. Hence 


PE 


b v 
Hence => or 5 and — or -. 
32. We have ka by (x? +a?) - az (y? + 5?) =0, 
that is. (zy — ab) (bx — ay) =0. 


Hence wy=ab or bz-ay. 
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ον d μαι a 
If zy —ab, we have cinta 
and therefore x=b or a?—a?b, 
and then y=a or y?-ab?, 
in, it 5-7 αμα a.b 
Again, if eM we have Rh ees oie 
a? 
whence αΞῦ or PR 
the corresponding values of y being 
Die ^ and y=a respectively. 
XIV. Pages 170—172. 
2 
1. We have pelt as win 


m E $3 ο σα +bo, 
and similarly by==+ca and cz+ab. 
But, since yz —a?, y and z must both be positive or both negative; we 
therefore have a?x — b?y — c?z — x: abc. 
2, By addition (zy +z)?=a7+b? -- ο”. 

Ca etra H 
2 0 J(+)" 
3. Adding the second and third we have 


Henoce 


1 
y?—3 (b c), 
and similarly 


zz— g (93 α) and zy — 5 (a+b). 
Henoe, as in question 1, we have 


1 
(ο) ez (c a) y - (a 0)2— = J 8 (b+c) (c +a) (a) : 
4. It is obvious that c=y=z=0 satisfies the equations; and that if 
a=0 then y and z must also be zero. 


If xyz is not zero, divide the 
equations in order by ayz, bzz and cay respectively; we then have 


Φα Da ! μη αὶ ΠΤ. .1 
—-=—+-, =-=- + -=-+- 
apt ο b z z pe ay 

i aw, τς, | 
Hence ντο. ο 
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It is obvious that the equation is satisfied by x—y —2—0; and that 
if æ or y or z is zero, then the other two must also be zero. If vyz+0, 


5. 

divide the equations in order by beyz, cazx and abæy respectively ; then 
MEM ML dur no τι 

OCT OPTED αὖ byt ax’ 


Lay hee ez 


Ret Cae ab Sia 


bc cz by 

Hence : 
206 

= 30 fi . 

whence « ROLES so for y and z 


6. Subtract the second equation from the first; then 
^ 0)z—920 or (ii) xy —-22-0. 


(z- y) (x y - 22) -05 
Subtract the third equation from the second ; then 

(y -z) (y +z-2%)=0; ~. (11) η --Ξθ or (iv) y -2- 2z—0. 

Now it is easily seen that (i) and (iii), (i) and (iv), (ii) and (iii), and 

(ii) and (iv) all lead to z—y —2; and substituting in either of the given 


equations we have w=y=z= +2. 
2 (z-- y t zy? zacb4c. 


7, By addition 
2u(x+y+z)=b+c-a, 


Also 
x y Z al 
Ξ----------- =z% ο 
Hence "(uoce ον οπατοσ μασ EE 
252 
8. We have ο. ον stasa”, 
and similarly y+b= Es and z+c= 22, 
and it is obvious that the signs must all be positive or all negative. 
Hence ERO rn ys vb and pu ος 
[7 b c 
9, We have (ey 2) (B= zai de e eere TRE ES (1), 
(= BEY EZ) (OEY — 2) HO? Ls νο «οτε το ολ E (ii), 
E XU A EA OO ECT (iii). 


and (x—9--z) (-e4-y--z) 
bc 
(-s+y +2} τν 


2 


Hence 


and therefore -x+y +2z= ier 
a 
Similarly æ-y+z= aS 
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ab 
and TEY ZE 
all the signs in the ambiguities being positive or all negative, 


1 /ca ab a 
Se S ( eee ae τες» 
Hence ΠΕ «απο +c), 


and so for y and 2. 


10. Take the first equation from the sum of the other two; then we 
have æ -(y-2)?=b+c-—a. 


We have similarly 
y?—(z-2)?=c+a~b and 2-(e-y)?=a+b-c, 
Hence, from 9, we have 
MTS à AJ(b4- c — a) f 
J(c+a-b)/(a+b-c) 


yt2 2t* tty 

E CENTRUM n 

w 55) . 28 
+e-a c+a-b a+b-c’ 


11. Since 


each fraction = 


1 
Hence yzZ= ———— , &e. 
b+c¢c-a 


b+c-a : 
IIIS ES: 


Hence 


Yt2 ε-Ἕ cvy 


12. Since 7 b uL 
each fraction 
Lx PIS a «90 22 — 2 (2 -y?4-22) 
"b4c-a cta-b a-cb-c ψ(8Σα}- 2Zbc)* 
2 (a? +b? +c?) 
2 2) = ------- 
Hence A/ (2? -- y +2)= aza- 22bo) ' 


unless J/(z? -- y*-- 2?) 20 which requires that z— y —2-—0. 
Hence «=y=z=0, or 
ο το ο Se Lua ola oa) 
b+c-a c+a-b at+b-c  83Za?-9Xbc" 


13. The equations may be written 
(y - 1) (s- 1) 2a 1, (2-1) (z- 1) 56 1, (z-1) (y-1)=¢+1, 
Hence, as in 1, we have 
= 12 (0-4 Le + 1)] (a 1), Δι 
3.4. K, 5 
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14. We have 
(y — a) (z — a) 2a? +a, (2 — a) (x — a) 2? -- B, (x — a) (y — a) - a? ΕΥ. 
Hence, as in 1, we have l 
2a 3 (a? - B) (a? 4- y) (+a), o. 
15. We have 
(y — b) (z — c)=f?+ be, (z— ο) (x - a) 2g? - ca, (x-a) (y - ὦ) -- T? ab. 
Hence, as in 1, we have 
ω--α t (f + ca) (h? + ab) (f? + bc), &e. 


16. From the first two equations we have 


_ 3y-2 δεν 
= Dy and icu 


hence from the third equation 


T γα! giving y—2 or y=5. 
Hence es or = 
and πο. or 5. 
Hence the values are 1, ο 8; A z 2 


17. We have 
36- (z +y +2) — x2 y? +27 + Qyz + 222 4-2xy =14 + 2yz + 2a + 27y ; 
zzz 4 ry —11. 
Hence x, y, 6 are roots of the cubic 
M --θλΣ-Ε11λ--6--0. 
Now A=1 clearly satisfies the cubic: we therefore have 
(A—1) (4? .- 54 4-6) 20 or (à —1) (4-2) (4 - 3)—0. 
Hence the values of ὦ, y, z, taken in any order, are 1, 2, 3 respectively. 


18. +y’ +z’ - 3ryz=(x+y+z){(x+y +z)? - 3yz — Όσα -- δα]. 
Hence 495 -- 315 —15 (225 - 3Zyz}, whence Zyz—'11. 
Hence z, y, z are the three roots of the cubic 
M — 15M? 71^ — 105 —0. 
By inspection we find that the cubic is satisfied by A=3; the other roots 
are therefore given by M — 12A 4-35—0, that is (&—5) (\—7)=0. 
Hence the values of α, y, z, taken in any order, are ὃ, 5, 7 respectively. 
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19. 22yz=(a+y +2)? - (a? +y?+2?)=81 - 41. 
Also + y? +28 — Sayz — (x +y +2) (2? +y? + 22—- yz - zo — xy); 
-. 189 - 3zyz 29 (41 -- 20): .. cyz=0. 
Hence α, y, z are the three roots of the cubic 
λδ-- 9A? + 201=0, 
that is A(A- 4) (4 — 5) z0. 
Henee the values of x, Y, 2, taken in any order, are 0, 4, 5 respectively. 


20. (y +z) (2+2) (x+y) - (10 -2) (10 - y) (10-2) 
=1000 — 100 (x+y -- z) + 10 (yz +2% + ay) - xyz 
=330 - xyz —294; .. xyz — 306. 
Hence v, y, z are the roots of the cubic 
A3— 10M? + 33A -- 36 — 0. 
By inspection we find that the cubic is satisfied by \=3. Hence the cubic 
is (A - 3) (3 — 74-12) 20, 
that is (λ -- 8) (4-3) (A—4)=0. 
Hence the values of x, y, z, taken in any order, are 3, 3, 4 respectively. 


91, The equations are satisfied by the values z— y =z —0; and, if either 
of the three is zero, the others must also be zero. 


Now, if xyz +0, the equations may be written 
α αὖ ab +e 


Came 
y'a z m m'y Πτα 


y 
b 
Hence ---- = 
z y € 
2 b2 Te c2) 
and therefore eac Ja y? 23) 


. 2 (a2 +b? +6") a? D? 4 οἳ 
oe N (a? +y? +27) ~ 22 +y? 4-22" 


so that J(a?+ 03 4- c3) 2. / (a? 4-5 4-27), 
a (3... 
and therefore T2055 9. 


29. Subtract the second from the first; 


then 224g- i=; ^. (ay — bx) (xy +ab)=0, 


62 SIMULTANEOUS EQUATIONS OF THE SECOND DEGREE. [Ex. 


xy ee 
Hence (i) 2 OE (ii) Pius 
(i) If ? —Y we have *— 1 - 7 — 7, and ο να 
a b a x a 
Hence 1- (1-22) (1-2-5), 
a a & 
whence 24? — Bax? + 2a? — a? — 0, or (x — a) (2x? — ax +a?) =0. 
Hence “=a or D Ὁ 
If «=a, y =b, and therefore from? ΠΗ͂Σ fate =1,z=-¢. 


If zt (1+ - 7), yos - 7) and therefore z=3 (T3 τη, 


(i) If Z4 770 then from the second equation z — c. 


Hence, from the third equation, 24$-05 - : =f, so that y= +b. 


πο 


Hence x= =a. 


The simultaneous values of x, y, z are therefore a, —b,c;—a, b, ο; a, b,— c; 


b 
eA -Τ) 2 (12e - 1), KENE 


23. We have awyz=y?+z?, buyz=2?+2", cwyz=a2+y?; 
A^ (b+c -— a) xyz =2x?, &c. 
Hence (b+c-a) (c t-a - b) (a--b — c) ayz=8; 
4. 22? (ὁ--α-- 0) (a--b c) 28; ἄο. 
94, We have y? — zz +2? — wy —a?, &c. 
Hence a -yz =; (03 -- c? — a?), &., 
which is the same as Ex. 5, Art. 151. 
Or thus: 
By addition — (y-2)-t(z-z)*-(z-y)*—a? -- 0 40% 
From the first two equations 
y?— x? +z (y - v) 2a? - 9? ; 
$e (Y - x) (£ +y +z)=(a?- b°). 
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inue dt. τα NA eo) le) 
pao nae PIS EOS Jf (02 — c3)? + (c? — a9)? + (a2 — 02) 


Ja) n 
= J[2Xa*-2zb3) ~" 


Multiply the original equations in order by z, y, z respectively ; then 
a? + by 4- c?2 0. 
Hence a?z +b? {x — (a? — b?) X) +0?{x + (c-a?) 3) x0; 
^oc (P2402 +02) = (a8 (03 +02) -- 04 — c4} A. 


Hence p a Aes —ée 
a? (b? +?) —b4—c4 — (Za?) N (22a -- 220203} 
25. From z? +yz- d=} (7? + 9? + 22), 
we have z? — (y —2)?=2a?. 


We have similarly 
y? = (z - x)? = 203, and 22 (x = y= 903, 
à , Ue iiu 
Hence (-a2+y+2)?= ue ἃο.; 
b 
. ~nty+2= RA[B 7, 
2-9y42— 2/255, 


ab 
and Sy-i— RA». 


b 
Hence πιο Ic η) &c. 


26. Adding the second and third equations we hava 
1 
yz — 2 —. (b 4 c), 
eam 1 | T 
and similarly an-y?=5 (cra), ay -225 (a+b); 


». (e - yy - (y2— za) -aH (c-+a)(a+-b)}, 


that is a (a+ y +23 — Beye) =} {b }- ο) — (c 4- a) (a 4- 5)). 
T E y 
sues (b+c)?-(c+a) (a+b) (ca)? - (a+b) (b c) 


Z 


~ (a+b)?—(b +e) (ca)? 
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and each fraction 


αἳ — yz ΠῚ κ 
E A Tay (ο-- a) (a -- ὁ) }3 - {{ο }- a)? - (a+ b) (6 - ο)} {(α-- 5)? — (b ο) (ο +a)} 


-b-c 
x NA 2 (b 3- c) ( (0 -- c)? -- (c - a)? + (a.4- b? — 8 (b+c) (c +a) (a+b)} 


2d 
E Va (αὐ 4-c)((0 — c)? - (c a)? 4- (a - 0)*] 
1 
- 2 /(8abc — a? — 03 — c3) " 


27. Putz-ca-cA, y=bt+p, 2=c+v; then\+py+v=0, 
N24 μῦ -- y? + 24λ + 2ὐμ-:26ν--0, 
(b — c) X4- (c — a) w+(a—b) w=0. 
From the first and third equations, we have 
λ | ν 
δι-ῦ-ο 90- é-ü ὅς-ᾱ-δ; 
Hence from the second equation, 
XM (2a — b — c)? + (20 — c - a)? + (2c - a — b)?} 
+ 2d (2a - b - c)(a (2a - b — c) +b (2b - c — a) e (207 a - 0)] 0, 
Or CX? (Za? — Zbe) + 4d (2a — b — c) (Za? — Lhe) «0. 


9 
Hence 1-0 (5 Ἂν: ος (2« — b — ο). 


Hence s=a, y=b, 2=c3 or 2-5 (29e - a), v=; (2c + 2a — b), 


1 
z=; (2a - 2b - c). 


28. The equations are satisfied by the values c=y=z=0; also, if either 


of the three quantities x, y, z is zero, it is easily seen that they must. all 
be zero. 


Now suppose that ayz-0; then we have 
beyz = (y +2}? (z +x) (e y) =ax (y 2*5 


bc 
~” ayy = 72 9 
3 a 9 æ? (y +2) 
Hence x (y+2z)= +1 J(abezyz), 
y (z+2)= - Ψ(αὐζαγα), 


and z(r-y)- +l a/(abexyz), 


all the signs being positive or all negative. 
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1 1 
Hence WSE G + E 3 N/(abexyz), &c. 
η. Ὁ Ὁ 
τμ Αα ο πα ΠΠ. 
Hence sta s (ecl) (543-3) ΠΠ νο μὴ 
----- Ub ΙΙ 
ορ μις Ας 
or 8,/abexyz = + abe (G+: Altar η) (21 3r 
since zyz 4 0. 
Ub NATL εν 1ος, al NDS 
πμ ος ΕΕ deca esteem c: 
Hence ο τσ. 3 G+ 5) ο JE 
τι ING AL C o sb A p RE 
Se ed [rc = E A = Se 
and Lye το. 3 ο Ὁ {27} JL 


asc sabe (245-5) (245-2), de. 
GU MOY NG Ὁ. ϱ 


29. The equations are clearly satisfied if x, y, z are all zero. Also, if 
x=0, we must have y=0 and z=0, or y=0 and z=c, or y «b and z=0. 

Hence, if zyz—0, we have the following sets of values 0, 0, 0; a, 0, 0; 
0, b, 0; and 0, 0, c. 

Now suppose that vyz is not zero. Multiply the given equations in order 
by y, z, x and add; and also by z, x, y and add; then we have 


aay + byz 4- czx — 0, 
and αρα + bry +cyz=0. 


2 Za ay 
Hence MICE le nae i 
: ca—b? αὖ-ο1” 


ΟΥ, since zyz is not zero, 
x (bc — a2) =y (σα — b?) =z (ab — c?) =) suppose. 


Henee, by substitution, we have 


A2 1 = 1 | = αλ =0 
^ \(be — a)? (ca—B*) (ab—02)f be-za " 


Hence λΞ0 giving rs=y=z=0; 
a (bc — a?) (ca — 03) (ab — c?) 
E Nex ο» — cl) — (be — αὖ)” 
LS E 
whence OU τος &c. 
30. We have 
a (2x 4-y 154) 5 (x - y - z)? — a?z (2x +y +2) (y +2). 
Hence 2x cy 4-2 —0 or y -ετα. 
So also 2y +z+x=0 or 2 +x=b, 


and 2z+r+y=0 or t+y=¢. 
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Now 2a+y+2=0, 2y +z +x=0 and 27-54 Ξ0 give c=y=z=0, 


Again 2y 4-z-F x —0, 22 cx 4- y —0 and y+z=<, 
1 = 3 md FEX 
give s=- h Y=5, 6-5} 
Q22+a+y=0, 2x+y+z=0 and z+%=b, 
eb m 3, e d 
give G=5, y= -οῦ, 225i 
and 2e+y+z2=0, 2y-ctz-2-0 and z4y-c, 
ive Em c ps 
giv “ΤΡ ο ου ο 


Also 2a+y+2=0, z+x=b and x+y=c are inconsistent; and so also are 
the other two corresponding sets of equations. 
Finally y+z=a, z+x=b and z 43 —c, give 


1 1 1 
t=5(-atbte), yes (a - be) 2—5 (at b - c). 


81. By addition we have 


2 (z -y 2)? — 3 (yz -2z 4 2y) Ξ- a? t 02 ............... (i). 
From the last two equations we have (z— y) (z--y--2)—0?—c?. Hence 
Θα ES 
bt- c-a. αἲ- αγ 
Henge p SEM - a S y τα s ge 
s (+y +z)t -3 (yz +z% +y) (x+y +z)? = Σα! - XU... . (ii). 
From (i) and (ii) 


3 ο a? + 5? 4- c?)? — (Zat -- Zb?c?) ; 
4 4 


^ 3 (yz +20 + xy)? z22Uc DIe eee eee eres e (ill). 


Hence from (i) 


STyTz- NIE (a? + b? +c?) + 7 ν(6Σύ»ο3.-- 3za') | — suppose, 


2. 72 
Then ο... 


and by substituting in the third of the given equations we have a quadratie 
equation to find z, and similarly for y and z, 
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32. We have 
[ra y -p* 
(ax + 02) m. elm) =. C! ρα δη 
“ a (c - a? a? +b? (b — c)? y?-- abay (a (b -- c? +b (c - a)? — c (a — b? =0, 
thatis ^ a?(c—a)?a?-- 0 (0 — c)? y? - ab (a+b) (α-- ο) (b c) zy —0; 
«da? (c-a) zb? (b-c)y) (a (c-a) z- b (b-c) y] 0. 


2 by sJ c?z 
H A m - gin LZIN: 
ence "UG. AA ilarly στ λ; 
aa by στο Cz 
1 --------------- = 
or else M OET similarly ^77 fn 


Substitute in the third equation ; then it will be found that 


abe 


pes J 7 
λ2 --αὖο, and p προ 


XV. Pages 177—181. 
1. Let α be the greater part, then 50 — z will be the smaller, and we have 
2x —3 (50 — α). 

9, Let x be the number of pounds A has, then B will have z-- 5, and C 
will have z4-z4-5; then z+ (z 4-5) - (20 - 5) 250. 

8, Let z be the number of years ago; then the ages at that time were 
70 — z and 45 — x respectively; hence we have 70 - x =2 (45 — a). 

4, Let α shillings be the original price per score, then τ will be the 
raised price. 1 

F 2 Ρ 
In the first case 20 shillings will buy Ξ x 20 eggs, and in the second case 


GE : 100 
20 shillings will buy 20 x 1255 * 20 eggs. 
Hence m aoo AN: whence z—2, 
x 125x 


5. Let «= the number of sovereigns, then there are 3æ half sovereigns 


and (50 - z — δα) shillings. b 
Hence the worth of the whole in shillings is 20x + 30x 4- 50 — 4x, so that 


20a 4- 30z + 50 — 4x = 280. 


1 
6. A can do 20 


the number of days that 4 worked, then 14 — z will be the number of days B 
worked. 


th of the whole in a day, and B can do om Let x be 


v Id 
Hence 20 t po; ο 
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7. Let x= the number bought at two a penny, then 4z are bought at 5d. 
a dozen, and = at 8d. a score. Hence whole cost in pence 


44 
5+ Ax X13 + δα x 3; . Also they were sold for 10z x Too Pence: Hence 
44a -ᾳ E 
8. Let α be the number of sovereigns, then 100 — will be the number of 
half-erowns. 


Hence the total values of the coins in shillings will be 20s +5 z z (100 - ο. 
we therefore have 20% + 2 δ (100 —¢)=1265. 

9, Let x be the number of miles he walked. The coach took {ς =s z hours i in 
going x miles, and the man took 7 ? hours. 


Hence, as the man had one hour's start, 1-1 + 5 , whence z—6. The 


man rode 12 x 2 miles on the coach, and therefore the whole distance from 4 
to B is 6 -- 24—30 miles. 


10. Let x be the number of pounds allowed free of charge to each 
person. Then the charge on 600-2 is 3s, 4d.--11s. 8d.—15s. Also the 


charge on 600—a would be 20s. Hence o - , whence «=120. 


11. Let x,y,z be the number of days in which A, B, C respectively would 
separately do the work; then they would do Lin, τῶν th of the whole re- 


spectively in a day. Hence we have 


TA TET Τμ i bec 

αφ αν νε Ὁ ome tyke NATUR 
. ο τος, η Ἐπ 
b $m" UNIO IET μον... 


Hence when they work together they do one-fourth of the whole in a day: 
they would therefore finish the whole in four days. 


12. Let «= number of years in the father's age at present—the sum of 
ethe numbers of years in the ages of the three children. After 9 years the 
father will be z-- 9, and the combined ages of the sons will be z-- 27. Hence 
(x+ 27) — (z 4-9) will be the age of the youngest son at the end of nine years; 
the present age of the youngest son is therefore 9. Again, after 12 years the 
father's age will be «+12, and the combined ages of the sons will be z +36; 
hence z 4-36 — (z 4-12) will be the age of tne middle child in 12 years, so that 
the present age of the middle child is 12. After 15 years the father's age 
will be z--15, and the combined ages cf the children will be z4-45; hence 
x+45-—(x+15) will be the age of the eldest child in 15 years, so that the 
present age is 15. Hence z—9 -12--15— 36. 
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18. Let z= miles per hour 4 travels, then z — 2 = miles per hour B travels; 
^ δα +3 (%-—2)=distance in miles. This distance also=4. 52 +4 (x -3); 
^ 8043 (a - 2) a-4(2- 3). 


14, Let z = miles per hour the man walks, and y = hours the journey 
takes. Then zy = distance in miles; this distance is also equal to 


σα. = and f a 
2/5 oD) (y+ 3] 
Hence ms ο. (2-3) (v+25). 


Whence z—2, y=7 * and therefore the required distance is 15 miles. 


[The values y —0, z-l satisfy the equations, but are not applicable to the 


problem.] 


15. Let « and y be two of the parts; then 243 - z — y will be the other, 


and we shall have 2 = z = SX Ead whence z —54 and y —81, 


16. Let there be z pounds and y shillings, then we have 


202+ y=18 (« + i) , whence y=4a; 


and when y —4x it follows that 2 (100x + 209) — 15 (20x + y). 


17. Let z—4's share in pounds, and y=C’s share in pounds; then 
g- B's share, and y -$-D's share. 


i T 
Hence 100 «y «(v -§) , and ΕΣ +y +y—3=1000. 


18. Let x and τα be the numbers; then a? — (s z) =16, and therefore 
C—O. 
19, Let x and y be the digits; then the numbers will be 10¢+y and 
10y + respectively. Hence we have 
lOz--y--10y--z-—(r-y), and 1l0x+y—(10y+x)=5y?, 
From the first equation «+y=11 [z-4 y —0 being clearly inapplicable]; then 


930 
the second equation gives 5y?--18y - 99/0, whence y=3({ y= ag being 


clearly inapplicable ) ' 


Hence y —3 and then z—8, so that the numbers are 83 and 38, 


70 PROBLEMS. [Ex. 
20. Let 3x-—the number of miles in the journey. Then 


Z LT . = number of hours he took ; 


10; 9:18 
e. _ 9r 8α 1 
and this is also 739 + i6 ^ i20" 
z «ισα 82,30 1 
pnag 10*97*8^729 16 120° 


91, At 3 o'clock the Cambridge man has gone 54 -- 9—45 miles, and the 
Stortford man 27--9—306. Hence they travel at 15 and 12 miles per hour 
respectively. We therefore have, if v be the number of hours before they 
met first, 15z--19:—927. Hence .. x—1, and distance from Cambridge is 
15 miles. 


29. Let x be the number of shillings in 45 share, then z— 100 will be 
the number in B's share, and æ (x — 100) will be the number in C's share. 


Hence x 4- z — 100 + x (x — 100) 20300, giving ὦΞ 200. 


23. Let x be the number of posts in a mile, then ἘΠ = number of yards 


between two posts. 


Rs 1760 1760 ,14 


IT ED! ig’ whence «= 25. 


24. Let x be the greater and y the less. Then (x--y)z—144 and 
(r—3)9-14. Hence 7x?- 65zy + 72y?=0 that is (α- 8y) (7x -- 9y) «0. 


Tz — 9 —0 and z (x - y) 2 144 give x= +9, y= +7; 

also z — 8y x 0 and g (z 4- y) 2144 give c= +8,/2, y= +,/2. 
The negative values are to be rejected since x is greater than y; the numbers 
required are therefore 9 and 7 or 84/2 and 4/2. 

25. Let 45 ΑΒ rate per hour in miles, and y — B's rate. Then ὅσ-- 5y 
=required distance. If A were to walk 1 mile faster he would get to the 

: i. Uf 

meeting place in En hours, and by supposition B would get to this place 


4 hours after A started; .. I Similarly 6- D. Hence z—4 and 


i’ 
y=6, whence it follows that the distance is 50 miles. 


A 26. Let « be the number of men in the side of the solid square; then a2 
is the whole number of men. But the number of men in the hollow square 
four deep and with z 4-16 in each outer side is (x +16)? — (x -- 8)? — 16x +192, 
Hence we have a? —16z +192. 
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27. ‘Let be the units digit and y the tens digit. Then we have 
10y 4- z —7 (x+y), 
. whence y —2z, from which it follows that 10x +y —4 (x+y). 
28. Let 4 walk at the rate of x miles per hour. Then A takes d hours on 


the journey; hence B takes 1 M on his journey and therefore B overtakes 


3 
Ain Εν - 2 hours; in which time B has walked 4 u - a miles. But at 
22 6 2x 6 
this time A has walked x Κε z + a miles. 
5ο 6 8| 
Jl Taal 
Hence (2-3)? (ata) 


29. Let x be the number of hours they rode before they met, then 4 
takes «+4 and B takes x+1 hours altogether. Hence 4's rate: B’s rate= 
£4-1:2z--4. But B rode in x hours the same distance that A rode in 4 hours; 
hence A's rate: B’s rate—2:4. Hence z41:2z--4—2:4, so that z—2 and 
therefore B's whole time was 3 hours. 


30. Let x be the hundreds digit, y the tens and z the units digit. Then 
a+y+z2=10 (i), and y=æ+z (1). Also 100z--10y--z-—100z 4 10y-rz 4- 99, 
whencez-z-1 (iii). From (i), (ii), (iii) we have x—2, y=5 and 2-8. 

3]. Lets gallons be taken from the first, and therefore 14 — ϱ from the 
second, Then z + : (14 - z) 2 quantity of wine taken —5. 


982. Let x be the number of minutes past 10 o'clock at the time in 
question. Then x+6 480—504 27? , whence z—15. 
33. We are told that C rides m miles in half an hour; hence C rides 


9 miles an hour. Hence C rides 18 miles between 5 o'clock and 7 o'clock, 
and therefore B drives 18 miles between 4 and 7, so that B drives at the rate 


of 6 miles an hour. Again C rides 227 miles between 5 o'clock and 7.30, 


and therefore 4 walks 227 miles in 5 hours; thus 4 walks 5 miles an hour. 


Now let z—the number of hours A walks before B overtakes him; then 
δω--θ(ᾳ-- 1); .. 2Ξ6. Hence B catches A at 9 o'clock, 30 miles from 
Cambridge. 


34. Let α απᾶ y be the number of yards the trains travel in one second, 
then z - y —the number of yards per second the fast train gains on the slow. 
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60472 - 604-72 — 


Henoe —12, and = — 24, 
ᾱ-ῳ 3 
Mid 
whence z—29 and y=11. Hence the fast train goes a miles 
per hour. 


35. Let z be the number of pounds A gives to each; then 10 — the 


number of people to whom A gives. Hence we have 
(a+ 6) es - 40) = 180; .. 2-9. 


36. Let «=the number of miles per hour the first goes, and y=the 
number of hours on the journey; then xy —the distance required. 


This distance is also 


(«-3) (ον) and ο i) (v P ;)- 
Hence αν (2-5) (v+3)= (2-1) (y +4), 


whence iuc E and y —36, and therefore «y = 450. 


37. Let A walk at z miles per hour, and B at y miles per hour, and let 
d be the distance from P to Q. Then by the question (1) A walks d—2 miles 
in one hour less than B, (2) A and B together walk 4 miles in 32’ or a miles 
an hour, and (3) A walks d+2 miles while B walks d — 2 τ Hence from 
(1) we have 2-2 = -η- 0; from (2) we have zt y— ee ; and from (3) 
EM - t =0. From the first and third we have at once z—4, 


and then y -5 from the second; hence d--2 : d — 2-8 : 7, whence d —30. 


we have - 


XVI. Pages 190—199. 


1. Since she d ες Ree AE 
ς y+z 1? wty+z2 atl’ 
y b ο 
so also ETT prin ETUR ME 
Hence, by addition 
peor em BC v 
@+1 641 e+1 
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: b : ; 
2. From the first equation z= -- στ. Substitute in the second equation; 
ci? db 
then e - at) y?-—0; .. cb?+ea?—abd=0, or else y=0 and therefore 
also x=0. 


y-z a 2 I1+a 


MES = pas á 
o maa ο τς: 
22 1--ὐ 2r 11ο 
1 Ed 
So also ries 1-P? and 2 dios 


Hence, by multiplication, 
(32) (10) (14-0) 


~ (1—a) (1-0) (1-<)’ 
which is equivalent to a -- b -- c 4- abc — 0. 


4, Subtract the first from the sum of the second and third; then 


Similarly 22 =ct+a-b and 2¥=a+b-c. 


Hence, by multiplication, 
8=() +¢-a) (c - a — b) (a - b — c). 


1 1 1 
δ. πη 
1 1 4 
. -=;>— +- =1, 
z LE i-y E y-1 
20 El 
6. We have lc 
2c a n 
and pasto 
4c? 4a? 
: = mE 
Square and subtract; then (b-dj ^ rj 


7. Multiply the first three equations by z, y, z respectively and add; 


then we have 
q3 +y? +23 — 9xyz — as t by +ez =d. 


Also (a? — yz)? - (y? — zz) (25 — zy) =a? — be; 
, z (23 y? +2 -- Beyz) =a? — be. 
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Hence da — a? — bc, 


and similarly dij —0? — ca and dz—c? — ab. 
Hence αἳ 4- b? -- c3 — Babe — daz + dby + dez = d?. 


8. From (i) and (ii) we have a?-b?=22Zyz. From (iii) 


c? — (x +y +z) (a? - y? -2? yz - zz - xy) —a v =F Gt 2 è 


Hence 2c3 = 3ab? -- 
9, Put bz4- cy — cx +az=ay + bx —; 

να ΙΝ 

then δα be” ο ατα 

x JN 

and ον. 
2x . 

Hence — (b -- c — a), &e. 
a - ds 


Substitute in the given relation Zx? — 2242 0 and we have 
Za? (b +c- a? — 2Zibe (c -- a — b) (a-- b — c) «0, 
which will be found to reduce to Za*— 2Σ0252--0, that is 
—(a+b+c) (- a-- b ἠ-ο) (a - Ὁ }-ο) (a b — c) 50. 


ue = 
10. We have (G+ D 3 =1, 
; ο YE 2 | 2xyz bp EC νο. 
ΤΉΝ PIDE A Urt =i 
. e πο 
δ ο 1 
11. We have 
yz (x -y)=y -2, zæ (y -z)=z—x and ay (z—- x) 2x - y. 
Hence ay? (z —y) (y -2) (2-2) =(y-2) (6-2) - 9); 
.. either 22y?;2—1 or (y -z) (z-z) (x - y) «0. 


12. Multiply the corresponding members of the second and third equa- 
tions; then 


yz — a?yz +x (Όσα + cay + abz); 
x? zyz 2 22 


r. R y 
περα πι dS tay Tabs similarly 1 B ID 
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13. We have (æ?-y?-z?)?-— ἑγῦρα--4 (a? -- 1) γ323: 


a?—-1 wt+yt+24 — 2ο) — 227r? — ή) 
p DT 4a?y?z? 


14. Trom the first two equations 
y — (a (c+dx)+b (a+ ζω)}|{ο (e 4- ἆα) }- d (a - δα)}, 
and from the third equation y= (a — cx) (dx — b). 
Equating the values of y, we have after reduction 
(ad + 34 bc +c?) (da? -- (c — b) x - a) —0. 


m 


í 


Hence either ad + 0? 4- bc 4- c? —0........... ο... (i) 


or else da? 4 (c - b) x— az 0. 
Similarly unless (i) is true we have 
dy?+(c—b) y - a0 and dz+(c-b)z-a=0; 


Hence (i) is true or else, from Art. 127, d=c-b=a=0. 


15. By continued multiplication, we have 


ο Ca RUP τν ET 
111 P + 7 + A Toeter a 


<. 2+ (2-2) + (m? - 2) + (n? -- 2) Z Imn, 
or P -ε- m4 n?—- lmnz4. 
16. From the first three equations we have 
c a 
ps -ὖ, ΟΥ ἘΞ -m, a2+>= — Me 
By continued multiplication, since zyz=1, we have 
ο ο 2,2. 9. οι. übt 
2abc +a - δα Toc ios 46 | az Ἔα} —hnn; 


. Labe +a (P -- 209) +b (m? - 2ca) + c (n? — 2ab) = -- lmn, 


wW Un ETE E E Gh Se E 
17. e have dope σα. 
Hence 
y? r 53 yb αᾱ 
ο ο ρα at yin ee eT 


5 
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18. (i) By continued multiplication 


2 2 2,9. 5250 2,2 
2abc +a (5 AN P (n +o) te (EE Ux EDO 
y 2 


*. 2abc +a (a? — 2bc) + b (b? — 2οα) +c (c? -- 2ab) = P) 


(ii) From the first two equations we have 


di. s. Lu σ 


PE 2,2 xy 
Ye 


Substituting in the third equation, we have 


ορ ο”. s 
yNS y aly c Z 


19. From the first three equations, we have by continued multiplication 
abcaya + x7y?2? + bey??? + caz?x? + abay? + xyz (ax? + by? + cz?) =a?b?e?, 


or αλλο z bey 277 αβοδας ο ο ο e 
Also ax? + y?2? + 2axyz = bc? ; 
ο. abez? + boyz? = 805 — 2a2b%c?, 
So also b*cay? + caz?a? = c3a? — 207b%c?, 
and c?abz? + aba?y? = a*b? — 2a7b2c?, 


Add; then from (i) we have 
— a?b?c? = Eb? — 6a20?c2, 
20. Put λ for each of the equal fractions; then z(r—3-—2)-—aA, &c 


Hence ^(a-b-c)z(z—-y-2) (zy -z), ἅο. 
πα - εψίία- b-c)(-a+b-c)(-a-b+c)} ος 
a-b-c 
Φ y z 


a(a-b-c) b(b-c-a) c(c-a-b)` 
Substituting in az+by+cz=0, we have the required relation, namely 
Za? (a - b -- c) z 0. 


21. By multiplication 
ana A = ofp? (y +2)? (oca) (ety); 


am (y +2) (2+2) (a +y)/xyz. 
Aleo un. reu L4 cyte +y (e x) z (2 +y)’ - 4αγα 
α- Bg oy: zyz 
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(y +2) (1) (ας) _ woe 


J zyz ---αβγ᾽ 
22. 2b%c?-— a= 2a4 — yt- οὐ }-2 (οὖν + 32 - y3z— zy) 
+ (22/2? + 222? — ye?) + 2xyz (x +y +2). 
Hence 
2b°c? + 2c7a? + 2α3δ} — a4 — bt — c 2 3 Dy? + 6xyzXa —3 (Zyz)? — 0. 


But the factors of 910263 — Zat are known to be a b x: c. 


νε η 1 
EO gp sa eere d πως NO 
25 Tu pic at+b+e us 
then (bc 4- ca. 4- αὖ) (a. 4- b 4- c) — abc =0, 
that is (b 4- c) (c 4- a) (a -- b) 20. 
Hence either b+c=0 or c+a=0 or a4 5-0. 
Now, if b+c=0, then 03111. c2» *1—0, 
1 1 ji 
and therefore att T b2” +1 F c2 Τὰ a (a+ beatin? 
Similarly if ct+ta=0 or a+b=0. 
b2+c?-a? ο -- αξ -- 02 a?+b?-c? 
24, If 2bc — 2ca ΠΠ τ 
then a (03 4- c? — a?) +b (c? 4- a? — b?) +c (a? +b? — c?) - 2abc =0, 


that is (b--c — a) (c a - 0) (ας b -- c) 0. 
Now, if b+c-—a=0, the second expression will vanish provided 
( ἐς. dad + (dit 1 + (1) ^31 1, 


which is obvious. 


25. We have Σα20, Σα:9-0, 
and Jul ρα 
g y z 
Put -- αἲ-ελ; then αὖσ--1-λα, &e. 


Hence, Sata? = Σαϑαϑ (1 -- λα) = Za*a? — AZa?23 z 0. 
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Also Σαϑαῦ = Data? (1 -- λα) = Data? -- AZata? = Dasa. 


26, Put. for each of the equal expressions ; then we have 
z3- ajz =%?, y? — az Ny? and 23 — ary =M? 


Hence (€ — y) (z? -- ay +y? -- az) 2 (x+y) (x-y). 
«. 24+ acyt+y*?+az=Xd(w@+y), since sy. 

Similarly α + dz +z? + aa] — (x+ z). 

Hence (y—-2) (@t+y+z2-a)=A(y-2); 


S ΠΕ Γζ-- αξλ, Since y+z. 


27. From the given equations we have by subtraction 
8 (z =y) yz =z (z - x)? - y (2 - y)”. 
Hence, as y3-z, we have 
3832 —2? +yz +y? — 2x (z +y) 4-22, 


that is €? + y? + 22 — 29yz — 22x — 223 — 0. 
Hence Bl ος ο E 
whence : | c-y-rz-a. 
Then λος ον νο 


yz = αλ - 2 
. We have: tioti eye, 
2 teen I epee 


e C(v- y) (2? +y2?+22—-a-y-z)=0. 


265 hi : 
Hence est] af 372 OY —5 tUe ey 
αν rz e+yt+z — X4ycvz 


yz- x? az yz- Lu 
ατα κα 

The expressions will all vanish provided 2252 —0, and this will clearly be 
the ease when e+y+f=e+yt+e=l. 


29, From yY? +2 - m (y -- z) -Ξ 2? +03 +m (2 +x), 
we have (y — x) (a? }- αὐ - y? 4m) z0 ; 
^X). xy 4 y? - m0 and similarly y?-4- yz 4-2? 4- m —0. 
Henoe (z-z) (+y 4-2) 20 and therefore «+y+z=0. 
Then y3+25+m (y+z)=(y+z) {y?—yz+22+m} —(- x) (-2yz). 
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30. From y? +e o myz — z? 4 224+ mex, 
we have (y — x) (x+y +mz)=0. 
“. ©+y+mz=0 and similarly y--z 4-mr-—0; 
~ (c—2)(1-m)z0;  m=1. 
Then, since m=1, we have x+y+z=0. 


Also yt Μα +yz 


=F ty" τα 4+ (yz P=} (a? +y? +z?) 


31. We have dse- (z ty c 2j)? _ y - ey y. 


* y 
; 2) 
2722-272 (yz) e oe eo EEUE 


3 
= 27y? - 27y ο ο... ἢ 


Whence 27æyz — (£x +y -- z)? —0, and the symmetry of this result shews that 
: : 2z —- x — y)? ; 
each of the given expressions E κ. 


32. We have (ac — bd)? + (ad — bc)? 20 
«. ac — bd and ad=be; 
.. a?cd — b?cd, 
a= +b and then c= +å. 


whence 
33. We have (ax — b)? + (bz — 9):-- 0 
^ ax—b=0 and bx-c=0; 
E 
. a = is =% 


34. We have (xb-ya} + («c — za)? 4- (yc - zb)? —0. 


ence 4 
e (DEC 


We have (n—-1)Za?—2Zab-—0, that is Z(a-—b)?—0, every 


(iv). 
Hence all the letters are equal. 


letter being taken with every other. 
36. αὐ} ὑἱ} οὐ} d4 - Aabed — (a? — 03)? + (c? -- d?) }- 2 (ab — cd). 
Hence we have a?— j?— c? — d?—ab — cd 0, from which it follows that 
a=b=c=d provided the quantities are all of same sign. 
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37. We have 
a? + 2x: (αι — ἂν) + (a -- Ay)? 
+2? + 29 (ας — αφ) + (dy -- ag)? 
+2 + 92 (dn —1 — Gp) + (85 —1 — 04)? —0, 
that is (ο + a4 — a3)? + (x + ag- ag)? +... + (G+ a4 —1— 04? —0. 
Hence £+- 0572 + d, — αἲΞξ...Ξ t£ Γαμ-ι-- 04,0. 


38. The expressions on the two sides of the sign of equality when 
&rranged according to powers of a are easily seen to be 


a? (b+c) +a*be +a (b+c) (b? +c?) + be (b? 4- c?). 


39. The expression on the left would vanish if b=c, and therefore b — c 
isa factor. So alsoc—a,a—b, a—d, b—d and c- d are factors, Hence, as 
the expression is of the sixth degree, it must 


=L (b — c) (c — a) (a — b) (a — d) (b — d) (c — d), 
when L is numerical. . 
Let 420, b=1, c=2, d= —1; then we have 
447 1 ο ος Ίο ᾽ν. 1 ο 
whence L= - 16. 


40. 2a+b+c is a factor of (2a 4- 2b + 26)δ — (b -- c)* and also of 
(c 4- a)? 4- (a +b)’. 


Hence 2a+b+e is a factor of the expression on the left, and similarly 
a+2b+c and a-- b 1-20 are factors. Hence the expression on the left 


=L (2a 4 Ὁ -- c) (20 +c +a) (2e 4 a 4 0). 
Comparing the coefficients of a? we have 2L, — 6. 


4]. Put a=0 in the expression on the left, and the result vanishes 
identically. Hence a is a factor, and similarly b, c, d are factors. Hence, 
as the expression is symmetrical and of the fifth degree, it must be equal to 


Labed (a 4- b 4- c 4- d). 
Put a=b=c=d4=1; then 45-4 33546 "25-4. 1--41,: .. L=60. 


42. abc {(a+b +c)? — αὖ — b3 — c3) = Babe (b 4- ο) (c +a) (a+b); 


similarly (be + ca + ab)? — 1363 — ὁ8α8 — a3b3 
=3 (ca +ab) (ab + bc) (be + ca) Ξ 3abc (b 4- c) (e +a) (a +b). 
Hence abe (a +b + c)? -- (be + ca c ab)? 


=abe (a3 + ὑ 4- c9) — (036? + c*a3 + a4), 
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49. Since 43 -34 B? - 2D? — (A — B)? (4 4-2B), the expression on the left 
= (a? +b? + c? — bc — ca — ab)? (a? + 02 +c? }- 9 (bc -- ca c ab)) 
" = (a? -- 0? +c? — be — ca — ab)? (a+b 4- c)? 
= (a? +b? + c? — Babe). 


44. Left side 
— abc (a +b +c) + bc? + c?a? + a*b? be (L+ c?) -- ca (c? +a”) — ab (a? +b?) 
= 2abe (a +b 1- ο) + bc? 4- c?a? + a?0? — (be + ca 4c ab) (a? ++ c?) 
= (bc + ca + ab)? — (be + ca + ab) (a? 4- 0? 4- c?) 
=Zbe . (Zbe — Σα”). 
45, First line 
=2a4— bt — οὗ }- 2 (a?c + ab — be — bc?) + 2α70 + 24767 — 1507 + 2abc (a+ b 4 c). 


Hence sum =3 (b?c? + c?a? + ab?) babe (a 1- ὃ 4- c), 
the terms of the form at and ab all vanishing. 
Hence sum =3 (bc 4- ca. 4- a0)?. 


46. Expression on the left 
= [a - b- e) (9b - e- a) (8e - a -0)] 
x [{(3b - c - a) - (3e - a - 0)j? + two like terms] 
=] (a+b+c)[(4b — 4c)? + &e.] 


z16 (a 4- b 4- c) (a? - 0? 4 c? — be — ca — ab) 
— 16 (a3 + 09 + c? — 3abc). 


47. Expression on the left 


-jl(na - 6- e)... (nb --ᾱ--α) - (ne - a 0) n] 


=] (n—2) (n+1)? (ad +6) [ῷ - e)... 


z (n — 2) (n +1)? (a3 + 0? + c? - Sabe). 


48. (22 + 2ye) + (y2+ Bee) + (P+ 2ey) ο. 
(x? + 2yz) + w (y? + 222) + w? (2 + Qay) = (a+ wy + ως)”, 
and a 4- Dye + w? (Y2 + 92) + w (22+ 2xy) = (x + wy + wz), 
Hence 
(a? + 2) + (yh + 2x)? + (P+ κ 


24+ 2) 
(ο vy! +B - ϑαγα). 
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49. The expression on the left is the continued product of 
(by +42) + (bz }- ax) + (bx 4- αφ), 
(by 4- az) + w (bz 4- az) + w (ba + αγ), 


and (by + a2) + e? (bz + ax) + w (bu + ay). 
That is, of (a+b) (x -- y 4-2), 
(ea + wb) (e+ ων -- wz) and (wa + wb) (x + wy + ως). 
But (a+b) (wa + wd) (Wa + wh) =a? + δῦ, 
and (9 +y +2) (x+ wy + o2) (w+ wy + wz) =x? +y? + 2 -- 3xyz. 


50. Since X°+Y%=(X+Y)(X+wY)(X+w°Y), the expression on the 
left is the continued product of 


2 (b - ο) (x — a) + (w+ w?) (e — a) (x — b) + (w? + w) (a — b) (ο — c) 
—2(b-c)(x—a)- (c— a) (x — b) — (a — b) (9 ree 3 (b — c) (x — a), 
(b — c) (x-a) (1+w)+ (w+ 1) (e — a) (z — b) +20? (a — b) (£ — 


and (b—c) (x-a) (1-- e?) +2w (c — a) (x — b) + (e? - 1) (a — b) (c — c) 
Hence the expression on the left 


Ξ21 (b — c) (c - a) (a — ὃ) (x — a) (x — b) (x — ο). 


91. (a? + 6) (c? + d?) = (ac + bd)? + (ad = 00)”. 


Hence the product of any two expressions of the form 2?+y? is of the 
same form; the same will therefore be true when a third expression is taken; 
and so on. 


52. The coefficients of a?, b?, c? and d? on the right are each seen to be 
p?+q?+r?+s?; also the coefficients of ab and of the terms of like form are 
easily seen to be zero, Hence the expression on the right 


= (a? +b? +c? + d?) (p? + q?+1? + 5”). 
Thus the product of any two expressions which are the sum of four 


squares can be expressed as the sum of four squares; the same will therefore 
be true when a third expression is taken, &c. 


58. (22+ xy - y?) (a? -- ab + b?) = (a — wy) (x — wy) (a — wb) (a — wd), 
Now (x — wy) (a — wh) = ax — w (ay + δα) + by 


=axr — by — w (ay +ba+by), 
since 1l+o+w?=0. 


So also (x — ey) (a — wb) = az — by — w? (ay + bx + by). 
And (az -—by -w (ay - bz -- by)] {ax — by — ω (ay + bx + by)} 


= (ac — by)? + (ax — by) (ay + ba + by) + (ay + bac + by)? 
which is of the form X?+ XY + Υ3, 
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54. Let x? + pry + qy?— (0 c ay) («+ By) ; 
then a? + pab + qb?=(a+ab) (a+ b), 
and aB=q, a+ß= -p. 

Hence (x? + pry + gy?) (a? + pab + qb?) 


=(x + ay) («+ By) (a+ab) (a+ Bb). 
Now (z +ay) (a+ Bb) 2 az +aay + ( -p — a) bz + gby 
= (az — pha + qby) + a (ay — δα); 
so also ` (e By) (a+ ab) = (ax — pbz + qby) +B (ay — δα). 
9 Hence (a? + pry + qy?) (a? + pab + qb?) 
= (az — pbx + qby)* + p (ax - pba + qby) (ay — ba) +q (ay — ῥα)”. 


55. (i) We have 


253 — s? (a -- b +c) +s (2bc -2ca -2ab — a (b+c) -- b (c -- a) — e (a+b)} 
+ 3abc — 2abc — abc. 


(ii) Multiply by 8 the expression on the left ; then we have 
(— a ὁ }- c)? -- (a — b 4- c)? 4- (a 4- b — c)? -- 24abc 
= Za? + 3Za?b + 6abe — (a +b + ο)”. 
(ii) (b-4c)s (s—a)+a (s — b) (s — c) -- 2sbc 
— 8? (a+b +c) — 25 (be 4- ca 4- αὖ) + abe, 
and the symmetry of this result shews that the three expressions are all 


equal. 


(iv) Σα (b-c) (5 -- a)?—s?Za (b — c) -- 2sZa? (b — c) + Za? (b — c). 


Now Za (b—6c)-0, Za? (b - c) — — (b — ο) (c-a) (a — b), 
and Za? (b — c) 2 — (b — ο) (c — aj (a — b) (a+b }- c) 2 2sZa? (b — c). 
Hence Za (b — c) (s - α)ΞΞ0. 


(v) s(s-b)(s-e)s(s— e) (s—a)-&s (5-2) (5-9) - (s- a) (s - 9) (s €) 
= 989 — s? (a +b }- c) -- abe — abc. 
(vi) Squaring (v) we have 
s? (s — b)? (s — c)?-- s? (s — c)? (s — a)? s? (s — a)? (s - 6)? + (s a? (s ὑ) (s- c)? 
4-2s (s — a) (s — b) (s — ο) (s (s-a) +s (sb) +s (s—e) - (8 b) (4 - ὁ) 
A — (s — ¢) (s — a) - (s a) (s — b) } =a*b*c? 
But 21Zs(s-a) - = (s - b) (s - c)] —2s (a+b +0) - 2be — 2ca -- 2ab 
=a? + b? od. 
This proves the theorem. 
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56. 4 (bc + ad)? — (b? - - a? -- d?)? 
= (2bc + 2ad — b? — c? + a? + d?) (90ο + 2ad + b? + c? — a? — d?) = { (a + d)? -- (b — c)? 
((b--c)? — (α-- d)?) 2 (- a-- bcc d) (a—b+e+d) (ac b - c d) (α-- b 4-c — d) 
=16 (s - a) (s — b) (s - c) (s - d). 


In the second expression :— 
The coefficient of ο on the left —2, 
the coefficient of s? 
=at+b+ce+d-2(a+b+e+d)=~-(atb+c+d), 
the coefficient of s? 
=-a(b+c+d)-b(c+d+a)-¢c(d+at+b)-d(a+b+c)+2zZab=0, 
the coefficient of s 
—3Zabc — 2Zabe — Zabe =0, 
and the coefficient of s? 
= — 4abcd + 2abed = — 2abed. 
"Hence the whole expression on the left 
=2st — (a+b +c 4- d) s? — 2abcd — — 2abed. 


57. The expression on the left 
=ad (b }- c)? 4- bc (a — d)? 4- ab (c - d)? ες cd (a — b)? -- ac ΠΝ (a-c)? 
-+ 4abcd — ad (03 + c?) + bc (a? + d?) + ab (c? + d?) + cd (a? + 03) + ac (03 + d*) 
+ bd (a? + c?) + 4abcd 
z bed (b 4- c4- d) 4- cda (c ἠ- d. 4- a) 1- dab (d -- a -- b) 4- abe (a+b -- c) +4abed 
= — abcd — abcd — abcd — abcd + 4abcd — 0. 


58. Arrange according to powers of d ; then we have 
bd? — 2adcd + a?c? — 0, whence ac — 6d. 
59. First substitute — (a+b) for c in the expression on the left, and then 
put a=0 in the result; we then have 
48 (y — z)? — 60? (y — z) (z? + y? + 2) - 40 (y - z) (z - α) (x - y) 
= 203 (z — y) (x +y - z? —0. 


Hence α is a factor. Similarly it can be shewn that b and a+b are 
factors. 


Hence abc must be a factor of the original expression. So also «yz must 
be a factor. 


Hence the expression = Labexyz. 


Now put a=b=x=y=1 and c=z= —2; then 4.69$-3.6.6.6—1.4 
whence L=54. 


60. Since a+b+c=0, we may consider a, b, c to be the roots of the 
cubic z?--pz--q-—0. We then have, as in Art. 129, 


Za? = - 2p, Za” = —3q, Za!—9y?*, Σαξ δρα, Za9—34?-2p* and La? = -- yq. 
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Hence (i) : Σαῖ- — pq=- Pim t abe. Zat 

7 2.5 = 3 abc. Za. 

d 1 1 
ο eet πρωτος ην S 

(1) 7 Σα pq 3 245.5 Σα". 

(iii) Za$— 3q?- 2p3 = 342b? + i (a? +L? +.2)8, 
1 


F il 1 
(iv) 7 Σαΐ . 3 Za? = pègo’ =z (Za5)*. 


61. (a +08 +084 d$? — {αὖ +B +  — (a b +c)9}2=9 (b+ ο) (ο +a)? (a+b). 


Also 9 (bed + cda + dab + abc)? 
=9 (abc — (be +ca+ab) (a +b ἠ- ο)}2--9 (b+ ο) (ο +a)? (a+b) 
And 9 (be — ad) (ca — bd) (ab — cd) 


—9 {bc a (ab c); (ea b (a b ο)} (ab - c (a-- b -c)) 
=9 (a+b) (a+c) (b 4- ο) (b +a) (ο +a) (e ὃ). 


Hence each of the three expressions 
—9 (b+c)? (c +a)? (a +b)? 


62. We have to shew that 


{be (b — c) +ca (c—a)+ab (a—b)} {a (c-a) (a — ὁ) +b (a-b) (b — ο) 
+c (b — c) (c-—a)}=9abe (b — c) (ο — a) (a — b). 
Now Zbe (b - c) = -- (b - ο) (c-a) (a-b); hence we have to shew that 
a (a — b) (a — c) +b (b — c) (b — a) +c (c — a) (c - b) - 9abc —0, 
that 18 Za? — Za? (b +c) - 6a5c—0; 
or, since a+b+c=0, 2Za?-— θαῦς--0, 
that is 2 (a 4- b 4 c) (++ c? — be — ca — ab) =0. 


63. Multiply the first equation by l and subtract the second; then 


imn-i ,- 
lc-n-cmn o 
whence j Fere petet ES OP ETI ettet iD DO O (i). 
Hence from the second equation 
(1-1) (1 4-m 4 Un) 4- Un (1 4- U-- D) z (1 -- LU In) (1 m m1), 
whence l (m 4 ml) 21 (n - mn). 


Hence l4m4+ml=14n+mn=1+4+l4iln or l=0. 
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But, if 1--0 we have from (i) n=0 or m+1=0; and if l=n=0 then from 
the first equation m=0; also, if 1=0=m-+1 the second denominator would 
be zero. 


Hence the three denominators are all equal or else l=m=n=0; and if 
the three denominators are equal we have 


1+m+mn=1+n+nm=14+m4+lm=1+l+ln, 


from which it follows that l=m=n. 


64. a=1- (l-a); .. a (1- a) b-1- (1- a) (1-0); 
4 a+ (1— a) b+ (1-a) (1 -- 5) ez1 - (L— a) (1 -- 0) (1- ο 
and so on. 
65. Put b=2a, c=3a, ἄο. in 64; then 
1- ((1— a) (1 -- 2a) (1 — 3a)...(1 — na)] =a + (1 --α) 2a 
4 (1— a) (1 - 2a)3a 4- ...-- ((1— α) (1- 2a)...(1- n- 1a) na). 
66. This is the same as 64 with a” for a, a^—! for b, and so on. 
The first two terms from the end 
={(1- a”) (1-α"-1)...(1- 0?) ((1—a) ra] 2 ((1- a?)...(1— α”)}. 
Adding the next term from the end, we have 
{(1 -- a”) (L7 a*-1)...(1- a3) ; 
nence proceeding in this way we get for the whole sum 
(1— a”) (1— a^7?) (17 a*7?) - a^-? (1— a”) (1 -- a*-1) c a^-1 (1 -- a”) +a" 
— (1— a”) (1— 4*1) - a^! (1 — à?) - a* —1— a^ 4a? —1. 


l-a^ (1-a") (1 -- a^-1) (1 — a*)...(1— a) 
Let P, — aie ud) AGS SALES) {-α")..(1-α) 
07. Let F,—-—5* 1-3 dores 1 s ` 
,  1-a" (1 - αντ) (1 -- αἲ) 
Ίποα nr το; Ὁ ο. ] 


4 Anan?) 0.-an)..(1-7 à) | (1-4) (17 a*)...(1 - a) 
I-a* peuert «78s 


. 


Hence Επ γι- μα” 0^7 (1 — απ) +a”? (1 -- a^) (1— αἲ--λ) +... 
+a{(1- a”) (1 — a^71)...(1- a2] + (1. a?) (1.7 a*-1)...(1— a)! 21, by 67. 
Hence F,,,—1-F,. 
Now F,=1 and F,=2. 
Hence F,;=1+F,=3, F,x- 1-- F,—4, and so on indefinitely, so that Fan. 
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68. We have (az-by ces du) (= area) ee 


^ ο ou v 1511 Dow tor 
creer) ΠΟΠ» 


em (74542) =05 
Ὅν. ο απο 


4 Za?z (be+cd+db)=0; 

4 Zara (bc d) -- 02-02-42) 50; 
4 Za?z (a? - b? - e- d?) — 

«.. 2Za*z = Za?z (a? + 03-- ος +d?) 


69. Since 9 TEUER det toe 1 
: DIE T MIS ο αν 
s ο) TE I ELT 1 
we have τω ο ο ο ων η 
ES 1 1 1 Mire eit dum 
ο ο Uu οσα , 
ei VR ος rca E νε s 
Bx IR IL BUB» AUI ο πο m 


70. We have w= fut fv, 
uv= fut fv 4- f (a — b) — av 4- bu ab, 


and w= fut fot f (a — δ) -- αν }- bur a/V'. 
Hence av — bu=ab — f (b — a) and av- v'uz a'l' — f (i —a!); 
4,9 (α- a’) + f (ab’ — a'b) aa’ (b — b) + F(ab! - αὐ) | 
αὖ’ — a'b ` RES ab! — a'b 
ab! — a'b ab! — a'b 


Hence = SV Pal cas)" We (aca fab a) 


«. f? (ab! — mf f (ab! — a'b) (aa' (b — δ') -- bb' (a — a") -- aa/bb' (a — a’) (b — δ) 
z (ab' — a'b) [f (aa (b — 0) + bb’ (a — α)} +2 f? (ab — a/0)]; 
~”. f? (ab! — a/b)? =aa'bb! (a — α) (b — 0’). 


XVII. Pages 212—213. 
l. a3-3$-8- abt. 


5 2 ad 5 " 
0: αἶκα txa ê xatti =a? 1-6 t 1s atl. 
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FRACTIONAL AND NEGATIVE INDICES. [EX. 


3. adb-ic χαδυξο-.--αξ τὸ 1 $58 1 ay bet, 


b+e αμα a+b LEE ete A ats 
qíc-a)(a-5) x ία-δ)2-ο) x q(0-0(6-2) = yle-a)(a-b) © (@-d)(-c) © (b-e)(e-a) =o =], 


(οὗ mon E y3) (as - y?) =g + aty? n - asy? -αὐψὂ -9y-—2-Jy. 


αἱ +ar+1—(a+1t+a)t+l+e tae 4=ett+l+a, 


Nooo p 


a3 asy atz? +y- yao +23 
a+ yb αὖ 
z αι - aul abu -- MULEW 


+ m -- αἶμδρὂ - SAY + yeas -- "E +2 
z -- βαση δὲ Ty +2 


8. at-a? Jat- 24a? (a3 -at 
a$-1 
-1+a74 
Tl t 


9. qs — as) a3-z (ων 4 αὐοχξ FE alvus + at 


at — αὐτοξ 
avg 
αὐσαὲ 
ais ^ - αἱ δαξ 
aox 
REJETE aYog$ 
atigtug 
αἴοχξ -£ 


10. 23-5) eb (ary 


93 — wy: 
zy r yi 
aay -ył 


11. (ak - 233 atmet ἡ 4α} ας 9 (- 2,3) ab «θα. αἲ n» (- 9.3) 
--αὖ- 403 + 2x6 + da -- dc al, 
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12. ο fa 726 
3- 44 2 E 
12215512 —214-18 
—16 4-20 4-16 4-28 — 24 
6-10- 8-143 19 
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3-10.10-4)12-31--16 - 1538-38 12(44342-3 


12 — 40 4-40 - 16 


9 — 80 -- 30 - 12 
7176-993: 50. 
6-20--20- 8 
— 94-30-30 
- 9430-30-12 


19. ad—a 5) e+ 2u8 22542475 — δα t — 1 ( 
1 


α- c5 
Qa + at 
23$ — 958 
αὖ 
αὖ-. ai 
ου” ὃ + ad 
ος ὅ — 247€ 
a bg 
a $ xà 
14. aha 5-14.a7 5,5) 
TE -24a7z CX zs 
ax -als $ + ies 
“1. εἰς ἡ 
asa 3 - atg-% +1 
1 


1 a tat 1 


Ans. 4031-84 159--8ᾳ-3, 


αὖ 420241420 34473 


"πατε | C34 i19 3 
asx 34a *z3+a δα 


"m 3,5 -0 $43 


1 2 2 
ο στι = 973 


= {ot -hyt taty- αγ + aby? 


zat 0 = zty +y $- 1+ TT 


Ta-z 


35 aby? + y} a fy 14 
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r—-1 τι. 


tate ate μα teat ee 


16. Left side =— 
z5-1 2341 


1 


17. (xy) (2y +97?) dy ο. Ιλ. 


a? +b? — a7? — 572 - ab? (a? +b? -- a7? - b- a) (ab? — 1) (a? +0?) 
18. ο @e—ab - a?b? (ab? — ασ S04] pt 
xe οσο ον ο ον Cala 
τώ’ Ὁ γαῖ αὖ. " 
a” +b? + (α”-- 1) (b?-1) _ 
Hence the sum DU zx 


19. We have αὖ yb- - zs, or by eubing 

æ+y+ 3435 (ab + y?) x—25; .. £4yTt£2—- Babys (οἳ + y?) = βα]ῃῆσὂ, 
Hence (+y +z}= (32553) 82 a2. 
20. (i Put at=X and b3= Y; then X and Y$ are both rational; and 


we have 
(X+ Y) (X5 - X4V + X?Y? — X?Y?-- XY! - Y») - X6— ye, 


Hence the factor required is X5 — X4Y 4- ...... , Le. 
αὖ- ab? 4- αξυξ -....., tp 
(ii) Put alat Χ and yi- Y; then X5 and Y are both rational. Hence, 
as in (i) the required rational factor is X? — X4Y+...... — Y5, that is 
1ο 25 8 20 1 5 
QIDI —a99]9 92 ...... —Yy?. 


(iii) We know that 
(a+b+c) (a?+b?+¢?— be — ca — ab) a? -- 03 + c? — Babe, 


Hence (aba + ca) (a? - δχοῦ -- chai -- bea cast — aba?) 
=a + (ο): + (cars à ~ 8a. Vac . cx? =a? }- ὅϑα 4- a? — 3abex. 
Hence the required factor is 
a? + ταδε cha — bez — cast — abat, 
(iv) Asin (iii), Xa (a8 - Σγδαδ) =(£+y +z- 323,52), 
Also (4 - B5) (424. ABS + BY) = 43 B. 
Hence Za$ (Σωῦ - Σγ;αδ) [(x 4- y -- zY 1-8 (xy +2) CODE T9 (yz)*] 


"ew =(x+y +2)? — 27ayz. 
The factor required is therefore 


{Zak - zy) Une y 2 +3 (o4 +2) hy + ϑαγξαδ]. 


XVIIL ] SURDS. 91 


21. Asin 19, we have 
ατα (y - 2 + (1- y?) (2 - 29 + (1 - 2) (z - y)3}8 

= 27 (y — 2) (z - 2)? (x-y)? (1-2) (1 - y’) (1-24). 

Now Σ(1- ο) (y—z)®= = (y - 2} — Ez? (y -- z)? 
=3 (y - 2) (2 - 2) (z - y) + 3Za*yz (y - z) 
=3 (y -2) (z- z) (x — y) (1 - zyz). 

Hence 27 (y — z)? (z — z)* (x -- y)? (1 — zyz)? 

=27 (y - 29 («- 2)8 (2 =y)? 1-29) (1-4) (1-2). 


XVIII. Pages 220—221. 
V3-1_ (J/3-1)(/3-1) 4- BAS o/s 
8-1 (/8+1)(/3-1) 8-1 * 


2/5 _ 255-9) 3 
2. B+B tS (J8 79) -500- 24/18). 


: S RS dE oe ood de ος ατα 
3. τ... n m posce. Ξχνβ-κωη. 
Ar Gs Q-J9* κ i 
(B= J3y CENI στρες ο ENB) c (8 - 89 =52. 
ERU Nd Oo) ἀν (V6 — 4/2) ν6 (J3 - 2) 


(V6 +/3) (6 78) — (J6-- 2) (J6 -/2) W3 FNI (J3 - 9) 
= 12 - 6 - /18 - /6 - /18 - ,/12—0. 


6. (7-24/5) (31 4-134/5) 217 — 130 + 29,/5=29 (8 4-5); 
also (6 — 24/7) (41 + 44/7) «66 — 56-+2,/7=2 (54-1). 


Hence the fraction — E 2 


7. ee ο μάς, 5) = 79 N3432- V30) 
1 


8, Mie κ w= 5 νο) 


1 1 
9. JO /144,/154+,/21 ~ XU (Jb επ] 


ο QW3-A2) (ντ) _ 
Sarath 5 (21 +a/10 - /14 4/15), 


og 


IA C. 
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1 
i» T τσ N35 (ψ8-ψῦ) (V2 +47) 


ν 1 e 
Ξ 1 (V3 +5) (V2 — ψ1) = 35 (6 /10 - ψ21- V35). 


Jirgn-l (4-441 
11, στ z 2 (44/4 24/24-4). 


4 (81+ 39-1) | 5 (81 49.1) 


12. Cem 251 = 9/81 4-1, 
1-42 SIUE 

15 Tay aay τς 920 

14. rx igi) -ῃ(ϑ13- {4 


42(14-,93--49) | 2(1—-3) 
15. Put J(101-28,/13)—4/z —A/y; then 101—28,/18—z--y -24/zy. 
Hence z +y=101 and zy —14?. 13, whence z 252 and y —49. Thus 
A/(101 — 28,/13) =,/52 — 7. 
16. Put J(28—-5,/12) 2 ./z —4A/y; then 28—z--y and zy=75, whence 
α-- 9ὔ, y=3, and therefore ,/(28 — 54/12) 25 -- y3. 


17. J/(112(144/5) (L+,/7)} = (1824/5 - 94/1 4- 24/85] 
=N 2 Ἐν +n/z. 
Then we are to find, if possible, values of x, y, z which satisfy simultaneously 
x+y 4 2—138, yz=35, zz — 1, zy —5. 
The only values which sati 2i the last three are 
Ue 
i^ 5 =7= 
Hence the required root is 1+,/5+,/7. 


=:1, and 1+-5--7=13. 


18. /{6-4,/3+,/(16-8,/3)}. First κ/(16 -8,/3)=2,/3-2. Then 
NJ {6-4/3 +2,/3 - 2} 2 /(4 - 2V3}  /8 — 1. 

19. 2/(97-56,/3)=,/c-,/y, where z4-y —97 and zy=3x 28%. Hence 
gj LO —48. Hence ./(97 - 5964/3) =,/(7 — 44/2), which will be found to be 
= 

20. J/(8+2,/2)=,/2+1 and wits 2,/9)—4/2—1; hence the fraction 


= T J2+1). 


21. J(1—24/10)—4/5 - JJ2. ΕΝ 


ος =- (2434/5) = 8 210. 


XVIIL] SURDS. l 93 


22. J(244/3)— ΝΕ V= oe Hence we have 


νε — 3-42 — 642 κθ-9 
Stl eccle Baud 1-8 

2*3 p3— — /2- > 
J2 να 


-i (/6 +2) (8 -- 0/3) 3 (6 - 9) νο - 3/8. 


23. /(5+2,/6)=./3+,/2. Hence we have 
NS ο λαο 
ψ8--9--(ψ8-γ9) Ν8᾽ 

24. Let /(64+2,/2+2,/3+2,/6)=,/a+,/y+/z; then we must have 


€ 4-y -2—6 and yz=6, zz —3, cy —2 simultaneously true; and these equations 
are all satisfied by the values z—1, 4 —2, 2—3. Hence the required root is 


1+,/2+,/3. 


25. Let /(11+6/2+ 44/3 + 24/6) 2 A/ (11 + 24/18 + 2,/19 + 2,/6) 

= JB EN +N: 

then we must have the equations #+y+z=11, yz=18, zz—12, ey=6 simul- 

taneously satisfied; and these equations are satisfied by the values z—2, 
y=3 and z=6. Hence the required root is J/2 4- /3 4- A/6. 


26. Assume 
A/ (17 + 44/2 — 44/3 — 44/6 — 44/5 — 24/10 + 24/30) — Aat +Y — N/z — fw. 
Then 17 + 24/8 + 24/30 — 24/12 — 24/24 — 2,/20 — 2,/10 
— +y zw 4 2f ay 2 / zw -24/22 - 9. f aw — 24] yz — 2 f yw. 
Now if we take xy=30 and 21-68, the values z—6, y —5, 2-92, w=4 


satisfy these equations and also the equation z--3--z--w-—17. It will now 
be found that 


(ψ6--α/δ-- 8 - 2211 + 44/2 — 44/8 — A /6 — 44/5 — 24/10 4- 2/30. 


27. N12 - 140) =4/7 — 5, ψί8- 0/60) [5 — ψ8 
and ,/(10+2,/21)=,/7+4/3. Hence we have 
1 1 2 


εν μοι σπα 
=3 ue 5) - 5 (δν -δ(ντ- 3) =0. 
98, We have 


1 3 


6-8 σπορ JERN HNS- W542) -(νο- ν) ο 
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XIX. Pages 238—240. 


1. 4A/4z!—945 and ,/9yS=8y%. Hence the required root is 245 — 3y?. 
y y y 


9. A/az85—z* and j/9z*y7? —3z?y9. Hence the required root is z*— 322y, 


8. αξ-- 2a (2b -- 3c) + 4b? + 9c? + 12bc = a? — 2a (2b + 80) + (20 + 3c)?. 


Hence 
the required root is a — 2b — 3c. 


4, Wehave (5a?)- 2 (5a?) (30? + 2c?) + (3b? + 2c?)? = (5a? — 3b? — 2c*)?, 
x8 + 225 + 304 + 403 + 32? -- 2x -- 1 (sc γα 1 
(23) — xë 
(23--2?)— 28-3454 αἱ 
(a8 + a+ a)? — m8--225--3a*--2x9-- sz? 
(ο) + 22 +24 1)? — x8 + 20° +4 324+ A2? 4+ 80242041 


6. 4x4 — Say? + 4238 + y8 ( 22? — Qay? — ys 
(222)? = 44 ( 


ατα. 
ρω ο ο IUE 


7. 49 4-122? -- 7025 + 6424+ 8025 + 2525 ( 7 - 822+ 522 
72=49 
(1+822)2=49+ 112224 642* 


(7 + 82 + 523)? — 49 + 11222 4- 7025 + 6423 + 8025 + 2545 


8. z*— 2x3 + 5r? — br --8— 671 4 52-2 — 973-773 ( 3254-9 
(222 —a* -g gi 
(2? - 2)? =a4- 203+ a? 
Ἱ a4 — Qa3 + 5x? -4e44 
(a? - 2 +2- 273)?—z*— 2x? + 5r? — 6α +6 - 4x14. a2 
(z2— 242—271 272)? rt 223 ba? — 6r +8 — 6-14 5a? — 9x3. 74 


9, We have (25?z* — 500c%y + 5022? + 20x? + 4} | 25a2y?. 


25?z* — 500z*y + 50x?y*? + 20x + y* ( 952? — 10xy — μα 
(2522)? = 252 4 PEE ( Ἔα 
(252 -- 10z:y)? — 25*x* — 500a*y + 100α505 
(252? — 10zy — y?)? = 25?z* — 50023y + 50x? + 20ay? + μή 


Hence root required = (252? — 10zy — y?) [Szy. 
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10. ας dad 420 4 da +03 (ως. 223 - οἳ 
(u8)2=23 
(αὖ —2473)2= 93 — mmm 4 
(οὗ -- 253 5$) as -- 4x3 +20 4405 + 0b 
11. οὗ — 4x? 4-Az 928 — Az +g? JCEP EP: 
(a3)2= u$ 
(εὖ — 253) — ας — 4x8 4:4 


ΕΣ 
Su— 


1 L 5 5 
(a3 — 233 + αὖ)ρ-- αὖ — Ax -- Az 9x5 — Ax 40h 


6 1 ο 41 8 1. rr a 8 TOST 

12. α δα δ — 2979475 ta - 2a5g5 4 2a*25 αὖ (a δω” 
JA 4 4 
(α- tetza πρ -gö —aqu 


- 6 14 2 8 
E ἕως - afgca ba δ —Qa δα ο a5 


—9 14 23 1V s T 4 4 $ 
(a^ $25 αἲ αθ]ρ-- ι ὃν 979375 +a — 923254. 9αϑαξ 4 αἲ 


19, 14, 15. The cube roots of these expressions can all be written 
down by inspection [see Note, Art. 200]. "The roots are respectively 


$-8, a?-ay 4 y?, 1-302+42a4, 


16. Arrange in powers of a; then we have 
a? (2 (b -- c)? 4- 20? + 2c? + 4061 +a 14b% + Ac?b + 40ο (b 4- ο)} + 40163, 
that is 4 (b 4- c)? a? -- Sabe (b -- ο) + 40263, 
which is obviously 12 (0 -- c) a+ 20c1?. 


17. Arrange in powers of x; then we have 
— 2a? (y 1-2) +2? (yY? +2) + 212 (y +2) 4- y?22. 
- 2 (y +2) +a? (2) az (y +2) +y? (m (y +2)- ya 
(scat 
1a? -æ (y +2) }?=at - 208 (y +2) +2? (y +2)? 
{αλ — x (y +2) - ye]? — a5 — 22 (y +2) +2? (y? +2?) + 2ayz (y c 2) ty? 


18. Arrange in powers of a; then we have 
at + 2a? 0? + bt = (a? + 03)”. 


19. (+4) (+ 22) (32) (4-42) a? = (0? + Bax 40?) (22+ Baz + θα) +a” 
= (x? + 5ax)? + 10a? (x? + baa) + 2504 = (x? + baw + 5a?)?. 
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20. l gt ρα + qa? tras (a+b ο + πο 
μπω 
ολο ο) catepe etat 
ets (a My at pot got 4 jn (a -5) a us ( E I 
'Thus 4z? ba tz 1 5 (1-5 - P A agrees with the given expression so far as the 


terms which NEA g? E higher powers are concerned, and therefore 


p . . πα 
x? Feat z(a - 7) is the square root of the given expression provided it is a 


perfect square, the conditions for which are 


r=32(4- τ) and s=3(a-4) ; 


that is p?— 4pq +8r=0 and p?s 2 2. 


21. If the given expression be a perfect square it is obvious that the first 
two terms are 22? — 6x? and that the last two terms are 4: (5 — 4r). Hence the 
expression, if a square at all, must be 
(2x3 — 6a? = 4a + 5)? — 4x9 — 2425 + (36 = 16)xt + x3 (2: 20 2: 48) + 2? (7:60 4- 16) 

— 40x 4- 25. 

Hence 4-20, B=68, C= —44 or 4-69, B= —68, C=76. 


22, Ifthe expression is a perfect cube it must 
— (e/a + 2/d)? — αα + 3a2 κ) a?d + 8α κ) ad? +d. 
Hence b—34/a!d and c—34/ad?, which are equivalent to 0?—3ac and 
c2— 3bd. 


23. If the given expression be the square of a rational and integral 
expression in v, y, and z, it must be 


(ENa + YNV + z Jc)? aa? + by? + cz? 4- 2yz AJ bc 4- 929 AJ ca + 9ay Jab. 
Hence f— A/ bc, ΦΞ-κ/ σα, and h= ab ; therefore gh=af, hf— 0g, and fg ch. 
94, As in 29, the conditions are gh- (a — A) f=0, ἅο. 


Hence a- i-e, 

25. Suppose the expression whose cube root is to be found is the cube of 
(a2 4- .. αμ 711) 4- (a, S nt αρ κο” ΕΗ} + R, 

Then the expression is equal to 

(aa^ He aan 08 43 (aa +... agn 7)? (a, mt "p LLL + oD 208) 

4- [8 (αι g^... “ασ ο) (ap PE anaE T E ai 

+ (arp H... + ds 27113 4 BR (aqu + ...)? + 3R? (aqu ...) + R3]. 
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The coefficients αι, αν, a3..., a», will be determined by equating the coeffi- 
cients of the first 2r powers in the expression last written and in the given 
expression. But, since the highest power of æ contained in R is 2”—*", it is 
easy to see that the highest power of z contained in the expression within 
square brackets is z?"—?7, Hence the terms within square brackets will not 
affect any of the terms from which aj, a»,...a,, are determined, for the first 2r 
terms of the given expression extend from z?^ to z?^-27*1, Jt therefore 
follows that if the cube of the sum of the first r terms of the root be subtracted 
from the given expression, and the remainder be divided by three times the 
square of the sum of the first r terms, the quotient will give the next τ terms 
of the root. 


26. Let N be the given number, which is a perfect square of a number 
containing 2n + 2 figures, and let p be the number formed by the first n+2 
figures of the root followed by n zeros, and let q be the number formed by the 
remaining n figures, 


Then SN-p-cq 
(N - p*)/3p?=¢ + (pq? + 7) [8p 
Now 102"42 > p £1021, 
and done TOR 
2 3 102^ 102^ 
Hence 1 + El 


p Sp ^10mH *t3x imm 


Thus (N — p?)/3p? differs from q by a proper fraction; whence it follows that 
if p? be subtracted from N and the remainder be divided by 3p?, the integral 
part of the quotient will be 4. 


27. Let z=a+b, then since 23?--qr —r—0, 

we have (a+b)? +q (a+b) -r—0; 
b= (r — qa -- a?)|(3a? + q) -- (δαῦ” + b*)/(3a? + g). 
Now let a be the number formed by the first n+2 figures of the value of z, 
and let b be the number formed by the rest of the root. Then ajb 4:10", 
Hence (Bab? + 03)/ (3a? + q) + 4ab?/3a2 
4 
+ 3x 199H b. 

Thus (3ab? + b?)|(3a? -- q) can at most only make a difference of one in the nth 
place of b. 

Hence (r — qa — a?) j (3a? +q) can differ from b only in the (n — 1)th place. 


XX. Pages 253—294. 


1, Since a+b, b+c, c+a are in continued proportion 
(a+b) (c - a) -(b+0¢)?=0; 
n @=—a2=ac+ab --δο-- U?— (a — b) (b 4- c). 


Hence b+ei:cta=c-a:a-6. 
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oS LA tm 
9. Let ini then nos =X. 
3 
Hence Erne = =A (a+b +0); 
AR (x+y +z) (αλ --δλ΄-- ολ) _ 


n E =A b+c). 
(a+b+c)? ^ (ax bcp γης 


æ 749 (Γή 2]Σ 


Hence Sai: 
a 


bc? (at+b+c)?" 

3. Wehave  (a+d)?-(b+c)?=(a-d)?—(b-c)*; 

TIARAS MAIO REE 
4, In order that 
at+b+c:cta-b=a+b-c:db+c-a 

it is necessary and sufficient that (b + c)? — a?— a? — (b — c)?, or 5?-- c?— a?. 

5. Let zr be the number; then 7-2 :10-2::19-2:31- 7; hence 
(7-2) (31— 2) 2 (10 - x) (19 — x), whence z —3. 

6. We have from Art. 211, Ex. 


b a+c ate 


a+b 9b4c a+2e° 
Hence a+c=0, or else a+2c=2b +c that is a+c=2b. 


lf a+c=0 we have b —0. 


lf a+c=2b we haves ως whence b=0 or 2b=3a; and 2b=3a 
a+b 4b-a 


with a+c=2b gives c=2a. 


Thus we have 27 : B excluding the relations pem = which re- 


Ἱ σον -α 
quire that a and c should be infinite. 


7. By Art. 113 each of the equal fractions is equal to each of 


z+y+z ax+byt+ez A (Zyz) 5 (yz) 
atb+e’ 2Xbc— Za? AiZ(cra-b)(ab-c)) ψ/{3Σὺο - Za?) " 


Hence παν ος 
(a 4- b 4- ο) 
Yt2 242 «ἘΦ 
3, We have "IHE at a 
ᾳ b ς 
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y-2 z-c g- 

Hence each is equal to he Pelr 1 τει 
QUUM ας τα 
. y-2 2-2 ω- 


9. Let x be the greatest of the fractions and let x =g; then we have 
τ 


<9 and Pob, [αι <g . lb; so also Lag . Lbs... la mg . Lbs... 


Ww 
Hence 2ha,<g.2Zl,b, and therefore SE <g. This proves that 
Zla : Zljb, is less than the greatest of αι : ἔῃ, &e., and it can be proved in a 
similar manner to be greater than the least. 


10. We have ad=bc, and therefore (abcd)"—a?^d?^ —Q?^;?^, Hence 
(abcd)" (a720 + b-2” + c-?^ +. ᾱ--.) 
= a2ng?2n T aq zu D2no2n πο + b2%c2n | c?» + a?’ d?o 7 d^ 
gm. c2" $ $22 |. qn. 
ll. Arrange in powers of a; then 
a? (b+c) (c 1- d) -- a (b -- d) (b - ο) (6-- ο) ἠ- bd (b+c) (c 1- d) 
=a? (cd 4- db 4- bc) }- a(bed + (b -- ο-- d) (cd -- db -- be)) 4- bcd (b -- c 4- d)i 
.. a?c? — 2abcd + U?d? —0, that is (ac — bd)? 20. 
12. The given relation may be written 
a3bcd — a? (0363 + c?d? + d?b?) + abed (03 + c? + d?) — bed? — 0, 
that is (ab — cd) (ac — bd) (ad — bc) — 0. 
Hence a, b, c, d are proportionals when taken in some order or other. 


13. Each of the given equal fractions is equal to either of 


ὦ 1-20 152 z-z 
(a+2b+0)+2(a-c)+(a-2b+c) - (a+2b+c) - (α--20 1-6) 


ς- 2454 
~ (a43bxc)-2(a- c)4- (a- 2b+c)’ 
(c + 2y 4-z)/a— (a — z) [b (x - 2y 4- z)]c. 


]4. Eliminating z we have 
ax? 4- by? +c (x - y? - 2fy (x y) - 292 (z - y) - 2hay =0, 
or (a4-c — 2g) z? 2 (c - f - 4-1) zy t (b c - 2f) y? —0. 
The condition that the values of æ/y given by the above equation are equal is 
therefore [Art. 121] 
(a4-c— 2g) (b-- c - 2f) - (c - f 9 - hy? —0, 
which is equivalent to the result given. 
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15. We have 
a A b a ο EN 
p(rz-qy-re q(qy-Trz-pa) r(rz-px-qy) 
ec a=Np (pE -qy r2), 
b=q (qy - r2 - pa), 
c=Ar (rz — pz — qu). 
Hence az — by — ez 2A((pz — qy —rz) px — (qy — 2 — pz) qy — (ra - px — qy) rz} 
=M pa? — q?y? — 722? + 2qmyz) 
=) (pa + qy — 12) (pz — qy +172) 
_1 be _1 abe p 
A gr A para 
Hence a (ax — by — cz)|p=b (by — cz — ax)/q=c (cz — ax — by)]r. 
16. If ab=cd, then 
(a+c) (a+d) (b+c) (b+d)/(a+b+c+d)? 
(a+c) (at+ab/c) (b+c) (b+ab/c) 
(a+b+c+ab/c)? 
(a+c) (ac+ab) (b+c) (bc +ab) 
(ac + bc ἠ- οὗ -- ab)? 
_ b (a-- ο)” (b+c)? 
~ {(@¥e) 6*0) 
Again, if a+b=c+d, 


τν. απ 
abed (G+5+5+4) | (ab+cd) 


. 
, 


ab. 


d 
_ (be+ca+ab) (a--b —e)-cabe — (be+ca+ab) (a--b) -- c? (a+b) κ b 
αὖ 4- c (a-- b — ο) τν bc 4- ca. 4- ab -- ο’ ΞΘ 
α)-ἼΦ110 ,  (z-2)(z-5) , α-ὔ 8 
1]. Ὁ Lens a gopi bec] (s-2)(9—1)^ 4925-77 8! 
πι ὁ) 
icp one 
32-24-10 Á— σα ura gz T 
z= r2 Ορ l4 ee OAN z= χὰ D 
ατα) 
x 
2 a?2—4r 44 — (a - 2) (a - 2) 2-2 — 
G) Lees gba γῇ" De-t(2-2)(0-3) T σαν 
4 
ία μας. 
L ο. co ES «1 us 
van — bp 46 Eo ane EE 
(1-2+5) 
ENG 
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cur 25-67-16 — (2-2)(748) Ἢ z48 
=? g8—12¢416 ^ *-?(r-2)(&.2:7—8)  7=3r? 42r -8 
10 
—L,49^79? 
21 6 16 
poo 359-16 _; LUN rci MN 
πο $3 — 1975-116 ΗΠ ο ο 
αν r 
e 


XXI. Pages 267—270. 
l. a? (b+c), b? (c - a), c? (a+b) will be in 4. p. provided 
a? (b 4- c) — δ) (c ἠ- α) S 9? (ο -- a) -- ο) (a+b), 
that is (a — ὃ) (be -- ca 4- αὖ) z (b — c) (be }- ca -- ab), 
and this condition is satisfied since a — b— b — c. 


9, The numbers can be taken to be a—3b, a-b, a+b and a+3b. Then 
4a? + 200? —120 and a? — 5? — (a? — 90?) 28, whence b= +1 and a= +5. Thus 
the numbers are 2, 4, 6, 8 and - 8, — 6, --4, - 2. 


8. We have (i) 20—a--c and (ii) η From (ii) 2bd=(b+d)c, 


and hence from (i) (a+c) d— (b-- d) c; «. ad=be. 
4. Let the numbers be a, ar, ar?. 
à (14-7 417) 14 and à? (14-7?4- 7?) 284; 
hence by division a (1— r 4-7?) 26. : 
-. (L4+r4+7°)/(L-r+7?)=14/6, 


whence r=2 or =; and then a=2 or 8. 


ole 


Thus the numbers are 2, 4, 8. 
5. We have 2b=a+c and therefore 2b2=ab+be. But z?—ab and y?— bc; 
-. 203—2? Ya 
a b t à : ; 
6. ERI E and hri c will be in m. P. if 
brc-a  acrb-c 2(c+a-b) 


a " b =) 
or if PHOTO pts = Cine εν. n 
a σ ὖ 
XP Toti? 
that is if (α ὑκο[----τ]Ξ0: 
GN CHE 


and this condition is satisfied since a, b, c are in H. P, 
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eam i 
7. We have on ek tea Gar cL 
if II I EDI nro AE Té d TEST 
therefore mde e i25 +(5- τ) +G- (στ). 
ᾱ--α b-a c-b d-c 
5- hig”? abe ο 
(d-a) (c-b)_ (b- a) (d- ο) 
Hence abid abed A 
2 1 1 
8. g patge Ἡ 2(ὁ --α) (b-¢)=d (2b-a-c), 
or if 2ac—b (a+e)=0, or 25 3; 
and this is known. 
b+a b+c 
AA he 9. = 92... > 9160: 
9, ἘΣ if 2b? — 2ac = 2b? — 2 (a + ο) b+2ac; 
that is, if (a+c) b=2ac, which is the case since a, b, c are in H. P. 
: A ape OPE LM: 
10. We have (i) 2b=a +c, (ii) c?- bd and (iii) τ ΗΝ 
900. 
; 9:2—9bd— EEI 
Hence = 204 ead rmt 
therefore c? (c 4- e) 2 ce (c +a), whence c?— ae. 
δ: Ὁ om : : 
11. 4-3: 5) c-5 vill be in a. P. provided 
0? = (2a — b) (2c — b), or 2ac -- b (a+c)=0, 
and this is the case since a, b, c are in H.P. 
1 ii 1 
19, a,a-c,a- b will be in m. r. if ο 
or T tak , or c (a — b) za (b — c), 


a(a-c)- (a- o) (a9) 


ors E E : , which is known. The second relation is the same as the 
first if the n. P. be read backwards. 
. - án ut Pb να eal 
19. We have (i) a,+a,="+y, (1) g,g9— y and (iii) κ. Echo 


hth Xy did 49 
hy, ^ xy ^ [WW 
14. Let a, ar, a7?,... be the a. ».; then we have 
4α(1 r1?) =a (r2? - 73 4 79), 


whence 7?—4 and therefore r= +2. Also αγό--884. whence a=6. Thus the 
series is 6, +12, 24, &c. 


Hence 
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15. We have E IER: 
ey 


a, ᾱ ag Ga în 


i2 pex 
Hence (ἑ-ᾱ)’ z-z)te 
σι 


Ξλ suppose. 


ay dg ds n=l n 
TOME 
that is E (oet Up i occ ces ο: 
eae) () 
Also Ay — Ay — (47 ,N, Ag — 057 0505À,..., An — αι 1 04 404; 
therefore αι — Og = (Gide cont On τας) p ec ee eee ences (ii). 


From (i) and (ii) (a;a5 4- ... Ἔαμ 144) A= (n - 1) αιαμλ. 
16. Asin Art. 222, ᾱ--Ξ a5), y=} (+20). 
- 3ab 3ab 
And, as in Art. 233, ux baal Ta 


Hence vs =uy — ab. 
17. Let the numbers be a-b, a, a+b. Then we have (i) a?- 02—5a 
and (1) 2a+b=8 (a-b). Whence the numbers are found to be 3, 9, 15. 


a+b b+c 

i-ap 1 

ο a(1+b?) ο(1--29 

- LIU 1 -- bc 
a € 

i apt μελος 

Since U 4-130; 


Io 
-. 2abe=a+e, or 2b== --, 
a è 


-b=0; 


18. We have 


—E 


1 : 
whence a, b and c are in H.P. 


Bite IS 
19. We have a+c=2 and το 75 5. 


à 
Hence 94998505 (a?-- c?) 2 0? (40? —2ac) ; ~. (20? ac) (0 — ac) - 0. 
Hence 202+ ac 20, shewing that — 5) b, c are in G. P.; or else b?—ac=0 from 
which it follows that a=b=c. 

90. Let x, y be the nth terms in the two series; then 


TOR, FISE 
za (n-1) (b-a) and ;- 2 0-1) (3-5) 
E ab η ER 
Hence περα tte sh) arie 


therefore à y (a- 2) - b (a-y). 
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2]. We have b+c=2a and 0?— ac; hence 


E d niti e d 
b c a 


κ b c 


ο 
p 

29. The last term in the kth group is 1+2+3+... +h=3 k (k 4- 1), and 
the last term in the (k — 1)th group is s k(k—1). Hence we have to find the 


sum of k numbers in a. Pp. of which the first is 5k (k-1)+1 and the last 


a (k+1); the sum is therefore dr k(k+1)+5 k(k- 1) +3} = T (k? 4- 1). 


93, Asin Art. 222, the (r-- 1)th term of the a. P. atten, 


and, as in Art. 233, the (n-7)th term of the n. pio eee 
lr a (n — v — 1) 
24. Let a be the given term, and d the common difference; then the 
different products are (a — d) (a +å), (a — 2d) (a-- 2d), &c. Hence the differences 
are 3d?, δά», Τά’, &c. 


— q 
25. Leta, ar,... be the a. ».; then αν 
τα - 8) | a(1- 09) 
" 1-25 A a?r?” (1 — r”)? 
Hence S, (S5, — Sen) =a? (i=) (12 qsn y TW = (Son - δη)". 


26. First let a, b, c be in A.P, and let a>c and therefore a>b>c. 
Then, since a — b — c, 


q771 + a^-?b + a3 05. ,,, p 8-3 HM] 4 bne 4 Dnc, p cM}, 
But a—b=b-c; 
z^. (a — b) (a* 1 - a*2b +... 4-0") > (b — ο) (DP 240" 2+... 3 071), 
that is a? — b^ > b^ — cn, 
Next, let a, b, c bein c. P. Let a>c; then, since b?=ac, a>b>c. 


Then (a*—60"2-20; .. (a^--c")! > 4a"c^, that is (a^--c")!— 40?^ and 
therefore a? +c" > 2b”. 


ας let a, b, c be in n. P., and let x be the Arithmetical Mean of a 
and c. 


Then we know [Art. 228] that « > b; and, by the first case, a” +c” > 2a, 
Hence a^ +c” > 2b", 
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VA (9) Let a, a+d, ἅο., be the series ; then 
P=a+(p-1)d, Q=a+(q-1)d, R=a+(r-1) d. 
Hence P (q-7)+...=a{qg-r+r-p+p-—q} 
+4 {(p-1) (q-7)+(¢-1) (r- p) -(r-3) (p- )1 =0. 
(ii) Let a, af, &c. be the series; then P—af?-!, &c.; therefore 
DI ru DA pn.do {α]ρ-11α-ν E Íafaiyr-» E (afr-iyp-a 
=at rir -pkp-a f(p-1q-ryt--- — 90 , fO=1, 


(ii) Let a be the first term of the series, and d the common 
difference of the corresponding arithmetical progression ; then we have 


11d 

πα 1) d, &c. 
Dima arp Rod b ERI are 
Hence pD3 5 Q + Rag r+r—p+p-q) 


*d((p-1) (q-7)* (2-1) (r- p) + (7-1) (0-91 ^0; 
“ QR (q-1r)+...=0. 


il 1 ; 
-— , — , &c. are in A.P. ; therefore 
αι a 
* .. ν, i 11 eee a, . 

᾿ς Ea ea ee Ops Oa eT Oa te Ee eo. ore in A.B, 

αι dy az 

ot. +a Ag+... +4 : 
παλι cese ie a cgo ? 1, &c. are in A.P., 
an 


29. Since aj, do, Az, &c. are in H.P., 


and hence also 
a 

Ag+ 04 3- ...- Taj... i 
IEAA, αν eae n &. are in A.P. 


that is 
αι d Ay 


f MET: : A : 
a E opum 5, &c. are in A.P., their reciprocals 
αι az 


And since 


are in H.P. 


29. We may write 
(a2 + αν’ + a? 4- ... + Oy 42) (a αι |-... + Ay?) - (Qag + aag 4- ... + Anan)? —0 
in the form 
[(αιαι — 2)? + (αχα. — Ang)? + (αγας — A304)? +... + (ανν - ανα...) 
Ἔ[ίαναι — a5??? + (asa — 524)? - ... + (αρα) — 054, 1)?] 
Ἔ[ίαιας - αι)” + (agas — a405)?  ... + (αρα) — a4251)?] 
+.. [(2,,—54. a ge an)? ay (αμ άν rA 4, 1)?] ar (4n—2%n y" an")? —0. 
Hence, as all the quantities are real, 
0,0, — à? —0, Agi — a3 —0,...0, 90, — a, .,? —0, 


HL d, d (NS 
and therefore 2 = 2 = 3—.,-—9", 
aj da d, αμ 
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30. Put in succession n=1 and n=2; then S,=4 and S,=16; thus, if 
the theorem be true, the series must be 4+12+..., and it is easily seen that 
the sum of n terms of the A.P. 4+12+4... is 4n?. 


In the second case we have S,--1—9 and S,+1=25. Hence, if the 
theorem be true, the series must be 8+16+...; and it is easily seen that the 
sum of n terms of the Α.Ρ. 8+ 16+... is (2n+1)?-1. 

31. The sum of p terms of 1, 3, 5, 7,... beginning at 2k+1 is easily seen 
to be equal to p (p--2k). Hence p (p+2k) =p” and therefore k=5 (prp). 


Now, if r>1, p'-! is even or odd according as pis even or odd ; hence p*-1—p 
is always even, and therefore k is as it should be an integer. 


32. Let a, b be the given first and second terms; then the (r+1)th 
T 
terms of the two series are respectively a+r (b— a) and a C) : 


We have to shew that 


a Cy- {a+r (b-a)}>0, 


a 

or b" — a" -r (b-a)a™i>0, 

that is (b — a) {0° 14 ab" + a2079 +... -- a7 — a7 — 0, 
or (b — a) ((071 — at) + a (5*2 — a) }-... a2 (b — a) >0. 


Now (b — a) (bs -- αἲ) is always positive for both factors are positive if b>a 
and both are negative if b <a. 


XXII. Pages 277—279. 


1. Let a, b be the digits; then 7a+b=9b+a; ..3a-4b. Hence, as a 
and b must both be less than 7, a=4 and b=3. 


2. The greatest number will obviously be that which has r— 1 for each 
of its digits, and the smallest will have all its digits zero except the first on 
the left which must be unity. 


3. Let a, b, c be the digits; then the number is 
@.10°+6. 10*--c. 105-2 . 102-5 . 10 4-6 — 1001 (100a 4- 100 4- c). 


4. Expressed in the scale of 2 the number 1027 is 10000000011. Hence 
1027 — 219 -- 2-- 1, so that the weights required are 1 1b., 2 lbs., and 1024 lbs. 


5. The number is 1? Ar A — (η +2)’. 
6. The numbers are respectively 
T? 2r 41, 442734 3724 2r 1-1 and r642r54 3744 4734 87? 2r 4-1, 
that is (r4 19, (? +741) and (13-7? r 4 1)*. 
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7. Let a, b be the two digits ; then we have 
10a+6+18=10b+a, and 10a+b=7b+a, 
whence a=4 and b=6. 


8. In the scale of 5, as in Art. 234, Ex. 4, 


.. 440-4 431 ..,. : 116 29 
440— 01052110 which in the ordinary scale — 130^ 30* 
And, in the scale r, 'δὰ-- σος : 
(r-1)r 
Hence dodo eter ore at ore 30=0, 
30 ??--r 
that is (r - 6) (29r - 5) 0. 


Us 


50 being inadmissible. 


Hence r=6, the value r= 


9, By Art. 235, N — S and 2N -- 2Q are both multiples of 9, and therefore 
also 20 — 25 is a multiple of 9. Hence, as 2 is prime to 9, Q ~ S must bea 
multiple of 9. 


10. Since N- S is divisible by r1, and r—1 is even, it follows that 
N — S must be even, and therefore N and S must be both even or both odd. 


κ zs ane 12. το the original number be pr? +p”! +... --p4,; then we 
ave to shew tha i 
(por Γι + ... pa + Pn)? — (pat paar" + ... pir + po) 

that is 

t7 1) (po Ds) +r (077 +1) (pF pa) +7? (775 1) (py pa) + +++} 

x ((po — Pn) (r^ — 1) +r (x? = 1) (py ^ 24) +7? ("75 — 1) (p — o5) +--+} 

is a multiple of r?— 1. . 

Now, if n be odd, r"^--1, 7"-?.-1, &c., are all divisible by r+1, and 
therefore the first bracket is divisible by r--1; also r^— 1, 7"-?— 1, &c., are 


all divisible by r— 1, and therefore the second bracket is divisible by r—1. 
Hence the whole product is divisible by 7? — 1. 


Again, if n be even, r”? — 1, ?*-?— 1, &c. are all divisible by r?— 1. 


Hence the proposition is true for all values of n. 


19. We have Po + Ty +z=11z+ 119 4 2, 
that is 48x — 4y — 1902--0, or 12z — y — 302 —0. 
Now, since l2z and 30z are both divisible by 6, y must be divisible by 6. 
Hence, as y cannot be greater than 6, we must have either y=6 or y—0. If: 
y=6, we have 2z —1—5z, and therefore 27 —1 must be a multiple of 5. 
Hence, as z is not greater than 6, the only possible value is z —3, giving z=1, 
so that the number in this case is 261. 

8 


S, A. K. 
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If y=0, we have 2z —52 ; hence, as x is not greater than 6, we must have 
α-- 5 and z=2, so that the number in this case is 502. 


14. Since any number in the scale of 5 when divided by 4 will leave the 
same remainder as when the sum of the digits is divided by 4, it follows 
that all the possible numbers which have the same digits will leave the 
same remainder. 


Again, the difference of any number in the scale of 9 and the sum of its 
digits is divisible by 8, and therefore by 4. Hence all possible numbers in 
the scale of 9 which have the same digits will leave the same remainder when 
divided by 4. 


15. We have 
ps 99 p, 9 c pg P+ pa 3? +p. 9-E py pa . 122 +p - 12 po, 
each of the letters being 0, 1 or 2 but p; and p, are by supposition not zero. 
Cancel p,, and divide by 3; then 
fs: 95 - p4,. 3? + Pz « 9? = 45p, + 3p. 

Now in the above all the terms are divisible by 9 except 3p, ; hence, as 

Pı < 3, p, must be zero. We then have 
9p; + 8p, + D3 — ὄρη. 

Now p, must be 1 or 2; and, if p, were 1, χε would have to be zero 
otherwise 9p, would of itself be greater than 5p,. Hence p,—2 and the 
number is therefore 2.12?--p,, that is 288, 289 or 290 since p, can be 
0, 1 or 2. 

16. Let a, b, c, d be the digits, then we have 


abcd 
2 


dcba 


It is obvious that d is greater than a, we must therefore have 2d=a+8. 
Then 2c 4- 1—5 or 2c - 1-5 4- 8. 


If 2c+1=b, we have 2b=c or 2b=c+8, in the first case 2a=d which 
is inconsistent with 2d=a+8, and in the second case 2a-- 1—d which with 
2d=a+8 gives a=2 and d—5. Also 2c 4-1— b and 2b=c+8 give c—2 and 
b —5, so that we have the number 2525. 


Again, if 2c -- 1— b --8, we have also 2b -- 1—c or 2b+1=c+8; in the first 
case 2a=d which is inconsistent with 2d=a+8, and in the second case 
2a=d+1 which with 2d=a+8 gives a=2 and d=5. Also 2c+1=b+8 and 
2b+1=c+8, give b=c=7, so that we have the number 2775. 


j Enos the only two numbers which satisfy the conditions are 2525 and 
775. 


17. Let the digits be a+22,a+a, a; then we have 
100 (a+ 2x) +10 (a-- z) -- a 15 (3a -- 32). 
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But, since the number is divisible by 15, and therefore by 5, the last digit 
must be zero or 5 ; and the last digit is not zero for the number is increased 
by inverting the order of the digits. Hence a=5, and we have 


100 (2x 4- 5) +10 (x 4-5) --5 —465 (x +5), 
whence «= — 2, and therefore the number is 135. 


18. 792=8x9x11. Now, since 1000 is a multiple of 8, the number 45c 
must be divisible by 8, and it is seen at once that 456 is the only number 
between 450 and 460 which is divisible by 8. Hence c—6, and from Art. 235 


we have a+6+6+13=a multiple of 9, 
and 1+a+4+4+6~(3+6+5)=a multiple of 11. 


Hence a — b --3—11 .z, where « is an integer; and, since a and b are both 
positive and less than 10, it follows that x is 0 or 1. 


If z—0, a—b+3=0, and therefore 2a+4=9y; and, as ὦ must be an 
integer less than 10, y must be 2 and a=7. But, if a=7, b=a+3=10, 
which is inadmissible. 


If z—1, a— 0 --3—11, and therefore 2a+2=a multiple of 9, whence a=8, 
and then 8—b+3=11 gives 0-0. Hence the only number which satisfies 
the condition is 1380456. 

19. 3 +724 br +5 — (r+ 2) (2 — r-- 7) - 9. 


Hence 7? 4-7?-- 5r -- 5 cannot be divisible by r--2 unless 9 is divisible by 
r+2, whence it follows that 7+2=9 or r+2=3, so that the only possible 
values of r are 7 and 1, the latter value being inadmissible. 


abcd 


9 
20. We have dz. 
Since a41, d 3- 9 and 9a +d, it follows that a=1 and d=9, Hence we 
have 9c -- 8-5 4- 10r, and 9b--z—c ; whence 
81b4+92+8=b4102, or 80b+8=2; 


<.. b=0 and x=8, since x + 8. And since b=0 and ῶ-δ, we have c=8. 
Thus the number must be 1089. 


21. (r? — 1) (r^ * 1) =r η 5.1 

Ξ(-- 1) rr 4 (r—2)"4 (r-t) 73-4 (η -- 1) "7? ... + (7 -- 1) τὸ + (ο -- 1)? 
{0.σ4-1. 

Hence when (r?— 1) (r^ — 1) is expressed in the scale of r, the digits in 

order from left to right are 
r-1, r-2, r-1, r- 1, ...... "En T a0. 
Again (r1) (r^ -- 1)2r"H-7^—-r-1 
=r 0.3 (r- 1) 71 4 (r— 1) 2 +... (r7 1) 7? + (0-2) rt (r — 1). 
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Hence when (r+ 1) (7^ — 1) is expressed in the scale of r, the digits in order 
from left to right are 


1, ο οτι tk eal gen > tol, τ-ο, r-i 
29. Let F2:0123......(r—4) (r-3) (r-1); 
then r.F—-1234......(r - 8) (r- 1) 0. 

Hence ο ΜΕ πο . 

— 1 . 

υπ, 

1 
3 Tey 


93, Let N=abcdef; then by supposition 3N=bedefa. But 
10N = bedefa +a (105 — 1). 
Hence l TN =a (106 — 1). 
We have also the following relations 
8[Ξ-α--10ω, r--3e—f--10y, y+3d=e4+10z, z+3c=đd+ 10u, 
u+3b=c+10v and v+3a=b. 


The last relation shews that a cannot be greater than 3, and if a=3 
b must be 9 and v=0. But b=9, v=0 are inconsistent with u+3b=c+ 10v. 
Hence a must be 1 or 2. 


If α-- 1, N=} (109 — 1)=142857 ; 
and if a=2, N= (106 — 1) =285714. 


94, We have syyxz=yyz. Hence yz=z+ 10m, that is (y — 1) z=10m. 


Hence either y—1 or z must be divisible by 5, but y — 1 and z are both 
less than 10, and therefore either y --1--δ or z=5. 


If y=6, we have 166 x z=66z, hence z must be even and by trial the only 
value of z is 4, the corresponding value of z being 1. 


If z=5, we have syy x 5=yy5, hence y must be odd and not less than 5, 
and by trial the only possible value of y is 9, the corresponding value of x 
being 1. Thus the only numbers are 166 and 199. 


There is one other case, namely when m=O, and then y=z=x=1. 
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1. The number of different sets of four which the first can have is .)C,; 
and for every one of these the second can have ,,C, different sets of four; 
and the third can now have ;,C, different sets; &c. 
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Hence the number required is 
|20 |16 12 |8 |20 
Ee "pe up EE TEO 
2. If all the four men who can only row on the bow side are taken 
there are ,C,=35 ways of choosing the four men for the stroke side. 


If three of the four men who can only row on the bow side are taken, 
one or other of the double men must be taken for the bow side, and there 
are ,C, ways of choosing four men for the stroke side without choosing 
the other double man, and ,C, ways of making up the stroke side including 
the double man. The whole number in this case is therefore 


4Cg «οι. σι 403 . 505: 80. 
If only two of the four men who can only row bow are taken, both the 


double men must be put on the bow side, and there are ,C, ways of choosing 
four men for the stroke side. The whole number in this case is therefore 


ο το ο 
The number required =35 +120 4-30— 185, 


3. Each elector can vote in three ways and therefore the whole number 
of ways is 81», 

The number of ways in which A can receive four votes is 100); and if 
any particular set of four vote for A, the number of ways in which four 
of the remaining electors can vote for B is gC,. Hence the total number 
of ways in which each candidate can receive four votes is 

|12 |8 | 12 
ΓΕ ΠΠ 


[in |2n 
4. πο. [2n [2m and onn zs IE 3 


Now |4n— (1.3.5... (4n - 1)) (2.4 .6...4n) - {1 «8. δ.. (4n - 1)] 2? |2n, 
and |2n={1.8.5...(2n—1)} (2.4. 6...2n] = (1.8. 5... (2n - 1)] |n. 


Hence mCon : 2n Cn 
= 2% [3η {1.3.5...(4n-T)}. K [n ::11:825:.(21—1))222"w, |”. |n. |2n 
={1.3.5...(4n-1)} : (1.3.5...(2n- 1)". 

5, If all the ten digits are used we have ,,P,, — 9P, different numbers, 
since using 0 as the first figure is the same as using only nine. Similarly, 
when nine of the digits are used there are Pg — Pg different numbers; and 
80 0n, Hence the number required 
= (10P10 — Ps) + (Ps — Ps) + (10Ps — 9Pz) + -e-+ GPs 7 9Pi) -οΡι 


= 3265920 + 3265920 + 1632960 + 544320 + 136080 + 27216 + 4536 + 648 + 81 
+9=8877690. 
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6. If p particular things occur there is only a choice of r—p things 
out of the remaining n-p things, so that there are ,»C,—p sets of things 
satisfying the conditions; but each set can be permuted in |r different ways. 


Hence the whole number of permutations 


m -p 1” a 
=jr. σα γρ Ir-»' aor ο ep Erg: 


7. The number of straight lines is equal to the number of ways of taking 


the n points two together =5n (n — 1). 


8. If no three of the n points were on a straight line the number of lines 


would be : n(n—1). But if m points are on a straight line, there is only one 


straight line formed by joining these m points in pairs instead of im (m-1). 


Hence the number required is jn (n — 1) - 5 m (m — 1) -- i} : 
9, If no three of the points were on a straight line there would be 
-1)(n-2),. : : ; 

vu s triangles formed by taking the n points in threes. But, 


if m points are on a straight line, the above number of triangles would be 
diminished by the number of triangles which could be formed from these 
m points on the supposition that no three of them were on a straight line. 
. The required number of triangles is therefore 

n(n—1)(n-2) m(m-1)(m-2) 


E is 


D 


10. Starting from any one of the points we can go to any one of the 
n —1 remaining points, and thence to any one of the remaining n — 2 points, 
and so on to the place of starting. 'The number of different ways of 
describing a polygon is therefore |n —1. But the polygon ABC...XYZA is 


the same polygon as AZ Y X...CBA although described in the reverse order; 
and hence the number of different polygons is 3 [n —- 1. 


11. The number of different lines joining the points is jn (n—1). Also 
the line joining any two of the points is cut by all the lines through the 
remaining n — 2 points, and therefore on each line there are δώ — 2) (n — 3) 
of the required intersections; hence, as each intersection is on two lines, 
the whole number of intersections required 


: (n - 9) (n—3) . gn(n- 1). 
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12. Each of the m lines through one angular point of the triangle is cut 
by all the 2m lines through the other two angular points. There are there- 
fore 2m points of intersection on each of the 3m lines ; hence, as each point 
of intersection is on two lines, the whole number of points of intersection is 


1 
o 
g: 2m. 3m. 

13. The man must pass over m+n -2 portions of straight road, m - 1 
parts going W. to E. and n — 1 parts N. to S. The number of different paths 
is therefore equal to the number of ways in which m-1 things can be 
chosen out of m+n-—2, 

[m 4n - 9 


that is [m—1|n—1 E 


14, This is the same as the second case of Ex. 4, Art, 251. 


2n 
15. There are s ways of choosing n persons to sit at the first table. 
Also the number of different ways in which m persons can be arranged at a 
round table is |n — 1, for one person can be supposed to be fixed and the 
number of ways the others can be arranged is , ,P, ,. Hence the total 
number of ways required 


Ede ος HS 


16. There are m+2 lines in each direction, and a parallelogram is 
bounded by any two lines in one direction and by any two in the other 
direction. The total number of parallelograms is therefore 


«4 1 
5 (m 4-2) (m 4- 1) x à (m 4- 2) (m 4 1). 

17. Suppose the p positive signs to be written down, then, counting the 
outside places, there are p+1 places in which the n negative signs can be put 
only one being put in each place. The number of ways in which this can be 
done is 


18. This is clearly the same as the number of homogeneous products 
of m dimensions which can be formed with n+1 things; and 
g (nt (@+2)...(a+m) _ mn 
ee ID ΠΡΟ |n [πι i 


. 19, The first pair can be taken in mC ways; then the next in 4, ,C, 
ways; and so on. Hence, as the order in which the pairs are taken is 


immaterial, the required number 
7 y . 
«λος ρη-ο(ονιιασο » 9C377 [P 
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20. The first set of n things can be chosen in 4,0, ways; then the next 
n can be chosen in 4, ,,,0, ways; and so on. Hence, as the order in which 
the sets are taken is immaterial, the required number is 


mnn s exit ACrap . nn : ο... |m 


|mn (m — 1)n (2n |n. mm 


- |n [ίι-- Ὦ η 4 [n |(m-2)n Jn |n j p^ πο 


2]. The circle in which the nth plane cuts the sphere is cut by each of 
the other planes in two points, and hence the nth circle is divided into 
2(n—1) portions; and there are two parts of the spherical surface on the 
two sides of each of these portions of the nth circle which would become one 
if the nth circle were absent. Hence the sphere is divided by planes into 
2 (n — 1) more parts than by n — 1 planes. 

Hence 
F(n)=2(n-1)+F (n-1). Similarly F (n — 1) 2 (n —2) 4- F(n — 2),..., 

F(2)-2.1--F(l). 

But F(1)=2, and therefore 


F(n) 22 ((n — 1) + (n - 2) }-... --2-- 1] - 22m (n — 1) +2. 


29. Let the n lines pass through the point A and the m lines through the 
point B. 


The mth line through A is cut in n+2 portions by the n lines through B 
and by the point A itself. Hence, as in 21, F (m, n)=F (m-1, n) - n 4-2. 
Similarly F (m—1, n)=F (m —2, n)+n+2,..., F(2, n) -F(1, n) -n--2. Also 
F (1, n) 2 F (0, n)+n+1, and F (0, n)=2n. 


Hence F (m, n) 2m (n4- 2) -- 1--Zn. 


29. Let A, 4’ and B, B'be the extremities of the two diameters through 
which the m and n planes pass respectively. Then the circle in which the mth 
plane through AA’ cuts the sphere is met by the n planes through BB’ in 9n 
points; and therefore, counting the points A, 4’, the circle is divided into 2n +2 
portions. There are two parts of the sphere on the two sides of each of these 
portions which would become one if this mth circle were absent; the sphere 
would therefore be divided into 2n+2 fewer parts if the mth circle through 
44’ were absent. Hence F (m, n) F (πι-- 1, n)+2n+2. Similarly 


F (n—1, n) 2 F (m - 2, n) -2n4-2,...F (2, n)=F (1, n) - 2n 2. 
Also F (1, n) 2 F (0, n) --2n and F (0, n) 2 2n. 
Hence F (m, n)=mx 2n+(m—-1)2+2n=2 (mn m --n — 1). 


24. Let the given diameters through which the a, b, c,... planes pass re- 
spectively be 44’, BB’, CC',.... Any circle through 4 4’ is cut by the b - c4 ... 
circles through the other diameters in 2(b+c+...) points. Hence, as in 23, 

F (a, b, c...) F (α-- 1, b, c...) +2 (b+e+...) +25 
F (a—1, b, c,...) =F (a-2, b, ¢,...)+2(b+e+...) +23 


F (2, b, ¢,...)=F (1, b, ¢,...)+2(b+e+...) - 2. 
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Also F (1, 5, c...) 2 F (0, b, ¢,...) +2 (b-- e - ...). 
Hence F(a, b, c...) - F (b, ο,...) -2a (b -- c ...) -2a - 9. 
So also F (b, e...) X F (οι...) - 2b (c+...) -26 - 2, and so on. 
Hence F(a, b, c,...) 2Zab -2Za - 9 (n — 1), 
where 2 —1 is the number of the diameters AA’, BB’, &c. 


25. The nth plane is cut by the others in n — 1 straight lines. And from 
Art. 251, Ex. 3, these 1 — 1 straight lines divide the nth plane into 


I, (n-1)+1 


parts; and these parts are such that if any one of them were taken away two 
regions into which infinite space is divided would become one, 


Hence F (n)=F (n-1) +n (n — 1) 4-1. 

Similarly F (n-1)=F (n-2) us (n — 1) (n — 2) 4-1,..., 
F(2)=F (1) +52 -1+1. Also F(1)=2. 

Hence F(n)=5{1. ο ο 


(n? 4- ὅπ 4- 6). 


oH 


=F (n-1)n(n+1) +n+1= 


96. Let the points on one line be 4,, 49, 4,,..., Am, and let the points 
on the other in the same order be B,, By, Bs,...B,. Let P (n, m) be the total 
number of intersections when n points on one line are joined to m points on 
another, the joining lines not being produced. It is easy to see from a figure 
that the line B,A,.is met by r — 1 lines through each of the points B», Β.,...Β.. 
Hence there are (n — 1) (r — 1) intersections on the line P,4,, and therefore 
(n — 1) (1-- 24 ... - (m — 1)) altogether on lines through B,; hence 


1 
F (n, m) - F (n—1, m) z (n— 1) {14+2+...+(m—-1)}=5 (n- 1) m (m — 1). 


1 
Similarly F (n-1, m)-F (n-2, m)= z” — 2) m (m — 1), 


F (2, m) - F (1, n)-i 1 . πι (πι -- 1). 


Hence, as F (1, m) 0, we have 


F (n, m)=5m (m — 1) {1494 0+ (n: 1)} 


1 1 
=5™ (m- 1). στ (n — 1). 


116 BINOMIAL THEOREM. [Ex. 


27. The number of circles is T (n—1)(n—2). The number of pairs of 


circles which have none of the original n points in common is 


1. αἱ 1 
3L - -9).z(n- — 4) (n — 5). 
2:6" (n — 1) (n - 2) ξ (n — 3) (n — 4) (n — 5) 
Hence as such pairs of circles have two points of intersection distinct from 
the n given points, the whole number of such intersections is 


z” (n-1) (n — 2) (n — 8) (n- 4) (n-5). 
The number of pairs of circles which have one of the original n points in 
common is 
Wm 3 1 
5° δ (π- 1) (n - 2). 3.5 (n—3) (n- 4). 
Hence as such pairs of circles have one point of intersection distinct from 
the n given points, the whole number of such intersections is 


D 


24" n (n — 1) (n — 2) (n — 3) (n — 4). 


Hence the number required 


=z" (n- 1) (n ~ 2) (n — 8) (n— 4) 12 (n — 5) +9}. 


XXIV. Pages 303—304. 


1. (+a) =x" + δα!α T ata? + 


5 3.2 aval 
τη". zat +: = a5 — αὖ + 5a*a + 102222 + 100203 + 5aat+ a5, 


a α)”-- (2a) +5 (2a) (- 1) +1 Qa? (- a] 25 5 


queo (2a)? ( x)? 


2. 
5.4. . 
HA ? 2a) (7 x)4+ (- 2)5—32a5 -- 80a*z + 80a?a? — 40α3α3 + 10ax4 — z5, 
μα ees cl [e 


3. Qoo UE ελλ ορ ο μ ΤΟΝ a? 


T 


+ (8) + (- x)= 1 -- 62? + 1524 -- 2079 + 1528 — 6x10 4412 
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4, 


10. 


11. 


12. 


19. 


(2a -- 3a?)4 — (2a)*-- 4 (2a)? ( — 3a) + RIP (2a)? ( - 3a)? 


1.2 
49^ 
1 €; 


2 
πες (2a) (-- 3a?)? + (-- 3a?)* = 16a* — 96a5 + 916α6 — 216a7 + 8148, 


ο 4 (229)? (— 3) + EÈ ο. 


4.3.2 
ο 


+ (2x?) ( - 8)? + ( - 8)4-- 1628 — 96α8 + 21625 — 21622 +81. 


(x? — 25) — (2?) + 5 (x?)4 (- 2y”) + 1-5 (9) (— 299) 
πας ο npn ας 


^ 


=x) — 1025y? + 40256 — 80z*y? + 8027412 — 32515, 


The third term is 


ο a8 ( — 3y)* — 405a8y2, 
The fifth term d E 
— — LL 91644716, 
no (3o ( — 4)4 pra 441 


The twenty-first term is 


22 
E 95 (— a) — 994220, 


POR 
The fortieth term is 
a x3 ( — y)? = — 11480zx5y*9, 
[59 BB 
The middle term is the fifth and 
= 15 πο. 


The middle terms are the 11th and the 12th and are respectively 


21 
———— 710 and οι qu 
ze E [1 10 
The general term is 
[n |n 


τι E 


Srgyn- DT. 
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14, The general term is 
m genr ie 
ir morë aCe inr 


15. (Bæ -2y) = (3x) -- 15 (Ba) (-- 2) + 4175 (80) (- 2y)?... 


ps nh - ο... q (Bt) (= 2) + (- 29). 


q2n—2n, yt. 


16. Since n is even, the coefficient of the rth term is greatest when 


s: +1=7; and the seventh term is 


E 
618 


17. Since n is odd, the coefficients of the η and the En terms, 


αὖ = 92428, 


that is of the 8th and 9th terms, are equal and are greater than any other 
coefficients; and these terms are respectively 6435a’ and 643528. 


18. The coefficient of z^ in the expansion of (1-4-z)?" is ——, and the 


πο 


|2n - 1 


n We 


coefficient of æ” in the expansion of (1-ra)?^-1 is 


|2n 2n [2n - 1 |2n - i 
jn m Tam- l|n xe n- 1 n 


Now 


19. The (n4 1)th term is the middle term, and this 


Pre 11.8.5. 7... (2n-1)] (2 . 4 . 6.. 2n} a 
MU h^ [n m 
{1.3.5.7...(2n—1)} 2^ |n 1.8.5...(2n- 1) 
= = qm 9nyn 
~ In n In b 


20, 995—(100— 1)1—100*— 4, 100?--6. 1002 — 4. 100+ 1— 96059601, 
51*— (50 4- 1)1— 50*--4 . 505-6 . 50? --4 . 504-1— 6765201. 
999? = (1000 — 1)? —1000? -3 . 1000? -3 . 1000 - 1— 997002999, 


"n 2n 
21; (2+3) = Cee . Hence the coefficient of 


aq" 


ξ INe : : 
a" in (2+3) — coefficient of απ) in (1+2°?)*, 
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ner 
Now z"'"—(z?) ? , and therefore the term involving απ is the 
n 


nr 
( 3 +1) th, and its coefficient is — mper There is however no 
με” 57 


ος Mtr. : 
term containing x” unless — 18 an integer. 


22, The middle term of (« 5 gc is the (n+ 1)th, and this 
at: 2n NEN, μη 
πο σα 
23. The terms are 
n n n 
pea ge z$, ole a z? and τί 
End? pp” a Bp 
respectively. Hence we have 
2 - In |n 
δμι-δ” [£im-4" 6 n-9* 
Multiply by |6 |n - 4; then 
2.6(n—4)-5.. 6+ (n—5) (n — 4), whence nz 7 or n—14. 


gê 


24, The terms are 


n (n — 1) 
1-8} 


η : n(n-1)(n-2) α 
οσο μη τες. 


respectively. Hence we have 
2n (n-1) | n (n — 1) (n- 2) 
PRI EROS, 

which gives n=2 or n=7. 

The solution n=2 is to be rejected for there are only three terms in the 
expansion of (1+ z)?. 

25. Since the second, the fourth, and all the other even terms in the 
expansion of (1 -- x)” are negative, it follows that (1— z)^—a — b. 

Also (1+2)"=a+b. Hence (1 - ο) (1-- z)^— (1— 2?)^ — (a — b) (a+b). 
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XXV. Pages 314—917. 


τ 1-28 (1) 91 
-1 1 il 2 
ο. 2 AE m pve Ες 
+(-1)"1 nl 
=(1-1)"-n(1-1)"7=0. 
2. n-22 Sim +3 ος ο... T(-1)-n 
mn fr Bt 8726-3. (ones =n(1-1)"1=0. 
8. We have 
, m(n—1) m(n-1)(n-2) A 
1+n+ 1.3 4—73:8 — Weser ien 2t, 


and — 1-(n-1)4 τος e αλα (0- a- qu ae!) Peetla, 


Multiply the second by n and add to tke first; then 


1 -- 2 -Ε ὃ ps lat) 4) +4 = me- a 2g 2) | --ον-α (n49). 


4. Multiply the second formula in 3 by πι and subtract the first; then 


n (n— E n (n — 1) (n — 2) M πω; 
E TYPE +2 πες +...+(n-1).1=n2 
. Cyt 2¢g+...+(n—1)¢,=(n—2) 2n 4-1. 
5. Co 861 4- 565 4 ...... t (2n 4- 1) e 
pde" S5 T 64-2 (οι 4- 205 4- 805 ^ ...... tnc) 
—9^4 2n bu s zo) ul +} = 2" + 2n 201 — 2^ (n +1), 
8. ὃσι + 703 + 1g 4- ... + (4n — 1) οι 


=4 (ej 205 + Beg 1-... c neq) — (057 09 +... + δι) 


=4n bx ee eae - (2^ - 1) 


z4n.2^-1—2^.-1—2^ (2n — 1) 4-1. 


ο. n n(n- 


1 
Tr 


E 
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1) n(n-1)(n-2) 


Wi. -2 


(n+1)n 
1.2 


Phe 


n+1 
Lie ERE 
e 


m 


...... 


1 1 
zu Τμ a 
n+1 to Unc ep: n+1° 
Now add the result of 7, and we have 


Co 


τε 9n 
1 


2 404. ες 18 
SUP a Geert ara | 


9, From 7 and 8 by subtraction we have 


toli 


10. 


n 


y 8-1) 
1.27.1:2.8 


1.2.8.4 


(n+1)n 
nee 
1 


fi+ 
1 


~ (n+1) (n+2) 


aes 


1 RE 


1 


n4 2 
~ (n4 1) (n4-2) : 


Ἐπ 


ο ΠΑΝΙ ΕΙ 
~ (n+1) (n+2)° 


(n+1) (n+2) 


(n+ 2) (n.4- 1) 


3 1.2.3.4 


mn 


τ 8-2. 


1 


| 


toto (nat 


(2^1? -n -- ὃ) 
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Bio 


11. Let 
, m in(n-1l) n(n-1)(n-2) _ λα 14 
Ἐκ ο 75 5 239 να rpm 
then 
n-l 1(n+1)n _ 1(n+1)n(n-1)_ 
ΕΞ TEES πι Ὁ Τη 1.2.3 
1 n4l 1 
a D \ ere ee es LAT 
Bos πι: l | πα 
Hence 
Š d: m | m(n-1) T 1 
Eaa noaa το L Toar ος τσ «αεί- 1) nil 
a 1 1 n+1  (n+1)n (ncl)n(n-1) 
Seul ιν τὰ DEES) Ih 
+(- eni. να. ‘bes 1] 
1 1 
os o4. L— al ἡ πο fe = 
i prit ο. n+l’ 
T 
Hence Fou Ἐν "tall 
Now F,=1; therefore F, =Fy+5=1453 then F,—F,4 ΙΙ 
; πε Ἡ 1 
and so on, so that Fa—Qptgt σε. ut 


19. We have, from Art. 259, Ex. 3, 


a n e i 
= eee + Ὁ ποτό ρε; 


€ 4 T: C» 
zx xl z42 


Ti 
Put σταρ and we have 


Seg. 3064! 8ο, CI τ 3»i [n 
πιο ση S πο ποπ τς) 
. ο ος 6 gn n 
ο αμ Mi. το ee 
done. gurl ΤΡ 4s τε η 
13. We have 
(La) — e 4- eq + c5? 4+...... POR Ε...... Ont. 


Also, from Art. 256, 
(1+2) 26,6423 8 4-044 22 ...... T C, BT... HE Cg. 
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The coefficient of z"-7 in the product of the two series 
= Colp t €10,43 + C564 o ...... Ἔσι- γόῃ. 


Also the coefficient of z"-^ in (1--z)" x (1--z)", that is in (1--2)?*, is 
|2n 
| i ; 

E RTT But these coefficients are equal by Art. 91, 


14. The coefficient of z*—! in 
n-i n 
aT ie DES 5 Ges 
r-i jn -r |r j-r 
Hence n (L+ z)" Ἴξ c+ 2ουα 4-305? 4 ...... πο ο... ο). 
Multiply by x and add to the expansion of (1--2)" ; then 


n (1--2)"3 is m 


(1 2)" {1+ (n4 1) α} — 6$ 2032 + 3052? 4 ...... (n4 1) eíz^ ... (ii). 
We have also 


(1-- 2)" 5 64 4- 0,32 4 ....-. SEC Een D OO ας ορβοβεώνοσα. (iii) 
The coefficient of £” in the product of the series in (i) and (11) is 
ej? 26? 4- ...... T nes, 
[2n — -1 


n- j 2n—1 
and the coefficient of — z"— in n (1+ a)?" is n-=— nT 1 T s 
"o 1 
meei: 


UE. the coefficient of æ” in the product of the series in (ii) and (iii) is 
€9? 4- 261" 4- ... (n+ 1) ¢,”, and the coefficient of x” in (1-4- z)?^ {1+ (n+ 1)zjis 


Hence 


[2n - do D 2-1 
[nmi pus σπιν 
(n4- 2) |2n — 1 
Hence δ (rt Tyco — 


 þfeje-1 i 
15. We have 
(14 2)* - 1] (L2) - 40, (12) yC (14an. 


*(-1"7405, (1+ z)*-- (- 1)". 
The coefficient of z? on the right 


ο ο One Conta Catton anton Ca ποπ ος ρα πιο, 
But (L2) - 1) (na +D qiii 
and the coefficient of ο in this is n™. 
Hence . ^ a*"-(-1)" 140, . Ca — C5 nlm t e] 
S. 4. K. 9 
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16. We have 
n(n-1) m(n-1)(n-2) 1—0 . 
1-n+ io, Sees Fa t(D etes (i). 
Change n into n — 1; then if n>1 


(n-1)(n-2) (n-1)(n-2)(n- 3) 


1-(n-1)+ 1.2 1.2.3 εί D) Onn (tls 
Multiply (i) by a and (ii) by n and add; then 
-1 1 
a-n (a-1) 4*3 α-) - rer 8) + 


pis D(a- n) =0... (iii). 


Now change a into a— 1 and n into n —1; then, n being greater than 2, 
we have 


o κο ος δώ ΡΜ 


152 12 8 
Tos (- 1) (a— n) —0...(iv). 
Multiply (iii) by 6 and (iv) by n and add; then 


ab -n (a-1) (b - 1) -— d (a — 2) (b — 2) - ... 


+(-1)" (a-n) (b= n) —0...... (v). 


Now change a into a — 1, b into b — 1 and into à — 1; then, n being greater 
than 3, we have 


(a — 1) (b - 1) - (n - 1) (a — 2) (udo E MEE (b 8j)... 


17-2 $ 
+(-1) (a-n) (b --π)--θ...... (vi). 
Multiply (v) by c and (vi) by n and add; then 


abc - n (a — 1) (b — 1) (c - 1) + zn (a— 2) (b - 9) (c - 2) - ... 


t (- 1)* (a-n) (b-n) (c - n) «0. 


17. Since the coefficients of the terms equidistant respectively from the 
beginning and the end are equal, every coefficient except the middle one, when 
there is one, occurs twice; and therefore the sum of all the coefficients, 
exclusive of the middle one, is even. But the sum of all the coefficients 
is even [Art. 259, I], whence it follows that the coefficient of the middle term, 
whenever there is one, must be even. 


18. {22+ (a+b) c+ ab}"=(a+a)™ x (a+b) 
= (9 Για Mat Cot” 2a? +... + Ce" τα) +... an) 
x {B+ Cb" 1 + C. bn7223 +. EC bh7Ta +... +2}, 
and the coefficient of z^ in the product of the two series is 


a^ tC Sa" 1b +... LC Pat" + ss + C Baba: bh, 
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In [ο jn (| ΕΤ. 1 
(Kok eec το πο ντ 
Peat’ Peas PEE Bs Paap 
2^ (μα perm (ey 
ΕΕΣ: m mp Pewee P, = ΠΙΟῚΝ IT " 
20. (1-2)'—(1--z - 2x)^ 2 (13- z)^ n . 2x (133- z)^ 


n (n — 1) 
στις 


92,2 (1 + Ds) me = 


2n (2n - 2) x 


=(1+a)"—-2ne (1+) 4- a? (12-2)^-2— ... 


1.2 
2]. The series may be written 
1 n(n—-1) 1 n(n-1)(n-2) 1 
i ο τς (ri 1:23 πρ 
- πα fi n-l 1 4, € - 1) (n - 2) 1 a 
Itne 1 πο 1.2 (lom) CU 


1 na 1 n-1 
=(1-1 ~ T+nz (1-1) zX 


22, The general term of the expansion of 
(a+b+c+d+e)i Se a?bacrdset, 
* PUree 
where each of p, q, r, $, t is zero or a positive integer and p+q+r+s+t=5. 
ies the coefficients of all terms of the type αὖ is 1, ‘5 the type atb 


* gi 


type ab% is 


-e of the type ab? is peo of the type a?bc is ay grg7 of the 
B ΠΗ D —30, of the type a?bcd is ————-—. —60, and the coeffi- 
cient of abcde i8 ü m TE SE πα 120. 


23. We have 


pero 
Beer 


(1-z-1-n24 2 07D, 2—..T(-1) k -a 4 
Fe AP: [η j-r a 
and (L4+0+0°)™=a9 + e+ asa? +... 4 aua +... 
The coefficient of z” in the product of the two series is 


n(n-1 jn 
dy apat (= 1) — — ly. 


Ay — NAy_ 
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Hence the above series is equal to the coefficient of ο” in 
(14-2 4 c)" x (1— 2)", 
that is in (1— 25)". But there is clearly no term in the expansion of 
(1—23)' in which the index of x is not a multiple of 3; and therefore 
A, — Nna, -- ...—0, unless r is a multiple of 3. 
24. Let (1x 22-4 ...27)^ — a, 4- αι + as? +... 
"anestesia μοι. 
Then (14-23-27? +... +e)" 
— 0, ta + ast σε... Γάμου + A yp + Any gr mm 
or, multiplying by οὐ, 
(1-4 224 LLL +a) m αμ + aam H aur 4... 
s i ds tg. (3). 


Now, from Art. 91, the coefficients of the same powers of x in the two 
expansions (i) and (ii) must be equal. Hence 


Ay == lnr, Cy = lny g= lno AC. 


25. Let (14-2 -- 22)^ — ay + yo 4 ... a," +... +g 0, 
then (1—2--2?)^ =a- ag ^... th- L)'aqa* -- ... a9, ^, 
and, from 24, (1 Trl epo lon + AoT +... + av ir ac? 


Hence dy? — a? +a? — ... + Qo,” = coefficient of a?” in (1 — x + 22)" (1+2 4- x2)", 
that is in (1. γα). And it is obvious that the coefficient of a?^ in 
(14+ 2? 4-23)" is the same as the coefficient of z^ in (1-- x 4- 2?)^— ap 


Thus a? — αι + Ag? — ... H Ao = Ape 
Since My = azm. Ay = Any ην KC 
ay! — αι + Ag? — ... + Ogg? = 2 ay? — a? +... E (- 1), 0 + (-1)"a,2=4,. 
26. Let (l+a+a?)"=a)+a,7+...... T aa +00... + as am, 
Then, from 24, 
(1-2 4 22) = digg — Agn—y 0 + ...... + (- 1) don ip BY + oes + av", 
Hence --αραι + Ay Ay — dois — ...... = Anim 


is the coefficient of 2"! in the expansion of {(1+g+ 27)" x (l— s+ απ, 
that is of (l--2?--2*)^; and it is obvious that only even powers of x occur in 
the expansion of (14-2?--2*)^. Hence aa, — aas + ...... —0. 


27. The general term of the expansion is 


um 


c: "m 
Gy Qs dg sorcery 


EB 
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where each of the letters a, B, v,...... is zero or a positive integer and 
&-- B--*y-......—n. Hence, if all the letters are zero or unity, the coefficient 
of the term will be [n . 


28. Let (L+a) (1-2 22)... (1c e 4- x2 4- ιν απ) 


2 gee +t), 
=+ aum... SUED 


Then (1-727) (1-- 271 4-272)... (132- ... 27") 


= al -3n (n+1) 
O EE F 


Multiply by airo. then we have 


(14 2)...(1 αι pa) 5c intl) 


‘tn (n1) Tecta 
Hence a &e. 


Put «=1; then 


ο 1). 17 Y4a(n-t1) -17 


2.3.....n¢+1)=O0+8, 


where O is the sum of all the odd coefficients, and E the sum of the even 
coefficients. Again, put v= —1; then 0-20 - E. 


. Hence 0=E=} n+l, 
29. (14-24-23?)  — {1+ (1+2)}" 


=g” (1 ED z)-4-n . qnl (1 +g ee (1 + x)” 2+ TS 


And the coefficient of x” in the series 


_ 4, ,m(n—-1) , n(n-1) (n-2) (η -- 9) 
κοκ. ατα uo 


- &c. 


30. The number of ways will be the coefficient of 25 in the expansion of 
(αἲ -- αὖ + οὔ -- αἵ + «ὃν and this is the same as the coefficient of αὐ in the 
expansion of (l-ra?-Fz*--...-r410)8. This coefficient ean be found by the 
method of Art. 263, but the result is much more easily obtained by assuming 
the Binomial Theorem to be true for a negative exponent ; we then have 


8 
( m) = (1-82? + higher powers) 


1-2 
29. . . 12 : 
{ 1+8a?+...+ oo oe x! + higher powers} 


So Τε. Πτα 
=] -- ... - [5 i a }-,... 


. 


so that the required coefficient is 792. 
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XXVI. Pages 332—333. 


1, The series is Sis MS and is therefore convergent by 


Theorem V. 
9. The series is : t i 1 sate , and is therefore 


T 


a a+b at?b a+3b 
convergent by Theorem V. 


9 
8 oa iue 2. Hence the series is convergent. [Theorem III.] 
DEO. 2n--4 3 
A anti. a ο δα, $ . Hence the series is convergent. [Theorem III.] 
"au, δπη4 4 
μμ 2n+1 2 3 
5, a= <=. Hence the theorem is convergent. [Theorem III.] 
EO WE UC 
6. Comparing the given series with the known divergent series 
μυ ο E : à n 
i + 5 + 3 + Ties .., we see that the ratio of the nth terms is pete and 


this ratio is finite for all values of n. The given series is therefore divergent. 
[Theorem 11.] 


7. Comparing the given series with the known divergent series 


1 f = ` 
L + 1 + L +—+..., we see that the ratio of the nth terms is 


Το Ὁ κα 
Ὅς... ii 
lina” x α(1--πα)᾽ 
and this ratio is finite for all values of ». The given series is therefore 


divergent. [Theorem 1I.] 


DES ei lane! A : 
8. The series is less than στρ ρε and is therefore convergent if 


osi 
If z—1, the series becomes : 4 5 = 2 ..., and is obviously divergent. 
UE" DO DT . 
If «<1, the series is greater than the series à -+ 5 + 2 wo andes: theres 


fore divergent, 


9, If «=1, the series becomes 5 + F + x ..., and is therefore divergent. 


The series is less than 1+2+a?+25+..., which is convergent if z be less 
than 1; the given series is therefore itself convergent if z — 1. 
" ε " e 1 2 p 
Thegiven seriesisalso less than the series 2d 5 -+ Z+ elc S +... Which 
is convergent if 7—1; the given series is therefore itself convergent if z 1. 
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: e ταὶ! 
10. If x=1, the series becomes = + = + ee ..., Which is known to be di- 


2 3 4 
vergent, i 
iezi, Puede and hence the given series is greater than the 
: Ae lee mal 
known divergent series gtatgte. 


1 EN $ 
ine < gu Hence the series is less than the series 
eal 1 


zo λος 


Also 


which is known to be convergent when «>1. Hence the given series is con 
vergent when z- 1. 


u (n+1) (n - 2) 
Here H = 3 
11. » (n4- 2) (n3) 7 
f > Lents > 2 
Hence Unt + Un < QUU er abri 


Now if z-1 it will be >1+ either from the beginning or after a 


n+1 
finite number of terms, and if 2<1, then z< Le 5 
Hence the series is convergent or divergent according as Ὁ is less or 


greater than 1. 


: Meal abel 1 1 Dd 
If z—1, the series becomes σος a πιο which is 


equal {ο unity. 


12. Ifz:1the terms are alternately positive and negative, each term is 
less than the preceding, and the terms diminish without limit. The series 
is therefore convergent. [Theorem V.] 


If z—1, the separate terms increase indefinitely with n, and the series is 
divergent. 


il 1 1 
13. ug zc Hence SB-zQitgtegte 
2n-1 i JR 1 
RICO περι EE = op πε» 
14. ο. anc EI" Hence 573 F5. tz 


Un cm | m 
: = m= ι----------- 
Un «e+m(n+1) c4 (n-c-i)m 


15. 
Hence, either from the beginning or after a finite number of terms, 

Ξ ς - e . 
μμ i Un — l according asm 1. The series is therefore convergent if m 1 


and divergent if m>1. 
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2 1 gr ^ 
If m=1, the series becomes zH + 217 + FE ..; Which is the series 


considered in question 6. 


16. The series is less than Av aoe und ..., and is therefore convergent 
when m<1. 
1 i , : ; 
If m=1, the series becomes earl een? "ges uites and is obviously di- 
vergent. 


If m1, m” will be greater than æ for some finite value of r, and for this 
and all greater values of r each term of the given series will be greater than 


5 and hence the whole series is divergent when m 1. 


2 
17. itis obvious that uw, n FUE 
( y 7 npn In δη 
TW IS E 1 
Hence 6S > 1'2*g* t4 t 
n 1 
dst ars do D ^ 24(n4-1)* 
1 
pen 18> yt pte Jat 
and the latter series is known to be divergent, 
il T: 1 
19. u,> dn" Hence 28 up +5 aa 
Jn = 1: D 5 1 τὶ 1 
20. w,— ση Σετ’ if n - 4. Hence 28 - EE bue 
A 1 1 ντα 
21. n= πρ Πα” Bn" Hence 3S, τας s 
Unt πι; 2n 4- 1 k Eh: 9 k 
22. "ea c (Tae 1-φπγ)» 


Hence, either from the beginning or after a finite number of terms, u Unt: Un 

is greater or less than 1 according as « is greater or less than 1. The series 
is therefore convergent or divergent according as x is less or greater than 
unity. 


15. ih all ΤΙΝΙ 
ΕΙ; the series becomes τ; ta itm e cla μη 


δε 
and the latter series is known 7 ie convergent if k > 1. 


If k=1, the series becomes + + 5 4+ Z+... προς Um x) and is 


iherelore divergent. 
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If k<1, each term of the series Σ Gm is greater than the corre- 
E 1 1 
- bo 1 1 1 A 
sponding term of Z suci and therefore Z (επ: is divergent if k — 1. 


23. The series is less than 1+2%+27+...+2"+..., and is therefore con- 
vergent when «<1. 


bl 


2 
If x=1, the series becomes Z sey which is greater than Z -. Hence 


sie 


the series is divergent if z—1. 


9nz" 2 - 6 
IEF ap Ὁ τ >D—", and is therefore divergent. 


“+l πετ’ 


04, "aul 2n-3 -5n e 21) - 3n? -- 10n? + Ldn 
" wa = DO AR 5 (n 4-1) ont 4- n3 — 19n2 + 2n 4-20 7* 


Hence the limit of u,,, : w, is x. Hence, from and after some finite 
value of n, Up : Un will be greater or less than 1 according as z is greater 
orless than l. The series is therefore convergent when z — 1 and divergent 


when 251. 

If r—1, the series becomes Σ (2n — 5)/(n? — 5n) which is less than Z 4/n?, 
and Σ 1[n? is convergent. 

25. Leir?-2z,thenZ, 1/(π3-- α) - $4 2/n?. Also ze — x) is finite, 
since r is finite and v not the square of an integer. 


Hence, as Z 1[n? is convergent, the whole series is convergent. 


ο ὑπ 
J/(n — 1) EZ n-1 TEES In 


in? -$ a" ultimately. 


Hence u,,,/|u, = ultimately. Therefore Zw, is convergent if z—1, 
and divergent if z>1. If r=1, by Art. 274 Zw, is convergent or divergent 
according as m is or is not less than 3. 


1 3 
a7. su eH LJ) 2/75) τα) (a) 
Ξ nuked ( - 113) z^ ultimately — ui τα, 


Hence the conditions for convergency and divergency are the same as in 26. 
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XXVII. Pages 341—342, 


ι. ὦ CBC9-CI DC cene. 
(-3)(-4)...(-r-2) r_(r+1)(r+2) 9 
πο πο imer ς 


(-»)(-n-1)...(-n-r-41) (n 1)... (n r - 1) 
r 


at, 


(-2)* 


2. δ...(ὃτ-- 1) 


s= ( = 1) EEG DES 


2.1.4.7...(8r-5) 
-1 JUL JT 
TS 3 Ir Gu 


_yyr-25-2-1.4...(8r-8) 


3” |r 


3. 8. 13..(5r-2) y 


(vii) (-52)"= I 
(viii) _sayr = 223: ED, 
ο τοτε 
(ix) p ( p ) ( jm 
= (ap) (a *2p)...(q r- 1p) .. 
pir c 


2.7.12..(6r-8) 8a" 


th 


μπι: 
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ο πο ών 


α 


(xii) (4- Ta)? 24? τος 


(7-1) (7-7 +3) 
=(=-1)...(5-r+1 M. 
=47 eee 15Η alles TINA 


IM ODE Een Tbe 
7 38 19 15 τς 1 0 
2. (i) 4 4 4 c 4'4'4 = ($2) 
Z 1 i 9 5 1 8 
Eo UG) 44 — (ο). 


Hence the 39th term is the greatest. 


> . 
4, The rth term is = (r+1)th term according as 
< 


2 1 
ών 2 ay 
---.- 
zm 13 


Hence the first and second terms are equal to one another and are greater 
than any other terms. 
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5, The rth term will be greater than the succeeding provided 


127 5 
; E d i 
„ele. 5 6 an. 
+l 5 TIR 
pt! 


Hence each term after the 11th is greater than the succeeding term. 


8.4.5 


Ἵν. 
6. (1-2)39-14 3041-5 9 4155 22) 4 


-l1.242.9248.4x ο -- 
Hence k 
19 -- 21z — 
(1- z)? 


The coefficient of «* is 


5 9- 21x) {1 .2+2 . 80 1-8. 4+.. (r1) (r2) a7 .. 2» 


1 
5 {19 (r +1) (r- 2) - 21r (r - 1)) 2 19 + 18r - 7?—100 -- (r — 9)? 
which is positive so long as r is less than 19, and is greatest when r— 9. 


7, Ifa, be the (r+1)th coefficient in the expansion of (1+ x)", we have 


aycu Etre, CAU Mam qq οι UT 
Cube Sea jo dank I TUR ict o TB 
Hoop! fl S hy πι πο σας 
dtd, n+l’ data, n+l Agta, n+1° 
v caras Ms 
8. (i) ἕο.) a (1 =) 


(ii) = (1+5) (1- 3E ( ; CE pom 
JS 
ia 


at 
αι μ᾽ TURIS Ip. 
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e (19) 9-2 


x τν ΜΕΣ 3 ο .1-3 5...(2r- 1) x 
=( 1+- ] 41 DURS CURSUS σεν ες 
( τα] t3 ο ο αι 2.4.06...9r mtl. 
, vcl e dp a 3.4 a2 
Hee = bal ASE Z 5 
(v) (a4)? (a- x) ας 7 lest te 
(r 4-1) (r+2) x* 
pP LAE E D YT art a . 


Hence the coefficient of x” 


Tage Wr 1) (7 +2) 4-3 (r+1)+ (r-1) rj = (2 2r +1) a7, 
4, A2 
i — m4 Pills 2 en 
(vi) (a-2)*(a--2)-3—a (a 3 (157) 
48 Te 2 c at 
=a? (- 15 6T, 74545) ΗΕ 
Hence the coefficient of æ” 
—(-1) a? lr c 1-- 4r - 6 (r— 1) -4 (r- 2) o r—- 31 =16 ( — 1)" (r — 1) a, 


9. (1-22) (1—23)-?— (1 4- δω” -- 323 -- οὔ) {14223432754 ... 
++ (n — 1) a9^—-E- na?n-3 + (n 4- 1) 99 4... V. 
The coefficient of αὖτ is therefore (n 4- 1) + (n — 1) 22n. 
10. (1422)? (1— z)-?— (1+ 6x + 122? 4- 82?) (1-- 22 - 322 ... 
(n4: 1) 2? ...). 
Hence the coefficient of z^, when n 43, is 
(n+1)+6n+12 (n — 1) 4- 8 (n - 2) z 2i (n — 1). 


XXVIII Pages 355—361. 


: A ITE x 
«(1-4 ΠΡΙ β 26 * [3 gs tem 
1 ; 
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4 ,4.7 9 4.7.10 | 
(iii) (1-2) Rr € t5 πι. E 9 23 -...3 
E 


3\-4 41 
(1-5) %=14554+——-S3+ --- ^ 
( 4 π27 pe p 4 


e ZUM 3 3. 2 eas | . 
iiy) ποτε ciam rg iur 
ο ο C68, ἄπο 
: (1-3) =1+5 tjet ot 
E δν p e ET 
(9. 57179::* 1.2.82 aa A IET 
1 1 1 
Now [1-- =1+1+3. 6814 zt Hence S=1 
$c 2 eI eh ee T 
(vi) (1-4) =l t +g? ts ego" ? 
ατα OE 
(1-5) -l*t$tg 19t6.12.18*"" 
gh uat Ghana gt 
(vii) (1+2) Fai —Se pep at DT g ; 


de 
: (a- ο τσι -5 n ΠΟΙ z T (5) - UM 


that ii=1 Tct ΗΠ whence s=}. 


9. 9 
(ix) (1-2) EERTE ; s-(1-3) 8. 
$ ET σαι TES TET 
1 luc t oS ND rS zd 
(x) (1*2) 45° -p 10 3 1 απο 4.5.9 t» 


À 25. αμ 
ο (1+5) =1+5-8. 


[Ex. 
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: 8 DENS 1208 18003-31048 
= LS g2 4 . 4 
ο ac bg quU hag ee aao t 
8 8 1 
Hence (1 - 1 πο το R δα XL 
curd rosae d Co κα η LN 
Bat Ss4\ 04)" 8.4.5 04] © 


By Airs ff 7 37 
Hence 32 1 σαι 242 πω] S, whence S= 57. 
a n(n+1)/ a WV? EX pk XL ν᾽ 
2. ia πε). Πωλ (5) ees a+b) ’ 
b n(n+1)/ b X? x DIN L 
and Eun τὰ fee Oat σεν Saal 1 zi) : 


1-—2\-* 1-α n.n+1/1-2\2 
= Ξ-- mH — ος δὶ 
8. πο) fı e a E (iz) | 


I aquo co EL. 
1 γα 114 A/(14-2) ` 
The series is not convergent unless the absolute value of Le beless than 1, 
1 
orz> - 9 B 
5. (1- 2) - γα). (192) - 2j" — (1+ 2) - 2nz (14 n7 


2n (2n 2 
4260029) 99 (1 aja... 
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7, (1+a)"™=(1+a)" (1 = zo 


1 n(n—-1) 1 
9, We have bu Topo aa} 


x n-1 1 (n-1)(n-2) 1 
(tae? 1.2 Tou 


i 
1. Νν z TENA 
-(1-ττο) -15 (1-17) - 
2y παπί 2y Ji δ. 
10. LU TUM Το zy “eee [eh 239 


Na 9 n- 2 
_(% 3j “= (1+ 2y \'=14n 2y ο (n 1) 2y x 
cy ς--Ἡ -y 1.2 \a-y 


In order that both expansions may be convergent the absolute values of 


9, 
ES 7 and = must both be less than unity, and these conditions are satis- 
fied if (3y)? < x. 


11. (L- 2o 1- na ED ga e ay Oe ary 


(1-2) 2=14+2r +832 +... τα. 4 (r4 1) a1 4... 


esi E 
Hence r - (r - 1) n4 (r D dide s ... to r terms = coefficient of z^ in 


1552 
wee n — 2}... 
(1—- 2)" x (1 — 2) 7, that is in (L- spot» (- 1p Pea, 


n (n 4-1) 


12. (1-2)-"=1l+nz+——5~ 9» 33 + ecse 


1) (n+2) 
1.2.3 


Also (1 - z)^ 2 ( — 1)” fan ENAT Ἐπ gn? al : 


ar o ποσο n de ο) 
Hence ( - 1)" fn Τρ + [5 13 


- a is equal to the co- 


efficient of q^! in (1 - z)^ x (1 - z)-^. Hence the sum of the given series 18 
Zero. 
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XXVIII] 
(1-2) = ο 9977 = ga ae d 


13. 
(n-1)(n-2) ms 


Also (1—2)"-1= (-- 1)" D DEI ty 2 Ww ; 
= 19 2_ 12 2 92 
Hence ( - 1)^1 pane it "haus aa ἜΠΗ ut = coefficient of z^ 
in (1 — 2), and this is 1. 
2_42 
aco 


n [n — qan τ = gni. n ας. ο... = 2) h.. } 


14, (1-α)-Ξ(-1) i 
4.5 25.16 
I 2 
litota a ver uot 2.8 


4.on(n-1) 4.5.6n(n-1)(n-2) 
Hence (- 19 f1 - 4n 173 33 m 


cient of a” in (1 — x)"—*, and this is zero if n 44. 


(1- 2) B+, 


15. (l—-@)?=1+4 244+329+...4+(n+1)z™+.., 
1 
(1-2) ?—,1—5(1.2-£2.9z-3. 40+... (n 1) (m+ 2)a"4+...} 


Hence = (n (n-- 1) 1-2 (n— 1) n-- 8 (n - 2)(n — 1) t ...-- n. 1.2) « coefficient 


of z^ in l-an (n+1)(n+2) (n+3). 
E T IO Da ne DO, 
Also 2(1—-2) ?—1.2--2.3x--8. 4a? E... E (n 1) (n-2) t+.. 
Hence 1.2 (n1) 7. (n- 1) ed (n- 2) (n -1)4- 

= coefficient of x"! in 2(1— z)-^-3 
(2n +1) 2|2n+1 


_ 9 QU 3) (n+4)... e ; 
NS 1.2...(n—- 1) περ] 


17 (1-2) 3-14 pyr +p + pu. 
(1-2) $21 Fp prt t ...+ pat ss 


Hence pp.» 1c pu-iPi + Da-223 t... 1. p, —coetlicient of z^ in (1-α)-1--1, 
ου 


S. A. K. 
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18. (1-2) 2-1 δια + pg? +... + puit ss 
(1-2) 5214 qax + qq? + weet dnt" + uere 
Hence p,.1--p, 144 +Pr-292 +... +1. q, = coefficient of x” in 


€ 


: Λ 1 
(1- a) ὃ x(1- α)- ὃ, that is in (1 α)-7, and this coefficient = à (r +1) (r +2). 


1 yf πὶ 2 
19. iiit) 


2 Nat 
ot Ma E hee 
Also 1.7251 (1-2) (1 E) 


—(1- z)! + 22? (1 — x)? + 23χ4 (1 — x)? + 2229 (1 2) 4... . 


The coefficient of z^ in the series on the right is easily seen to be 
(n. — 3) (n — 2) (n — 5) (n — 4) (n -- 8) 


i.3 +28 [8 A apod 


1 9 1 
ELT PEE: 1 EM Ort = 
(hatra) Psi E CRT 


14-2(n-1)4.22 


de aul 
Also the coefficient of 2” in 3 


20 1 si uda dines bt 
; 1l-(a+b)a+abe® α-Όλί-ας 1-ζα/᾽ 
The coefficient of z"^-! in the expansion of the expression on the right is 
(a* — b") | (a-b). 


Also {1 - (a+b) zc ab? 3 — (1 - (a+b) xy fı + ΕΣ 2: 


={1- (a4 b) z) 3 — abr? (3 — (a+b) z) 2 + a?0?2* 11 — (a+b) ο)-5-, 
and the coefficient of αἲ- 1 in the last expression is 


(a+ η) (n2) ab (atop ασ v qa tes 
21. (1+ 2x κα. (a + ΓΈ») 1 (1 +22)" 


=N [mem (1 at a?) 4 2n τ 7 l)on-2,m-2 (1 ah a?) 4. ES (1 τ gym, 


The coefficient of æ?” in the last expression is easily seen to be 


an 2n (2n — 1) Panes |2 . Qn (2n ~ 1) (2n - 2) (2n -- 3) νι |4 


"p MO πο E ΒΒ 
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But (1+ 2a + 22)?" — (1 4- ο) η, 
and the coefficient of z^" in the expansion of (14-2)^" is 
TE 
[Bn [2 


22. The series on the left is equal to the coefficient of <” in 


ORE EU n(n—-1) , 
(1 REL na? + 1.3 EO ooo 


that is in (1—-2)-^(1—23)*, or in (1--x-r-a?)". 


Now, if m>2n, the coefficient of ο) in (l--x--27)" is zero, and the coeffi- 
cient of x” is clearly il, 


289. i(l4c)(L-ra?) (1+) (11α8)...} (1-2) z1—29* zl, if <1. 


Hence (11-α) (1+2?) (Le2t)... = =la? Me T ese 


94. {(1-2) (L-z) (L- 25) (1-27) (1-29)...] 
x {(1 +x) (1+ 2?) (1+ a3) (1+ ο (1 +25)... } 


is equivalent to the continued product of the following 
(1 — 2) (1+2) (1+2?) (12-23) (1-28)... , 
(1 — 23) (1-- 22) (1-- a5) (124-21?) (1+2%4)..., 
(1 — 25) (1+ xë) (1 -- 219) (14-22?) (1 1- ο)... , &c 
For in the above arrangement every possible factor of the form 1-97 
occurs, and occurs only once, since every number can be expressed in the 


form (2m }- 1) 25 (m and m being positive integers including zero), and can 
be so expressed in only one way. 


Now, when «<1, each of the expressions last written is equal to 1, 
and therefore 


1(1— x) (1-233) (1— 2?)...) {(1 +x) (1-27) (11-ω3)...} z 1. 


25. The number required is the coefficient of x? in (x --α” -Γα), that 
is in zê (1— 23)6 (1 — α)-5 
ORTES ο ο ο ea TOS TIS ) 
6 3 6. 2°43. ]. 
za (1-60? + 15x «λεω poa κ M 
Thus the number required is 
697 5 ο Kin 2 lil 


L 


15-6.7.8+ =141, 
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26. From Art. 288 the number required is the sum of the coefficients 
of the different powers of x in 


(14-2 4-2? usum?) (1 -2)^79 ; 
and this sum is found by putting x—1 and subtracting the coefficient of x°; 
the sum is therefore ( p 4-1) 2^7? — 1. 


Or thus :— 


We can take 0, or 1, or 2, ..., or p of the p like things, and 0 or 1 
of each of the other n-p things. Hence the total number of ways of 
making a choice is (p+1) 2"-P-1, rejecting the case in which nothing 
is taken. 


27. The number required is the coefficient of ον in (l+a+a°+...+a")", 
that 18 in (1 —a?**1)^. (1— x)"; and this coefficient is 


r(r+1).. (r+n-1) p 
[n —ueUra* 


28. The number required is the coefficient of ὦ” in 
(1 αμα)... x) (12- 2)", 
which is clearly equal to the sum of all the coefficients in the expansicn of 
(14 2)*— 2^. 
29. The number required is the coefficient of x” in 
(l+a+a?+...+a") (1+), 
which is equal to the sum of the first n +1 coefficients in the expansion of 
(1 Fanit {233 + coefficient of z^) = 22151 + : E . 
2 3 nin 


30. The number required is the coefficient of z?" in 


(l+e+a°+...4+0™)4, 
that is in (1— amy (1 ~ z)-4 


i 


6 


(1—- 4a...) {1.2.34 ...4m(m+1) (m+2) àm-1 4... 


+ (πι }- 1) (2m 1-99) (2m 4- 3) Mm.. 
Hence the number required 


(mn +1) (2m +2) (2m - 8) -- 4m (m+ 1) (m+ 2)} 


em oie 


(m 4- 1) (2m? 4- 4m 4- 3). 
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31. (1-2z-222)-1- Ts (12) 1-52 (Lea) - 157 (12-2) 
T^ 59 1 
4 4 
τ... 
πο ub dto TU 5 SET 
= 4 ur. a 
uu 3 joues qoa Fut 


80. (laca? 4e a)8 — (1 — a) (1 — 2) 


=(1—62>+...). A WI An S ου. ο LOA 
=1 +... +246 +... 

Also (l+a+...+2°)8=(1—-#*)§(1-2)-8 

zz (1— 829 4... )og ο. 55 Dolio Sero LO ee b) Πο lec Aye 


zl-..4-792454- 


33. The number required is the coefficient of x° in the expansion of 
(a?--x-Fa?--a?-Fa*--29). But since the coefficients of terms equidistant 
from the beginning and the end are the same the coefficient of x°° is the 
same as the coefficient of αὖ; and the coefficient of αὖ in (1— 25)? (1 —2) 7 
is 7.8.9.10.11. μου 
πο ο d sata 
34, The number required is the coefficient of α”ῦ in the expansion of 
(£ +a? 4- ... + 29)*, or the coefficient of 219 in the expansion of (1-- x ... + g5}. 
The coefficient of x19 is equal to the coefficient ef xt, and the coefficient of z* 
: : m4 256007 

— «914 1... γ}-4 = 
in (1 - 25)* (1-2) is 93473 


35 1 2a — 3x ι. 2ο 1 
D 4a? + bax +922 βαξ- 2703 — i 2 8a? 


CB) GI GT) 


Hence the coefficient of x” is E (z.) when r is of the form 3n, and 


is D (ἃ) when τ is of the form 3n+1, and zero when r is of the form 


3n4 2. 


36 lez (119) (1 --αᾶ 
"sre o doe 


(1— x — 2? 23) {14223 +3254...  ma3 0870 + (m 4-1) 23? 4 ,,. V, 


Fence the coefficient of z?? is (m ἠ- 1) 4- m. 
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37. (1+20+ 33? + 433 4... — ((1- 2)?2)? 


z(1-2a)-4 Ap 8, 81.9. 8. 451... (r1) (r2) (r8) at 4... 


Β 


38. 1.2942.3243.42?4..—2(1-2)-3. Hence we have 4(1-- 9)-6, 
ihe coefficient of z^ in which 18 


ag (n2) (n+ 2) (n 4- 8) (n 4- 4) (n 4- 5). 


89. (1.242.3.2748.4.2*2 +... |^  (2(1- aU. 9n (1— 25 )-n; 
Hence the coefficient of z^ is 2"t7 (3n) (8η 1).. (9n 7 - 1)/|r. 


40. (1l4z-422?--322 4 ...?— (1--z (1- 2)?)? 
—1-4 2x (1-24) --2?(1—-2)-5—1- 2a (14+ 2x 32? - ... παν] +...) 


22 
ες (1.2.342.3.4z... +(n—1) n(n+1)a**4+...} 
Hence the required coefficient 


δες) =Fr (412), 


ie aa ae er Mes ιτ iP) τρ) 
pcd n pq 


neglecting squares and higher powers of (p — q)|(p-q) 


a/ (15:1) bet 
4l a fea στ, ptq/. . "pq 


QE) pt (n- 1)q 
— (nx1)qt(n-l)p' 


42. Since 6,/6 — 14 is a proper fraction, it follows that (6,/6 — 14)?n1 ig 
a proper fraction. 


Now 


(6V6 + 14)? — (6/6 — 14) =2 {awe et 1422-1 , 63 


(2n 4- 1) 2n 
15594 
(πε) ) 2n (2πι-- 1) (2n - 2) ο ρα (2n +1) 
LUE μα ως 14 en). 
Hence (6,/6 4-14) — (6/6 -- 14) is an integer, and therefore, as 
(6/6 — 14)?^ is a proper fraction, (64/6 — 14)?^*1 is the fractional part of N. 
Hence NF=(6,/6 + 14)2"4 (6, /6 — 14): Mti gon, 
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43. (34/35)? — (3,/3 — serica len QUEUE βΏν-1 38 4 
2γ 4-1 
pon 


Also (34/3 — 5)?" is a proper fraction, and therefore it is the fractional 
part of (34/3 4-5)?^. Thus 


F (I+ F) = (34/34 5)ir* (34/3 — 5r 292r, 


5. η Ξ an integer, 


44. e Dm a rmn dm EN- 
Ὁ; 


d gom—4 , T τη = an integer, 


Also (3 — A/7)?^ is a proper fraction, and therefore (3-r,4/7)?" 4- (3 — ./7)?" is 
the integer next above (3+,/7)?”. 

Putting Ij for (8--A/7)?' 4-(8 - /7)?", we have Ig, ο. Ip=Top+2? . Io 4, 
that is 1,.—29 . 1,  — 2? mu Hence, if I4, , is divisible by 27-?* and 
Typ) by 27, then will I,, be divisible by 277. Now it is easily seen that I, 
is divisible by 2? and I, by 2°; it therefore follows that J, is divisible by 24; 
and so on indefinitely. 


45. As in 44, it is easily proved that the integer next greater than 
(84- 5)" is (8 +45)” + (8 — y5)”. 
Putting I, for (8+,/5)" -- (3 - J/5)^, we have 


DEST s ME peer tin occaeca): 


Now so ο ο ΟΠΗ... απ. 
Since I, is a multiple of 2! and I, of 29, it follows from (i) that I, is a 


multiple of 2°; and then that I, is a multiple of 27; and so on for all odd 
values of m. 


Again, since I, is a multiple of 2? and I, of 24, it follows from (i) that I, 
is a multiple of 36; and then that I, is a multiple of 25; and so on for all 
even values. Thus I, is a multiple of 2™ for all integral values of m. 


* 
1 γή τα i cy 
l+et+y —— l+a+y 


=1+ay{1-(e+y)+(e+y)?- 
+(- 1)mtn-? (a+ ymtu-2 4 .... 


The coefficient of x™y”? in the expansion is therefore the coefficient of 
gi m-191—1 in (-- 1)7-t (a + j)m*7-?, and thus is 


40. 


[ποπ 3 2 


μα μμ 
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c 


ü-ay-e ^ (1- z)-?[1 -- ez (1 — 2)?]71 


=g (l-2) + cx? (1 — 2) 4 4- 223 (1. — 2) 54... 
The coefficient of # in æ (1 —2)^? is r, 


47. 


the coefficient of æ” in ca? (1 — z)-* is BU 1) r (r +1), 


the coefficient of æ” in c?23 (1 -- 2)-95 is = ur 2) (r — 1) r (r 4 1) (r 4-2), 


[E 
and so on, Hence the coefficient of x” in the expansion 18 
e. 2..1) (02 — 92 
rec En een ae 
E I 
48. 2(1-2)-321.24-2.8x2 4-3 . 4x? +... -- (9n — 1) 2n . à?"72 4- ..., 
n (n — 
ic y 


and (1-23 — a7 En. x gma 4 —— αι Επ. 2? 4-1. 


Hence 1.2n43. . 5. Δ .*(2n-1)2n.1 


is the coefficient of απ in 2 (1-- x°)” (1 — x)=? 
Now (14-22)^ [2 —- (1-2) (2- (1 — 2)]]^ 
=M q2^3 (1-2) (2- (1- z)) +n (n- 1) 2-8 (1— x)? (2 - (1- ο) 13 
+other terms containing (1— α)ϑ. 


αν ο ο. ος : 
Hence 4 US = ta ü ap το ond AD integral expression of 


the (2n — 3)th degree. 
Hence the coefficient of z?^—? in the expansion of 2 (1 + 27)" (1 — z)-3 is 
(2n — 1) 2n 


ο 1-3 n . MH (2n — 1) --n? . 9^—9" , $2, 
1+)" o ο) ἐπι Qn 2n-1 8 4 
49. i oi i ü- LAS apr = + an integral expression of 


the (n — 2)th degree. 
Hence the coefficient of "t7! is 2? (n -- r) 2 m . 2^-1— 99-1 (n 4- 27). 


3 1} π 
η: ine pu m a nee 
' (1-229 (I-9z] — 9 ü-2zp ΠΠ πο an integral 


expression of the (n — 2)th degree. 
Hence the coefficient of 2^7! in the expansion 


δα. 
~ on 


{(n+1) antl — 3n , 2π{5-1} =( — 1)" 2r-1 (r — 9η). 
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51. From Ex. 4, Art. 294, we have 
a* -n (ab e D a + 20)* Μετς D)" |n. 
Put a=n and b= —2; then 


p 2 


m^ — n (n — 2)^4- (n -- 4)* - ...—2^ |n. 


52. From Ex. 4, Art. 294, we have 


layi 1x(a4b)yl!14(a42b)y4 ™ 
pur 
7 {14 ay7} {14 (a D) y)... ατα γη) YAY 

The coefficient of y-"—! on the left is 

(-- 1)* [ea — e, (a+b) ...]. 

LHE 
(ray)... {14 (amb) yT} 
moe 

1η {a+ (a+b)+...+ (a tnb)? + higher powers of y71 
is - jnd” {a+ (a b) +...+(a+nb)}. 


The coefficient of y-"—! in 


that is, in 


n (n— 1) 
log 


(a E 2b)" = 


1 
EM 


Hence a” -n (a 4- bn + 


- 1)" In + 10^ (2a +n). 


53. Let the three terms be the (r+1)th, (r+2)th and the (r 4-3)th terms 
in the expansion of (14-2)". Then we have 
(usnm TI) t tr 
Ppt (r+1) ao Pr= T4127" 


T 
whence (n— 7? -- (2r +5) (η -- 7) +7 ΞΟ + 5)?= 16r +17). 
Hence, if n is rational, 8r+17 must be a square, and therefore an odd 
s 1 
square (2g+1)? suppose. Then, if 8r - 17 — (24 +1), r=54 (¢+1)-2; and 


1 3 
therefore η τς (2r+5) = +z (29 +1) gives n=(q +1)?- 2 or n=q?- 2, 


54. Let (1+ 2+ 2?)"=ap) + aye 4- dot? +... + a t™, 
Then [see XXV. 24] 
(1-4 2 +27)" = aq? 4- 344297 + a527073 +... + Gs. 
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Hence Za,?— coefficient of z?^ in (1-- z -- x?)?^, 


Now (1--z- 2?)?^ {1 γα (1-- 2) |^ —1-4- 2nz (14-2) 4- ... 


[2η [2n 
+5 (14a. 4I —— 9t (1 4p a) 4 ss 
μι jn mir m-r 
2o intr 
and the coefficient of z?^ in z^*f (14+a)™'" is —————. 
[n-r |2r 


Hence the coefficient of 2?" in (1-- s+ x°)?” is 


em puer p 


$^ i n =) 
mnyr m-r|n-r jr’ ο. [2 |n-r p-r' 

hieh is t ος 

whieh 18 the same 2 Bs-£EIEC 


55. 4-ρἡ-α-α πα nA 


—(l-2z)7-r.z?(1—2)-?r724 d (1-a) με... 


Equating coefficients of a”, we have 
ut (r+1)...(r+n—1) 2r(2r1)...(2r-- n - 1) 
n e 
5 (272) (2r -c3)...(2r--n—- 1) , r (r-- 1) (2r - 4) (2r 4- 5)...(2r-n - 1) 
: [n - 2 TER [n - 4 


ES 


Hence, dividing by (2r (2r +1)... (2r +n -- 1))/[n, we have 


T (r  1)...(r--n — 1) E π(α- 1)  n(n-1)(n-2)(n-3) 
gr(2rkl).(grin-1) 2(Qr«1)" 2.4 Qr+1)Qr+3) 77 


Qn 


XXIX. Pages 369—372. 


84 A B 
h T ee ο 
1, Assume that Sete s 
then 38x2= A (x+1)+B(x+6) identically, 
Putting x= -6 we have 4-51 
: 3 
and putting z=-1 we have B=- 


δ᾽ 
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2. Assume that abs = E E ; 
then £4 1-4 (x-3)+B (x-2) identically. 
Putting 1—2 we have A= -δ, 
and putting z=3 we have B—4. 


3. Assume that 


x A B s σ 
(r-1)(43)(245) +1 “£243 £45 


; 


then w= 4 (x 4-3) (z 4-5) 4- Β (x 4-5) (x 4-1) - C (x 4- 1) (x3). 
Putting in succession — 1, — 3 and —5 for x, we have 


1 3 5 
πιο, B=z and al 


4, Assume that 
a?+1 A B σ 


z(æ+1 c σφι ας η) 


then α 4- 1— A (x 4- 1)? - Bx (x 4- 1) - €x identically. 


Put z—0, then we have 4 —1; put x= —1, then we have 2= ~ C ; equate 
coefficients of z?, then 1= 4 + B, and therefore B —1-— 4-0. 


5, Assume 


8-2 _ αϐ M B e ge. 
(2-x) (1+) 1l+a 2-x-« (2-2)? 
then 8-x=A (2—x)?-- B (1--2) (2 - 2) -- C (14-2). 


Put x= —1, then we have 4—1. Put x=2, then we have C=2. Also, 


equating coefficient of z?, 
0—4A - B. 


6. Assume 
a?-p c1 4 B Cc 


4a? +w +b Peete eae a. 
then w+a+1=A (z-2) (c — 3) - B (0-- 3) (x +1) +0 (w+1) (x - 2). 
Then put in succession — 1, 3 and 2 for a. 
α- --ὂ 4 tr τς 
(a +2) (2? 4- 1) 7243 X LS, 
then x? — 8 — A (a? 1) 4- (Bx 4- 6) (x 4-2). 


7, Assume 
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Put «= —2, then 1—54. Equate coefficients of x? and of a; then 


1=A+B and -3—4-20, 


4 8 
whence B=; and C 
8. Assume 
1--τα-- αἲ A B σ 


(1432)? (1-102) "1-10z 143s " (1+3a)*" 
Hence 14-7z—2?-— A (14 3a)?-- B (1— 10x) (1 32) *- C (1 — 102). 


Put C= then A=1; 


0 
1 1 
put ο.) then ο πη 


equate coefficient of α”, then - 1—94 -- 30B, whence B=} è 
9. Assume 


-s41 _A Β 051 
@+ 1) (x-i)? w-1° (-1)? 241° 


Then az?-2z-1-—4A (v-1)(a?4-1) 4- B (z?-- 1) - (Cx -- D] (z— 1)*. 


Put z—1, then B= Substitute this value of B, then 


tm 


(z -1)?=2A (x — 1) (z?-- 1) - 2 (Cx 4- D) (x - 1)?, 
therefore £$- 1-24 (x?-- 1) - 2 (Cz - D) (v — 1). 


Now put z—1, then 4—0. Equating coefficients of x? we have C=O, and 
1 


1 
then D==. Thus the gi fraction == c 
n e given fraction σο-τρ + τη" 


2 


10. Assume 
5-9z A B σ D 


(1-355 {το (1-30) ^ (182p * 1-8z^ 


Then 5—9z- A (1-32)? - B (14- z) -- C (1+2) (1 — 32) 
+D (1-42) (1-32)? identically, 


Put «= —1, then adu. Put z-j. then Bee 


3i à Equate the coefficients 
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ofa? and of x°, then -274+9D=0 and 5=44+B+C+D. 


9 
Hence D-34- 3, and then 
"UB ο. ο οὐ 
ο a 
11. Assume 
62?--r—1 A b σα-- Ὀ 


(8*1)(9-3)(243) z-2*z48 ^" 41^" 


Then 
6a? + x — 1— A (x +3) (2? +1) 4- B (x — 2) (αὖ +1) +(Cu+D) (x — 2) (x +3). 


Put z—2, then 4—1; put x= —3, then B= —1; equate coefficients of αὖ, 
then 0— 4 +B 4- C, therefore C= —4— B= —1--1—0; equate coefficients of 
οὐ, then —1=34 -2B — 6D, therefore D —1. 


22 DB TE UD. 
12. Assume G ορ (s-29 2-2! dl 


then 4&3 --2 — A (a? -- 1) }- B (x - 2) (a? +1) + (Cx + D) (x -- 2}5, 
Put c=2, then 4—2. Hence 
a? +2 — 2 (a? - 1) « B (x — 2) (a? 1) - (Cx 4- D) (a - 2); 


or by dividing by x- 2, 
æ= D (x? }- 1) 4- (Cx 4- D) (x - 2). 


Que 


; and equating the coefficients of z? and of x? 


il 9 
we have 1 — B +C and 0— B - 2D, whence C-g and D=z. 


Now put z—2, then B= 


ag A B  Or4D. 
13. Assume (5-19 (a2 FH = mali ead T rd 
then a?4- æ= A (a?-- 4) +B (α-- 1) (a? -- 4) - (Cx 4- D) (x - 1)3. 


Put «=1, then A= z Hence 
ο το D) (2-1); 


ES 5 (3e-+8)=B (x! +4) + (Ca D) (a - 1). 
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Now put z—1, then B— 2 ; and equating the coefficients of x? and z? we 
have 0=B+C and 2-4B- D, 
i 11 4 
whence C=- 95 and D-35 : 
14, Assume 
a?—9*--1 Á B [0] Dr+ E 


p* 


(s-ij(z-3)(03841) 2-3 G-1p z-1" γι’ 


Then z?—2z4-1—4 (a — 1)? (x? - 1) +B (z - 2) (a? 4- 1) 
+ C (x — 1) (x — 2) (a? +1) + (Dz + E) (x - 2) (x - 1). 


3 
Put x-1, then B= - T put zz2, then A=; 


Bt 
Put «=i, then —i=(Di+ E) (i— 2) (- 2%) ; 
therefore 1-221(- D-(E-2D)i - 2E], 
and equating the real and imaginary parts we have 
1=-2D-4E and H~2D=0, whence D= Ill E=- : 
Equate the coefficients of z*, then 0= 4 + C + D, therefore 
B. d 1 
C= - 5 + 10772: 
15. Assume 
142z A B. 6 D E F 


+P atl) e 5x xxl! wt (t x3 


Then 1--2x— 4 (z 4- 2? (x+ 1) -- Βα (x+ 2) (x+ 1) + Cx? (α + 2)? 
+ Da? (x +1) + Ea? (x 4- 1) (α +2)+ Fa? (x+ 1) (x 4- 93, 
Put 0, —1, —2 in succession for æ; then 


4-1, C= -1 and D-j. 
Substitute these values, then we have 
8Bz (x +1) (x +2)? + 843 (x +1) (c--2) 1893 (x +1) (ας 2)? 
=8 +162 — (x + 1) (x + 2) + 82? (x + 2)8 — 62? (x +1) 
= 825 + 47a4+ 8823 + 4052 — 4a 
=x (x+ 1) (x +2) (8x? + 23a — 2). 
Hence 8B (x + 2)? + 8Ha+8Fax (x 4- 2) = 82? + 23x — 9. 


XxIx.] PARTIAL FRACTIONS. 153 


Now put z—0 and we have B= ~ put z= —2 and we have H=1; also 


8B+8F=8, whence F= a : 


16. Assume 


l42x ς᾽ σ D E F 
æ (æ+2) (x-1) a? G+ EF "2437 


Then 124 (x +2)’ (x-—1)+ Bz (z — 1) (w+ 2)? + Cx? (x — 1) 
+ Da? (x — 1) (x 4-2) + Ez? (x — 1) (w+ 2)? + Fx? (x + 9}9. 
Put 0, 1, - 2 in succession for «; then 


A= -5, F= : and Q—-. 


Substitute these values; then we have 
72Bx (x — 1) (x + 2? + 72Da? (x — 1) (w+ 2) + 72H x? (x — 1) (x + 2)? 
72-4 144x + 9 (x — 1) (w+ 2)? — 18x? (x — 1) — 82? (æ + 9)9 
= — 82° — 3924 — 692? + 8x? + 108x 
= — g (x — 1) (x + 2) (83x? + 31x + 54). 
Hence 72B (a+2)?+ 72Dx%+72Ex (æ+ 2) = — 8x? — 31x — 54. 


en 


Now put «=0 and we have B= - is put «= —2 and we have Dl 


6? also 


72B +72E = —8, whence E= τη 


a+4 2 i AN Ἡ E 
= -- xx (a [ee zo Ἱ E 
17. α +5r+6 £+2 «+38 ( +5) 5 +5) 


=... +(-— 1)” (2-3-7-1) ary 


r-2 a 4 ee E 4 
18. (c-2)(z-1? ^ 9(z-1) 3(z-1? 9 (z+2) 
4 RM 2 a2\~3 
Kua 2) !-3(-2) *-$ (195) , 


in which the rem of z^ is — 


pitt Olea genes 
19. (32-1)(z42) 2-1 xz+1 +2 


-1 
- (1-7 2)31- 2 (14 z)3 + 1 a (1 3 ; 
in which the coefficient of 2? ig — 1 - 2 ( — 1)?n—1 + ( — 1)?»-1 2-2n =1 — 2n, 
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90. The sum required is the coefficient of z"-! in the expansion of 


3—2z 
(1-22 — 322) (1 - x) 


[Art. 287]. 


" 3 - 2x ο να μας. 

OW .ü-3z-33)(ü-a) 8(l-8z) 4(-s) 81ο) ) 
eee « v RUTAS $ 
in which the coefficient of z^-! is 8 8η -- τις (- 1)η-1, 


21. The sum required is the coefficient of ο”-1 in the expansion of 


2—5z , 
(1— 5x) (1— 32) (1 — 2x) (1 a) ' 


2--δᾳ 
(1 — 5a) (1 -- 32) (1 -- 22) (1 — α) 
_ 135 9 4 3 
= 94 (1-62) 41-59 8(1-2x) 8(i-z)' 


1 1 1 3 
i 1 o i Ml ig — 52. — Bnd _ = onti a8 
in which the coefficient of x 18 5 5 8 5 2 tg . 


Now 


22 (1-z)' 12- (1-2) μα an na") m(n—1) a8 int 
"αν αρι οπών τα προς id Us 


gral expression of the (n — 3)th degree. 
Hence the coefficient of x^ is 
271 (n +1) (n +2) - n2?3 (n 4- 1) +n (n — 1) 2173 —97—9 (n2 4- n +8). 


(1+a)" 
(l-a)4° 


Now (1+a)"(1—a)~4= (2- (1- 2)]^ (1.7 2)-4—2" (1— z)-* - n2^-1 (1 --ᾱ) ο 


The sum of the first n coefficients is the coefficient of z"— in 


+n (n-1)2"-3(1- z)-? TR EAT (n — 2) 2^-3(1— a)71 


+ an integral expression of the (n — 4)th degree. 


The coefficient of z^ is therefore 


n (τι - 1) (n+ 2) 


2n - 1.2.3 -πΏπ-1, 


n (n 4- 1) 
152 


ο ο (n - 9) 2-4 
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8 n 
S ανα 
14-32)" 22 ENS 
23. πω ων {(1+2x)-? - 3n (1+22)7 


+ an integral expression of the (n — 2)th degree}. 
Hence the required coefficient 


1^ 
-( - 5) (n r4 1) (- 2*7 — 8n (-2)"+7} = (-- 2)" (γ 1-1 2n). 
24, Since (0 -- αι) (z-a)... (x-a nm (aitat... +a) z"^—-- terms 
containing powers of z lower than απ” 1, it follows that 
(0 — αι) (z — αν)... (z — a4) {£  à4 c ag - ... c a4] amr 
+ terms containing powers of x lower than a. Hence we may assume 
ant A, A, An 
ο ατα Ud. Gg) TB yt gt one ty IL — +.. 
Multiply by {(α-- αι) (z — a5)...(z — a,)] and put c=a,; then 


αγ A, (a, — a) (αν — a)... (Ap — αρ). 


25. 1(1—2)(1— ez) (1 — c?2) (1 — &?z)) 1 ean be expressed in the form 
A (1—2)-1-- B(1— cz)! - € (1 — 2) + D (1 - cz)“, 
and the coefficient of αἩ- 1 in the expansion can then be written ο 


Or thus : 
1 


Let ποτ πμ ο μάς tiiv TAS + "TTD (i). 


Change z into cz ; then 


1 
(1 — cz) (1 — c?) (1 -- e3z) (1 — e*z) 


Hence (1 — 2) (4o 4- 412 +42? 4- ... +A,2" 4+...) 
Ξ(1 - ctz) (4) + A02 + Agc?2 +... HART +...). 


Equate the coefficients of z" on the two sides of the last identity; then 
Ap- Ap 7 Aq — Αν. eng 


= Ao + Aqez + As? +...4+ Αγο ο, +... (ii). 


1-- οΓ18 
S ατα 4-12 hence also 
1-08 1-- ο | (1- er*9)(1- en9)... (1 — c$) 


Are grt Τσ οι ή (1- er) (1 — e73)...(1— e) áo 


But A, is obviously 1; we therefore have 
(et) (L-e) (L-e) 
ro  Q-e)1-c)ü-co) * 


S A. K. 1l 
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26. From Art. 300, Ex. 4, we have 
qmi : 
a-oa- 9) (a - a^) (a - V) (a- ο) 


Take the six terms included in Z in pairs. One pair of terms ig 


Hy—3= = 


amta a'™ t2 
(a-i) (a- c) (a - 4 (a - V) (ac) Τα --α) W- (a - c) (& - V) (4 - e) 


ama 


am 


" a?bc (a^ — am) 
~ (a - a") (a — b) (a — c) (ab — cc") (ac — bb’) ` 


Hence ads (b — ο) (c — a) (a — b) (bc — aa) (ca — bb’) (ab — cc’) IT. 


abc 
=a (b — c) (bc — aa’) (a^ — a/")l(a/ — a) +... 


27. From Art. 301, Ex. 1, the coefficient of α” in the expansion of 
(1 -- ex) (1 -- 22) (1 4- c?2))... (1 -- c^) 
is equal to 


οἷν (1-1) (c^ -- 1) (c1 — 1)...(en7-7 -- 1) 
(c-1)(c71-1)..(c-1) ° 


Now this coefficient is obviously an éntegral function of c, and therefore 


f(c* — 1) (c7 — 1)... (cn7 — 1)} is divisible by {(ο-- 1) (c? —1)...(e — 1)}. 


28. Let (11-οα) (11-05α)...1ο infinity = A49 + Aix +... HAT +... 


Change z into cz; then, if c be numerically less than unity so that 
l4c^r-1 when πι 18 very great, we have 
(1-F c?x) (L+ οὐ ας)... — Ao 4- Αγσα}-... 1- Αγοτα +... 
Hence 


(14- c2) (4 4 Ayex 4 ... HATT...) =A HATH uuo Aqu... 


" Equating the coefficients of æ” on the two sides of the last identity, we 
ave 
Aq D- PECA Αρ} 9 
e" 


eC τα T. το 
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whence we have A + +e — Αρ 
and it is obvious that 4,1. 


29. Let 
(1 -- ex) (1 -- c?2) (1 4- οὔα)...1ο infinity — Αρ 4- 41 o... E A Lon +... 


Change z into οὖν; then, c being less than unity so that 1+c?"y=1 
when n is very great, we have 


(4 -- ὤσ) (14-692)... — Ao Ax |- ..+4,c%ar+.., 
Hence 
(11-02) (Aj+A,c%e+...44,0% a7 + ...)=(Apt diet... +4,07+...). 


Equating the coefficients of z” on the two sides of the last identity, we 


have 
A,= 4,07 + Αρ Geor, 


ert 27-3 c 


Hence Αν γρ . foe Toe 4u 
and 4,—1. 
1 
30. Let —Ag- Am. Aut... 


(1-2) (1 -- ex) (1— c?z)... 
Change x into cz; then 


1 
(1 - ex) (1 -- σα) (1 — cès)... 


Hence, as c is less than 1, we have identically 
Apt Aqex ... 1- A erat +... = (1— 2) (49 Δια... ART ...). 


Ξ Ao tHL CEH... H ACT 4+... 


Hence Auc" — A, — A 
1 1 1 
whence E pu . foe τς 4ο 
and 4,—1. 


31, Let the given expression = 4, + AT +... -- Av" 4 ... 

Change z into cx; then we have 

(14r ex) (Ag+ A402 +.. Αγσα” t...) (1-7 2) (Aot Att Am Ho) 
Hence AC 3 A, Ap Ai 


11507 
1-6 


s Αιξ 


t 


4-1) 
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^ 1 
(Ae) (1-7 673)... (1 0) 
and therefore d zi c^) (1 E ct TE s c) Us 


Also A, is obviously 1. 


89, Proceeding as in 31, we have 


1-4 ez) (A4, 4- 4164 +... HACI +...) = (1 - ος) (dot Ανα +... 44,0" uu). 
0 


Hence Ae’ +A, qe mA — CA, η) 
€ (c7 4-1) 
Αγ r Arp 
and therefore 
σα (13-6773) (13- ae EE) 4 
πι ασια edes I c 
1-1 

Also 4,—1 and therefore 4,¢+c=A,—c, so that A, t > -- . 


33. The coefficient of z^ in the expansion of the expression on the left 
is easily seen to be 


1 -- ya tya? + yar + ...... 
which is equal to (1— ya”): the whole expression on the left is therefore 
gær 
equal to Z ο. 


34, The terms on the left are 
2+ w+ w+ at B αὖ ..,., 5 
Qa? + 9z*-- 229 -- 248 -- 2219 4. ...... 
923 + 829 -- 329 -- 3x1? HIT Εν... 
444408 + 4913 -- A916 40°04 2... 


Taking them in columns instead of rows, we have 
Lam αχ ψ x τη 
(1- ο)” (1- 22)? (1-23)? T Gate 


35. The terms on the left are . 
T HLHI +74 4... 
x?--xí-pa9 {28 n. 
408459 qal... 
αἱ -αδ -- a4 7164... A 


DID 


The top row and the left-hand column together 


(S ga lac 


ita Pee dort 
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Remove the top row and the left-hand column ; then the top row and left- 
hand column of the remainder together 


a4 xê 1+2? 


XXX. Pages 378—379. 


X 


RIS 


n 


95 r 
| . But the limit of (1+5) when n, and 


therefore also --, is infinite is e. Hence 


2. (sy uini ο 


when n, and therefore also "RS infinite. 


3 and 4, (-1 Pd 2m ^k = or gonna OIL) gn-2* _ 


B 


[Art. 305]. 
Equate the coefficients of απ]; then 


n nh (n - 1*"  n(n-1) (n-250"n , 
μι. πια «1:9 1 Ifl το 
1 
2 


n n+ 1 Lynn -Nn (n x y pu (n = 2)" τὸν 


Equate the coefficients of at; then 
. 


n m 1) 1 quum Nod nie 5 
δ ἘΠΕ ες αν” 


^g" (3n 4-1) |n 1-2 =n — n (n — 1)"*? +... 
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1 T * ο ον =e 

9. ( ος > hig hee y 
oou 1 ees 

and (1- 1*7 pt )= 


Hence the product is e . e ? — 1. 


6. ος ορ ος 
μαι 


00 ο ο 
7. 2S=2+ + Pei ee Toc But 


CC UR ἃ ΓΒ: 
"MAE: 


-(*i* Bt i at )* Γη atte ‘ite 
8. (stt pt 9) - (μη iti ca 


1 1 1 
=(1+5+ statat) ΠΝ p+ FA sje cene, 


lt ML B 


9 x - + i + 
Sara a ρα O C) 


EET ως νο, 
"Ag BIAR Bb) "Vea βαει)᾽ 
ια. 

πρ BHE S 


10. We have to shew that 


l1 i 
E B dme at des ie BE M 
or We which is obvious. 

το πι 

2 (15 Hoe J 

rl e+e 2 4 
v= = SIC παω ES 
ε e-e T0: mE ) 

3 


E 


EE 
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XXXI.] 
1+2% (113α}} (1422) 
12. 1+- Ἔ do eom. e, 
E E B 


and the coefficient of a” in the expansion of οὖς is 21 [n 


XXXI. Pages 385—388. 


w+1 s+2 +n 
1. Ιορ(α!{π)-ορα. A φον, A 
a+ Z+2 21-71 
=log kiss Ἔ]ο στι. Meter Lj ec m i’ 
1 1 
Ds log, /12=5 log, 12= log, 3 - 5 log, 1-1) 
1 Jb etum 
= [oe (14 5) - log, (1-3) -3 g 108. (1-7)=2(5+5 gree ) 
ον τν τι 
2 2433*343* ο 
ο ο ο αι 
=l+(5+5 (δες prere 
i 1 
1-5 UE 
1 8 9 IS TN DETUR T ) 
By g 108, 10—5 log ο pb ate Bt sevens § 


ο Aes hs δι 
4, 2loge2=14+1-5-g+5+3-q7-Gt sees 
εν το ος ες ο eed. et 
το δα 6 IE EU EGIT GT T 
9 9 9 
ΠΠ 873 κ ρε S 
1 1 1 1 
41052—5—473.8'8.4.8 8.6 τί" 
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162 
5. eet ete 
at, un πο 
-ptgputpgte? ο στ i ) 
B g+ +2 (log, 2 - a) , from question 4, 
=3 log, 2-1 
6. Put “= E and therefore SI az] in Art. 309, (iv). 


E: εἶ οι ᾳ3--1 
τε πο B Gli 0m 


3. tog, 2+2 l jog, Qaa 
: οι ο 3 * a2@+a?—2ax 
l 2ax 1 2az 2az l/ 9αα M3 
a log, (1 aan) 22 log, (1-42 2) προ 2s 3 (ση) Spades 
lcu 1-2?-42ur 
9 = 
9. log τ : 1 - x? δι 
Hence 
z3 ας |. 2a 1 ος SNC RI Qa \5 
u(e-F+5- ο )π - s (5) +5 (qa) + See r 
10. We have [Art. 308] 
v (x-1) , z(z-1)(r-2) , E (x—1)...(z— r-- 1) 
l+ay+ πρ y UIN NE GEO LO. p pee m |r σος ghe x 


2 
=1 +z log, (1 + {loge (1 - y) t ...... 
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Equating the coefficients of z? on the two sides of this equation, we have 
2 *142 1.24+2.34+3.1 
ος τι ο ο ο in 4 
{loge (1+y)} 945 πη T gt sese 
γέ ips ae 
+(-1) eG bat ος eie tU ASA p 


tah log, (1 +x + z?) =log, (1 — αὖ) — log, (1 — 2) 


Hence if n — 3m +1, or if n2 8m + 2, the coefficient of z^ is = but if n=83m 


z EISE 2 
the coefficient of z^ is - - == —-. 
n mn n 
8 


12. log,(l-x42?)-—log,(1-4-233) —log,(1+a). Hence 


1 Toi nest 
Gs Gg + αρ] m -(1-3)-$-:)*G-5)- ..... 9 


2 POST 
zit 2*3 ee oo ΠΣ 
l+a+z 1 γα 14-23 
19, eT eee πο μμ 
ο TE ATE ABI 
ρα 


14, The coefficient of æ” on the right is easily seen to be 


ΤῊ MR 1 aet pi iste 

TF £- ποπ nyit gp» σοι TM +(-1) E. 
1 Ir : 

E 0 a — | [Art 209, Ex. 2] 


|r ^ (n 1...(n-7) 


zz coefficient of æ” on the left. 
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15. Since 21og, (1 - x) z log, i -x (2-x)}, we have 
z areor, 
r 
Hence = = coefficient of z^ in 


a" (2 --- zo A απ] (2 > TT. E q^—2 (2 = Diaan 


5 "P AES d es 
Qn (n —3) (n — 4) (n — 5) 
Εως νι αλ ιο η 
Um τν. WEZ τος Β an eem 
SN La οι NL scd ED) PUE 
Hence 222^ — n. 2^-1-- 1.3 2 1 278 2 CITTA 


1 1 
es = — c =) -x2 
16. log, il = mpg l5 (1 — 2) (1 Ex g2 log, (1 2) log, (1 L ) 


n c gt ar gent qn 
= Cero ο Seis x2 πο. — ea? 5 ---. 
ls bm bad «teste } zai 3 


ena e-i : : 
17. i—; te +... ter, and the coefficient of 2” in 


the last expression is obviously 


mrt n?z? | m3z3 E 
zac E y PE 
Also = 
1-e-* c 
fr up 


grt Jb pu WU -)+ Πρ pu A F -] 


whence the required results. 


ek* 


. ml. 
I ην, sts 


Hence the coefficient of xr in e” is L ο 
r^p 

let f 
Also e =e E “=e{1+(24+5+...) 
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1 $ ; : ς 
Hence — = 7. —coefficient of a? in the last expression 


Bo fm 
Hu 
Ao iam? le (isa) pp e 


n  n(n—1l) 
12 + qq 


19, 1+ 


+... is the coefficient of z* in 


irent ecd 2D ui. js iem s +5 ROM AE 


E 
that is in (1+ ze (1+2)™er™ 


πο Cre Er ; 


prio p 


=;[a 4 a)n (14a) 


in which the coefficient of x” is 


nl, (n4-2) (n4-1) | (n4- 3) (n4- 2) (n 4 1) 
pug PB C BB +]. 
στι 1 TOS IET 1 
20. i t3t*3t- αρ E 
1 1 
T bn apo o ge 
Hence : : + n ο M MM 
mn ^ n42 ο ΕΙ 222208 4 2n 


But, when n is very great, the series on the right is equal to log, 2. 


21 
91. We know that e121-r1. Suppose then that eit? rt. ος 


1 
then Sb Dast tzr >(1+n)e P» Len) Les [nens 
Hence the theorem will be true for n+1, if it be true for n. But we 
know that the theorem is true when n=1; it is therefore true when n=2; 
and so on indefinitely. 


1 X A 1 
Since ei * ts >l +n, it follows that log, (+n) «1 + M ES +. 
il 


ual 
Next to prove that 1+log.(1+n)>7 tzt i 
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1 1 1 1 1 ny 
or ια dus jut i or 1«4n»eztàtu tw, 
1l 
TR TTE TEST T 
Since e” =1+- rt Το η it zi. EI yt E 
αι πα πον A n 1, 
ο. εξω rl ger SUNT 
22. Put -ωξα, -—y=b and z4gy-c; 
then a+b+c=0, xy (x4 y)- abc 
and w+ xy? — — (bc-- ca 4- ab). 


Since a+b+¢=0, we have as in Art. 308, Ex. 3, 


1 : . 
- (a* + br + c") = coefficient of α” in 


i 1 
(pz? ga) * 5 (pa? + qi?) 5 (pz? + ga? ...... 
where p=- EC and q —abc. 
Hence (1) d (αἵ -- 07 ἠ- c") — =z . 9p*q — abc (bc + σα +ab)?. 
i 1 11 11 11 4 3 3 2 
(i) jq (a UU + cl) m pq + pg? — pa(p? +9”) 
abc (bc + ca + ab) { (bc + σα + ab)? + a2p?c23. 
A 1 
(i) — 15 (a+ UP οὐ) = 2p? + pq — p*q (247 p*) 
- abc (bc +ca-+ab)? { (bc 4 ca 4- αὐ) 4- 2a?b?c?l. 


23. Put —~x=a, —y=b and x+y=c; 
then a+b+c=0, ay (z4- y) — abc, 
and ο ση +y’= —(be+ca+ab). 


Hence, as in Art. 308, Ex. 3, if p= — (bc pl aud g=abe, 


E 2 
= ze n 4- 033 + ¢2”) = coefficient of <% in Σ- A "gar 


that is in 


1 1 Ες = 1 τ 
: a (pt deme q^ (p+ gxn-i ED q90n—4 ( p+ qac)n79 4- ...), 


ur ασ ον (p+ ar. 
n-r q EIN 
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1 
— (gq2" 2n 2 
Hence on (a2” 4 p?n + c2n) 


1 n-2 oas (n — 3) (n -- 4) (n - 5 
= ete p" 302.4 ( )( 5 i 


MOSEN ασια (n - 3r 4- 1) poire eee 


24, Put b-c=a2, c-a=y and a-b=z; then x+y+z=0, and it is easy 
to prove that 


(b — c)* + (c - a)? + (a — b)? =3xyz, (b—c)?+(c—a)?+(a—b)?= -- 9 (yz - zx xy), 
and that (b — c)* - (c - a)* - (a - )1Ξ-2 (yz + zæ + ay)”. 


Now it is proved in Art. 308, Ex. 3, that if x--y--z —0, and numerical 
factors are neglected, z^ + j^ +z” is divisible by xyz (yz 4-zz-- zy) when n is of 
the form 6m — 1 and by zyz (yz - zz - zy)? when n is of the form 6m--1. This 
proves (ii) and (iii), and it follows at once from Art. 88 that 


(b — c)? + (e ~ a? + (a -- b) is divisible by (b — c) (c — a) (a — b), 


: {(b—c)3+ (c-a)? + (a — 0)5}. 


that is by 5 


XXXII. Pages 398—394. 


il 1 
1. log N105=55 log 105=55 (2:0211893) = ‘10105946 = log 1:2620, 
Hence 2/125 —1:262. 
24. log N/51= T log 51 -i (17075702) = 17075702. 
Now log 1:4816—-1707310 and log 1:4817—:1707603; .. difference for 


*0001 is 0000993, and difference for -0000x is :0000260, therefore 


260 
$—3594 x 10=8 8, 


which is nearer 9 than 8. Hence the nearest approximation we can find to 
0/51 is 1:48169. 


50 
974—100 (a +55) ; .. log A=log 100 +50 (log 105 -- log 100) 
— 9 + 50 (2:0211893 — 2) =3:059465. 


Now log 1:1467 —:0594498 and log 1:1468 —:0594877, therefore differ- 
ence for -0001 is 0000879 and difference for :9000x is :0000152; hence 


z= KEW y Hence 3:059465 is the logarithm of 1146:74: thus the amount 
required is £1146-74.. 


168 INTEREST. [Ex. 


4. At 5 per cent. per annum the amount of £A at the end S run years 
16 
wil be ΕΑ 14100) , which will be more than £24 if lego) 22, 


or if 15 log (105 — log 100) > log 2, that is if 15 (0211898) > «8010800. 
At 4 per cent, per annum the amount of £A at the end of 18 years will 


8 18 
be £A (a + το) , Which will be greater than £24 if (a + το) > 2, or if 


18 log 1:04 > log 2, that is 18 (0170333) > :3010300. 


E 9 N20 
5. The amount is 500 (a +100) 


Hence log A =log 500 + 20 log 1:02 —3 — :3010300 +- 1720040 = 28709740. 


Now log 7:4297 —:8709713 and log 7:4298 = '8709771, the difference for 
*0001 being *0000058; also the difference for Ὅ0002 is ‘0000027 ; 


27 
= 59 * 10=5 most nearly. 


Hence 2:8709740 is log 742:975, the required amount is therefore 
£/149:975 = £742 — 19s. 6d. 


6. The yearly gain is 33 per 1000. Hence in 22 years the population 
2 


33 \? 33 
will be P (a + i900) , which will be greater than 2P if (a + i000) > 2, 


or if 22 log 1:033 > log 2, that is if 22 x “0141008 > :3010300, which is easily 
seen to be the case. 


7. The amount of the first £30 will be 30 (1+ °025)”, the amount of the 
second £30 will be 30 (1+:025)!%, and so for the rest. Hence the total 
amount will be 


80 {1:025 + 1:02519 +... + 1:025? -- 1:095] 
1:02630 


— 30 (1-025) {rossi} = 1230 {1:025 1]. 


Now log 1:025= 20 log 1:025 = 20 x :0107239 =-2144780. Hence 


1:0252 —1:6386z, where — x 10—2 nearly. 


Henne the amount required = £1230 x -63862 = £785:5026 = £785 — 10s. 
nearly. 


8. From Art. 314, 111., the required present value 


100 1 
πώ $ - πεις ο {1 - (104)-45}, 
35 ( t m) 


Now log (1:04)-59— — 40 iog (1-04) = — 681332 = T:318668 =log «90899, 
Hence the present value = £2500 (1 — 20829) = £1979 275 = £1979 — δε, Gd. 
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9. 1f 4 be the required yearly payment, we have from Art. 310, 111., 


4 1 
30000 -- = s Τὶ 
πὶ (x) 
Now log 1:04-99— -- 30 log 1-04 = — :510999 — 1-489001 = log «30859, 


Hence 30000= 254 (1 — -30839) ; 


1200 
D A =£ 50168" $1794 9. 


=254 {1 -- (104)-9), 


10. The fine is the present value of £(70— 10) a year for 14 years 
beginning at the end of 26 years. Henze 


F=60 1(1:06)-7 + (1:06)-°8 + ... to 14 terms} 
1 -(1-06)-¥ 
1- (1:06) 

Hence log F=3 — 26 log 1:06 + log {1 — (1:06)-4}. 

Now log (1:06)-14- — 14 log 1:06 = — ‘3542826 = 1:6457174 = log :4423. 


= 60 (1-06)-27 i | = 1000 (106)-5 11 — (1-06)11). 


Hence log {1 — (1:06)-14) =log (1 — 4423) =log 5577 = 1:7464006. 
Hence log F=3 + 13420466 + 17464006 — 20884472, 


Hence F= £122:58 nearly. 


XXXIII. Pages 407—409. 


Here Un = (Bn +1) (3n 4- 4) (8n 4-7), 
υγ (3n 1) (3n 4- 4) (3n-- 7) (8n +10), 21.4.7 . 10, r=3, b=3, 


Hence S, 45 (n1) (9n +4) (3n 4-7) (831510) -1. 4. 7 . 101, 


1 1 
9. ELI ται TEE a= (45, 4-3) (4n 4. 1)? 


v, r=3, 0-4, 


^ ο πο 
1 1 


qid dum τα 
once Sys 15-9 {πε der]: Se= 
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9. Here up=n (n+2) (n-- 8) «n (n-- 1) (n-- 2) 4- 2n (n 1- 1) 4- 2n. 


2 
Hence S ne 1) (n-- 2) (n3) 5 (n 1) (n.4- 2) 4- n (n. 1). 


4, Here Un 7 (2n — 1) (2n 4- 8) -- 4n (n+1) - 3. 


Hence S, 7n (n- 1) (n+2) - 3n. 


4 
3 
5. Here u,—n (n+ 1) (2n -- 1) «n (n+1) (n - 2) - (n — 1) n (n 4- 1). 


Hence Sp =} (n+) 02) (4-3) +5 (n- 1) n(n+1) (n 4- 2). 


6. Here“ Vw, n (n-- 1) =n (n4 1) (n 4-2) ^m (n4 1). 


Hence Sa in n(n +1) (1+2) (n+3)— 5m (n+1) (149). 


7, Here 
Up= (2n — 1) (2n+1)? = (2n -- 1) (2n + 1) (2n +3) - 2 (2n — 1) (2n +1). 


Hence 
S,=5 (Qn - 1) (2n+1) 49) 2n+5) +1. 3.5} 


ο ) (2n 4- 1) (2n+3)+ 1.3}. 


8 Here u,= 1 um And ο ο ον. 
: ^ (2n-1)(na-1) 2n--5). (2n — 1) (2n 1) (2n - 3) (2n 4- 5) 
1 2 
7 (25-1) 2n x1) πε) ^ (2n — 1) (2n 1) n4 3) (2n 1 5)* 
1 1 
Honce g ir: 3^ (9n 1) ΠΗ 


224404 i. 
6|11.3.5 (ntl (2n43) dcr 
da FLUIT 


and Sa 733—157 180 
il n+1 
He = 25 
9. re wu, n(n-c2)(n*3) n(m+1) (n+2) (43) 
* 1 1 


-(n*i)(n*2)(n483) n(ntl)(ni2)(nt3) 
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Hence S751 ADS κα itn ΠΝ 
^ 212.8 (n2) (n3) 31|1.2.3 (n1) (n4+2) (n-3)J' 
age «6 
and δωἝτο + 18736 
n+3 1 1 i 
ο, Here n= n D ED ser τη: 
DL lil 1 
Hence = zl Es (n 4-1) τοι 
and δοίη. 
11. Here u= € 
1 σος n= On — 1) (2n-+1) (2n 1-8) 
* B L'A 1 
73 n1) 2243) * 2 (2n - 1f 9n +1) (223-8) 
Tuv oT nas 1 
House S -ii- x3 *gir. 8^ (n4 1) EE 
NETT 
and S5-igt34: 
12. Here 
TM IR mess (n 4-2 ος 8 (n 3) - (n3) -1 
""n(nrl)nm43) n (n+1)(n+2)(n+8) m(m+1) (n +2) (n +3) 
1 


1 1 
= +l) +2) "n(*1)(n*2) nati m+?) 03) 


Hence S- f - L3 + 31-5 - DIE 
ence Da — 03 daga] 2 [Ped (na EY Qe r2) 
1 


μμ 
*gli- 2.8 (n41)(n42) E 


and 
18. Here ur IS S INTTR 
1 1 8 
Sa G - ES and δρ —2. 


In(n4l)(m1) | 
= 5 (n+ 1) (2n+1) 


=i m (n+l) rg). 
12 


14, Here u,= = 
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Hence Sy=5r(n+1) (n+ 2425 {(n+1) (n+ 2)-1. 2} 
πο (n +2) (4n+3)- 3. 


15, Here 


u= πὸ (n+1) (2n +1) =n (n1) {2 (n +2) (n 4-8) - 9 (n+2) +6} 


=} n (n+l) (n+ 2) (n-3)-5 n (n.4- 1) (n 4-2) +n (π1- 1). 
Hence 
S m qp (0+1) (n+2) (n+3) (1-4) - 3 (n+ 1) (0-2) (63) 
45m (ntl) (9). 
16. Herewu,- {a+ (n—1) b}2=a +4 2ab (n — 1) + b? (n 1). 


Hence S,=na* + ab (n-1) nee! (n — 1) n (2n — 1). 


17. Ug= {at (n—-1) b}8=a3 +3 (n 1) a?b -- ὃ (n — 1240? + (n — 1)?0?. 

Hence S,-na? + E (n — 1) na?b + 2 (n — 1) n (2n — 1) aat (n — 1)?n?b3, 

18. wu,-(2n-1)?—4n(n- 1) +1, 

Hence u,=5 (WI) n (ntl) +m, 

19, (4η -- 8)Ξ 19η} — 24n+9=162(n-1) -- 8τι--9. 

Hence S, Ay (n-1)n(n+1)-4n (n+l) 9Η. 

20. 12- 22432- 424... -- (2n -- 1)? —1 - (8 2) - (5 - 4) - ...(9n 1511-23} 
=1454941384+...4(4n4+1)=(n+1) (2n 4-1). 


91, 12-2?4-3?— 424... — (2n? = — (1-2) - (8-4) - ... - (2n - 2n — 1) 
= -{34+74+114+...4+(4n-1)}= — n (2n 4- 1). 


22. 1-243... (2n 1? 
= 134-234 384 ... -- (2n - 1)? — 2 {234434 634... + (2n)9] 


= i (2n + 1) (2n + 2? - E m? (n 4- 1? — (n 4- 1)? (4n 4- 1). 
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28. Szl.n42(n-1)43(n-2)4 ...... +n Ín-(n-1)] 
=n (1+2+...+n)-{1.242.34+...4(a-1)n} 


=3n(n+1)- 5 > ο 1)» (n1) $n (n1) (n 4-2) 


24. S=n?+(n?— 1°) + (n?— 23) +... + (2 - (n - 2)}} + (02 -- (n - 13} 


E nè- (n-1)n (9n - 1). 


25. S,—ab-4 (ab --(α-- 5) - 17) + (ab — 2 (a 4-0) 4-2?) +.. 
+ {ab - (n — 1) (a+b) (n - 13 


=nab~5 (n — 1) n(a+d)+5 (n — 1) n (2n -- 1). 


26. (i) The theorem is clearly true when n is 1; and assuming its 
truth for n it will be true for n4- 1 τ 


5(n+1)=6.3 I (a1) (353) . : (n+1) (n4- 2) (2n +3) 


1 1 
-6. 5” (n+1). δη (α- 1) (2n 4-1) - (n-- 1), 
which is easily seen to be the case. Hence, by induction, the theorem is 


true for all values of n. 


(ii) Assuming that the theorem is true for any value of n, it will be 
true for the next greater value, provided 


(n 1)? + (n 1) z2 (S, - (n-- 155? - 2 (5,3)? 
Ξ4 (n-- 15 . S$,5--2 (n+1)§ 
z (n4 1) . n?(n-4- 1)? 4-2 (n-- 1)$, 
which is obvious. 


Hence, as the theorem is obviously true when n=1, it is by induction 
true for all values of n. 


n 9n 2n Qn 
= — ~ 23 -- s 
27. ὢ Un (n +1) (n 4- 2) n+2 n4l 
Hence 
g 92 9 93 92 9n 9n 9ntl 1 
-($-3)* (9-5) eT Tec) era : 
" n+2 1 2 H 1 1 1 
G) w= -x-(-£u)msTum qune 
n(n+1) 2” "An m-c1/2* m2"?  (n41)2^ 
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1 1 1 1 1 L 
RU Se (irit) mu *is.$m 4.2m)*- 


1 lj uei 
"deser ene] eee 


6) AD (8) πο 3) τὰ) κα (ϱ) 
uae ο ο 
ο (3) }o? wer (5) - 
&) eaae (1) "aerea A) 
"mer ) aeea (1)᾿ 
Hn nae TEH UN aaa ds 8. TRU 
Pisces πο G) ο emer 


n--8 (n+2)-3n (3 
() Ua= n (n4-1) (n4-2) i) een urn (4) 


acu Gra ο. 
Hence S,— 5-55 (i + +h 3G 1) - = 374 ji Te. 
+ ces 1) G) 5 πτηί-τῃ Ə -à 3 a ο. 


ο... 


"imd G) CREDE] 0): 


(πὶ) Up= 
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6 6 6 6 6 6 (613 
Hence $,— i323: T {-5-1- scd (τ) 1 ασ ος 
6 62 6 6\" 6 6\" 
» b (n 1) (5) © (n1) (n +2) G) en (n+ 2) (7) i 


28 and 29, (Zaf 2 Za? 4-2Zab ; 
also (Za)? = Zia? + 3Za?b + 6Zabc 
=82a? . Za - 9Za?--6Zabc. 
Tacl 0S2 DES rr κα 
Za =; n(n+1), Za? =F n(n+1)(2n+1), and xe-i n? (n 4- 1)3, 

Hence sum of products two together 

ds Jp os cr dl mad 

=; 13 n (n+ 1)2— Fn (n+1) (n+) = 5 (n-1)n(n+1)(3n+3). 
Also sum of the products three together 


-i {gm ο πα een nen nee)? pn 
ms s (nal {n (n+) - ο oin n? (a +1}? (n-1)(n-9).. 


=g 18 


30. The sum required 


=; {(12 +234... +23)? (114214... 7 )] 


=} gp roD (2n +1)? oa 5n (1) Qn +1) 
-ᾱ n (n.4- 1) (m1), | from 26. 


musei (2n -- 1) [ὅτι (n 4- 1) (2n 4- 1) -- 18 n (n 4- 1) +6] 


— 360 " (n +1) (2η 4- 1) (n — 1) T 1) (ὅπ + 6). 
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XXXIV. Pages 429—434. 


4 1[4.7 4 
1. (i) B31 it 
4.7.1: 1420:10 04:7 
i373] 5.8 ER 
4.7..(8n1) - (Bn 4-4) EOD 
5.8... (8n4- 2) δα.) 5.8..(8n- DJ ' 


5.8..(3n32) 1 


4. Τ... (ὅτι 4) | 
2.5..(9n--2) _ 


1 

-515 
ο” à 
SPESE 1 

2 

4. 

2 


es 2 5 
Ὁ 1774 
5 


(8n+2) 2.5..(8n-1), 
-(θη--1 απ. (3a - 2)? 


~l 


wee (Bn +2) 

5 aT πγη-α 
ii 816 8.5 
ü 8.81L--8rpy 

5 ος 657 


8.5 ΜΗΝ 1 
8.10...(2n+6) 3 
I 
9 


3. S (n1) 3.5...(2n-8)] . 
8.10...(2n--4)  8.10...(2n - 6)| ? 
A 3 Nu 
Eon 1 aries once 


8. 10...(2n +6) 


5.7...(2n 4-3) 
8.10...(9n4-6)* 


When n is increased without limit, we have S, —1. 


=l- 


XXXIV.] SERIES. 
: ΠΣ 311.185 
en) μμ 


1 15139. 11.18.16 
WoT πα WS C 


ΟΠΠ 


11.18..(2n--9) _ 11.13...(2n +9) 


11.13 


177 


(20-411) , 


14.16...(2n+12)” 14.16..(2n-10) 14.16...(2n +12)’ 


SESS P TEE 15: QE d) 
ai 16...(2n -12)* 


Also, increasing n without limit, we have S, —11. 


2. Let u, be the nth term of the series. 
1st order of differences. 


Letv, 5 5 » 
Letw, ,, » my 2nd τῇ » 
(i) The first order of differences is 0, 6, 12, 18,... 
. Vg 6 (n — 1); 


πμ Uy =6 (η -- 2), Uy] — 4-576 (n- 8), 


ΠΠ 99092900 7^ πη 


Us —U_p=6.1; also u,—2. 
40,2246 114-243... (n-2)) 
=2+3(n-1) (n-2); 
4 Sg=2n+n(n- 1) (η — 9). 
(ii) The first order of differences is 7, 5, 3, 1, — 1,... 
A8 m7 — 2 (n — 1). 


4g — Up—= 7 - 2(n-2), u4 41,51 -2(n-3), 


τυ tto πλ oot 


u4—14; 
^ ug m 14-7 (n —2) - (n — 1) (n - 2) 
Ξετη--(α-- 1) (η-- 2): 


Also 


1 
«- δισ π(ι-1) - 37 (n- 1) (n — 9), 


[zx. 


SERIES. 


178 
(iii) The first order of differences is 3, 7, 15, 31, 63,... 


The second order is 4, 8, 16, 32,... 3 
ο Dodo 


-—9n -9n-1 
c. Va~ Un = 2", 0, 7 0, 942771, 


ποσο «.»«».»» DI 


v,—0,—-2?. Also vj—3—14 2. 
vy —1- 24-224... 2620 —1; 


Hence 
oe Wy Una = 2*— 1, νι 4-54 2" = 1 


Ὁ ο ο] 


Ug — Uy = 22-1; also u,21—2- 1. 
Hence ma (2 4-99... +2") - 2 2011 — 2 — m, 
S4 — (22-293 +... }- 2n) — {344454 ...4(0+2)} 


-2ni?.—4- σα») (n3) - 9 Ξ 2-1 -z (n +2) (n4 8). 


(iv) The first order of differences is — 1, 1, 7, 21, 51, 115, 


The second order is 2, 6, 14, 30, 62,... 
The third order is 4, 8, 16, 32,..., which is a geometrical progression. 


ο es — ON * 
oe Wy = Wye = 2,10 


W.-W, = 27; also w,=2. 


Wp, —2 +224... +2" = 2112; 


Hence 
« 4 —9n —1—L . 
πι Dae] AUD UNE UIS 


LIII 


DIDI 


U,—0,—2? —2; also y= — 1. 


Hence v, = (2? +234- ... +2") -2(n- 1) - 12 2^1 -4-2n -2- 1 
=m 9 (n41)-1; 


e Un- Ud = 2" - An —1, Up- u, 4721-2 (n -1)- 1, 


=1=2-2.0-1, 


Ug — Uy = 2?-2.2-1; also uw, 
Hence Un 7 (24 22+ ..,+2")-2(24+34+4+4+...4n)-n 
=P 2- {n (n+1)-2}-n 


Ξ ον n(n+1)-n; 
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. = (92 3 n+l i 1 
^S, (23-294... +204) - zn (n1) (n2) -5 n (n+ 1) 
— 9n+2 1 1 
= -4-gn(n-1) (n2) -5 n (n 1). 


(v) The first order of differences is 4, 10, 20, 35, δ6,... 
The second order is 6, 10, 15, 21,... 
The third order is 4, 5, 6,... 

` Wa~ 10 4 5003-2, 044 — Wp 9 n4 1l, 


DII «.........-5...͵»»͵͵͵ό͵»»ο»,ό»»»» 


—w,=4; also w,—6—1--2--3. 


Hence ο (0+2) (η +3). 


- Un 


al 1 
79933175 (2+1) (n 4- 2), Uni 7 Un-2=5 (n.4- 1), 


νο 8.4; also 0)=4=5 (1. 242. 3). 


Hence 
1 


5 (1-242. 34... 4 (2+1) (n4+2)}=5 (1) (n+2) (n4.9). 


Un = 


1 1 
; Un~ Uni mg n (n+ 1) (n+ 2), Ίαν ag (n 1) n (n+ 1). 


ΤΟ ΣΩ] 


—— .2.3.4; also ule. 1.2.8, 
Hence 


Wm sU 2.842.8.4-...t» (n1) (n2) g στη (n+1) (n--2) (n --3) ; 
Sb ΜΡ =" n (n+ 1) (n+2) (n+3) (n+4). 
(vi) The first order of differences is 1, 27, 101, 247, 489, 851,... 
The second order is 26, 74, 146, 242, 362,... 
The third order is 48, 72, 96, 120,... 
which is an Arithmetical Progression. 
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oe Wy — 104-4 7 24n, Wp- 0,524 (n - 1), 


Ww,- w,—24 . 2; also w,—26—2 +24. 
Hence 10,79 4- 24 (1-- 2 +... +n} —2 4c 12n (n 4- 1). 
*ov4— 74 472-- 12 (n— 1) n, Vp — v4 52-12 (n - 2) (n — 1), 


vV,—7,—2--12.1.2; also v —1. 
Hence v,=1+2(n—1)+12 {1.24+2.3+...4(n-1)n} 
=2n-14+4(n-1)n(n+1). 
44 7 = 2n -3+4+4(n— 2) (n — 1) , 
Va 57 2n — 5+4 (n — 3) (n — 2) (n — 1), 
Ug—Uy=3+4.1.2.3; also u,—2. 


Hence — w,—2- (3-45... (2n - 9)} - (n - 2) (n — 1) a (n 4- 1) 


(n — E 2n 


=24— + (n — 2) (n — 1) n(n +1) 


ede nep (n — 1) n (n. 4- 1). 


& S,7 9n 5 (n1) n (n1) -32 (0. 1)45 (n—2)(n—1)m(n41) (n +2), 


8. (i) Let the scale of relation be 1-- pz + qa. 
'Then 14--4p4-2q —0, and 52+149+4q=0; 
. p- -4, and «1. 
Hence the generating function 
— 40+ (αι pao) x 
l-pz--qz? 
2+(4-4 .22  2-4x 
1-4σ1ῃαἳ ~ 1-42+23° 
(ii) Here 11+3p+q=0, and 48-4-1lp4 3920; 
" p=-5 and q=4, 
Hence the generating function 


_1+(8-5)2 1-9x 
στ δα {421 [δα 4a) 


XXXIV.] SERIES. 


(iii) Here 40+6p+q=0, and 288+ 40p+6q=0; 
-- p=-—12 and η--83, 
Hence the generating functioa 
—it+(6-12)2 1-6. 
1-120 +3222 1-12x.-324^* 
(iv) Let the scale of relation be 1+ pz-- qz? 4- rx?. 
Then 7+ 2p+q+7r=0, 14 - 7p+2q+r=0, 354+149+7¢+2r=0; 


τ... and eros 
p 15' q= 3 ο ποσο 


Hence the generating function 


— do (a4 + pao) T+ (a5 + pa; + qa) x? 
a 1 --ρῶ -- q+ re 


14 14 7 
a ο πα μα 
αγ τ) ΣΕΠΕ ar 


_ 3-192 
=I- l4z — 8533 — A953" 


(v) Here 


424 32p + 234 + 12r — 0, 574 4?p + 8?q 4- 2?r — 0, 62 4- 52p + 429 8?r—0 


-. p=—3, q=3 and r= --1, 
Hence the generating function 
_ 194+ (2?-3., 19) 2 (91 - 8. 2943.12) 2? 1154 
A 1- 3T + 3a? -- a? ΠΕΝ 
4, (i) Here 14+6p+2¢=0, 30--14p-- 69 —0; 
4 p= -3 and q=2. 
Hence the generating function 


_2+(6-3.2)x_ 2 e A ιο 
= 1-324943? ~ (1-2) (1-22) 1-22 1-2° 


=m 2, 


Hence the nth term 


and S, 9712-4 — 9n, 
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(ii) Here 29-—5p+2q=0, and —89+29p-5q=0; 
. p=1 and q= -12. 
Hence the generating function 
rape s 
E EA 542)z — 2-32 TN RR 7 
T+a-122?  (134z)(l-3z) 1+4s oda 


3 
Hence the nth term = - (- 431 + Τ᾽ 3n-1 


=} {3% + 11 (= 493); 


Jos ο η ος 
- 8.=7} ο εἰ Leu -xCco ti 


(iii) Here 7+2p+q=0 and 20+7p+2q=0; .. p=-2 and q= -8. 
Hence the generating function 
9 
_i+(2-2.1) 1 dad 
1-22-32? ~(1-38z)(l+2) I-32 l42^ 
Henee the nth term 


1 dot " 
-j y (o 1) =F n- (10s 


1 jarH-3 (- rr ui 


x Se 11 5 m quie (e ie 22» 


5. The scale of relation is 1 — z — αὖ, 


Hence the generating function 


ας. 1422 _1+ J5 TNE 
ανετα μη Ελα ο ος 
2+a 2+ 6 
α-β θ--α 
—7i-az Iepr 


248 24 SR ons 
Hence the nth Weiske pem. L piro eh 


NÉE 1S 25 pi ET ας »/5)" »4ü- Jy. 
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6. Let S —13 + 23z + 392? v ...... 
By Art. 334 this is a recurring series whose scale of relation is (1— x). 
*, the generating function 


— lo (a + pay) T + (a5 + pa, - qao) T? + (az + pas q4 + αρ) αὖ 


(1-2) 
_ 134 (23-4. 13 z- (83-4. 2346. 19) 27+ (48-4. 38+6 . 28-4. 19) 23 
E (1-2) 
1-43 
ὍἹπ-α ᾿ 
Hence Gl pd or Ed 


7. The first part is proved in Art. 334. 
We thus have 
Ay G4 4- 0000. d "= (L-a) H (I 4 2a 4-972? 4 ...... J; 


Equate the coefficients of z”; then 


a (ry etjet Eeit er 
E07 by Art. 305. 
pant 
1i ο τα E E κος 


and — a,4-s'- (r41) (s - 1) +... (7 1) pat 


Hence 


"1 
a. y SIE (r1) (r- nC a i 
pE 


ΚΘ τη Di ito ΣΡΙ ΚΙ eub pete yes] 
=0, from Art. 305. 


Hence pag Tani: 


184 SERIES. [Ex. 


8. Wehave 


15-F9p-- 5g --2r—0, 254+15p+9q+5r=0, and 43--25p - 15g 1597-50; 
S p=—4, q=5 and rz -2. 
Hence the generating function 
.24*(5—-4.2)z-(9-4.545.2)22 
3 1 — 4a + 52? — 22? 
2-34-22? 2 i 1 
Tü-sjPü-25--sP- Το 1-32 
=2 (1-4-2x-4- 33? ...) - (LHe trt...) o (E. 204 2222 +.,.). 
«.. the (η 4- 1)th term 
z (2 (n-- 1) - 14- 2^) a= {2n+1+4 2") ^, 
9, Here 
26 -- 1lp-r4q-Fr—0, 57 4- 26) 15119 -- 4r—0, and 120+57p 4- 26¢+11r=0; 
4p-—-—4, gq=5 and rz -2. 
Hence, provided the series is convergent, the sum to infinity 


 1-(4-4.1)z-(11-4.445.1)2 — 1 
> (1 — 4a + 52? — 2x?) ~ 4-zf(1-92)* 
Since 2z —1 the expansion of (1— z)-? (1 - 9α)-1 will be convergent. 


z  c(r-ca), w(x+a)(x=+b) 
10. LU κ Pa E UU EE m 


atta 9 (ω--α) , α(α-Ἴ-α) (x -4- v) 


α ab abc = 

£a æ α(α-Ἴ-0) 

= SO repete.) 

(c +a) (ο +5) ο. 2 (mte) 

Agr Te. (a+2 + δα +.) 

_ (+a) (αἠ-0)...(α 0) 

Ζ αὖο...ἱ 2 

11 ο μα Z ua hA 
" m$ æ Z& (z+a) (+b) (æ+a)(z+b) (e+e) 7 
a a ab 


Γα(α-α) (@-+a) +0) (γα) etoj æ+) "7 
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Terum. [T end b - 


Φα] a+b (a+b) (e+e) 


"dta b £- 1 6 
σ-ασ- ιο mer IM 
* abc...l 
^ @(a-+a) (x+b)...(a+l) ° 


1 abe...1 
H RRs E Boer Ed 
as SE z (x 4- a) (4-5)... (x -0)* 


1... να 14a 
12. co dene 


l+n 1 {55 (14-0) (1 -- 2n) 
(p+n)(p+2n) p-l|ptn PROPRES 


(14-2) (11-93) "id c pedum. (14-2) (1 -- 2n) (14 3n) 
(p-+n) (p+2n) (p+3n) p—1l(p+n)(p+2n) ο σα. 


sud (14-2) (1+2n)...(1+7n) 

p-l( (p+n) (p+2n).. es 
(12-2) (1 4- 2n)... (1 4- 7n) 
(2 +n (p+ 9n)...(p 4 rn) 


Hence S= 


Since n +p is positive and p> 1, is zero when r is 


infinite. [Art. 337, Ex. 1.] 


Hence Se 
p-i 
i TAM lue 1-9 
18, We have mi^ z-lü-aiD' 
TM ος 1.2.3 
ην +1) (m+2) Ee ETIGA. 
Iai 1.2.3...n 
denos Pas f ^ (m+1) mih Ἵπτπ-τ]᾽ 


2.8...n 


πατε j~? when n is infinite. [Art. 337, 


Now if m>1, 


Ex. 1.] 
Hence δρ σπα" 
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1 1 n-1 
14. We have xi τος 
n-1 m m E 
eke m+n ml (m+1)(m+2)f’ 


(n — 1) (n- 1 rU S rrr erg] 


(m }- 1) (m 4- 2) 8 “myn (m 4- 1) (m 4- 2) a (πι +1) (m 4- 2) (m+3) 


ο ο ΤῊ ΠΣ 


1 sa Q1 1) (n - 2)...(n— 7) 
Bus um m+n aia i+- E τσ μασ. 


Now (n—1) (n—2)...(n—r) clearly vanishes when r is infinity provided n 
is a positive integer. Also, if m be not a positive integer and if n<s, where 
8 is a positive integer ; then if m--n- 0, 


(m+ 1) (m 4 2)... (m - s)...to infinity 
(1 — n) (2 —n)...(s — n)...to infinity 


—(m+1)...(m+s—1) 55) (1+ m+n ) 


(1—m)...(s - 1—mn) s-n s+l-nj ` 
(m+1)...(m+s-1) 1 1 ο) 
- (L5). 6 S R9 1+(m+n) out sai innui e 


1 


But ge. + —~— +... to infinity is infinite, and therefore 
s-n s+l—-n7 


(1— n) (2 —n)...to infinity 
(m 4-1) (m+ 2)...to infinity 


is zero when m+n>0, 


Hence Sgt 
mM+n 
15. Asin 14, 
1 1 n-1 (n — 1)...(n— r 4-1) 
f, m muc ppp T SEN Εμ, 
n 8r n+1 mti m+ a 


(n+1)...(n+7) 


=> f+ See 


(n+1) (n-4-2)...(n4-7)] 


1 1 n- 1) (n - 2)...(n — m) 1 
- LÉ— -- 1 =. 
e n` δν 2n tex ΤΕ (n 4- 1) (n 4- 2)...2n | 2n 


2n+1 1 


16. Itis obvious that 1- 2n42 πᾳ’ 
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Qn+1 | (2n-1)(2n-3) _ 1.3 
2n--2 © (2n+2) (23154) (2n+2) (2n -4)* 


and 1-2 


Hence the theorem is true for all values of n when m=1 and when m=2. 


Assume then that 


zx 2n l „ a Qn41)...(2n4- 2r - 1) 

m πρ λα) ος (Qn+2)...2n+2r) - 
4 (-1)* (2n--1)..(2n--2m -1) - 1.3.5...(9m - 1) 
mem (2n.-9)..(2n--2m) ~ (2n+2) 2n-c4)...(2n 4- 2m) 


for all values of n and for any particular value of m. 
Change n into n-- 1; we then have 


2n 4-3 


C (2n 4- 8)...(2n }- 2r +1) 
EDS 


T (2n--4)...(2n--2r--2) 


(2n +8)...(2n+2m+1) _ 1.3...(2m-1) 
(2n 4 4)...(2n-- 9m --2) — (2n-- 4) (θη +6)... (2n+2m+2) ° 


ων Ἑ (- 11η 


F ( ac 1mm Cs 


Multiply the latter series by T and subtract from the former; then, 


since 4,C,-- 4C, 1 — 440, we have 
2n--1 


- O utet) 


(2n+1)...(2n+2r—1) 
(2n + 2)...(2n + 27) + reo 


(2n+1)...(2n+2m+1) 
=e 2g! 
HO Dr ms Cmts on ο). (9n 2m 3) 


_ 1.3.5...(2m-1)  2n41  1.8.6..(2m-1) 
~ (2n4-2)...(2n4-2m) 2n+2 (2n+4)...(2n+ 2m + 2) 


_ 1.3.5...(2m—1) (2m 1) 
~ (2n +2) (2n-- 4)... (2n - 9m - 9) * 
Thus if the theorem be true for all values of n and for any particular 


integral value of m, it will be true for the next greater value of m. Hence, 
as the theorem is true when m=1, it holds good for all integral values of m. 


17. From Vandermonde's Theorem [Art. 249], we have 


(a + b)n= (a)n ο ον 


in 


pics ber Wet 


+ 


5, A. K, 13 


[Ex. 
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(ab), b n(n-1) πι. DOSTS 
Hence (a)n νι» 1.9 (a-n-1)(a- ΤΕΝ 
[ο b (ὁ -- 1)... ( -- r4-1) NY 


τὸ |r |n- (a7 1) (a—n+2)...(a—n+7) 
Put ὃξ-α--πι; and we have 


TT eed |n m (m — 1)...(m — v 4- 1) 
πι πε MICE T (m—n-1)...(m -- τι 4r) 


: _ 2m (2m — 1)... (2m -- n-- 1) 
to (n+1) terms SN IU EID 


m(m - = 2), 


18. s=(1-3)-@- 5+4-0 ™ - σης 


m πι(πι-1) m(m-1) (m-2) 


"EUR TR RAUS 4 
^ {5-5 πο (πι-- 1) πι (πι -- 1) το), 
(2 8 [4 | κ 
1 1 E 1 1 
= πο NETS σης στο 


1 
ποσο η, 


provided m+1>0 [Art. 338] 
ee 
- (m+1) (m+2)° 


19, 1.3.5...(2n4+1)=(1+2) (1+4),..(14+2n)=14+P,4+P,+...+P,,. 
Also 2.4.6...2n— (141) (14 3) (1-5)...(1-2n 21) 31- Q4 +Q, 4. EQ 


20. {a+(a+1)+(a+2)+... 4- (27-0) {αἳ 3 (0-3) 4- (0-2) ή... (ο) 


1 
= {αλα κκ leemos nen) 
UB τ 1 
=(n+1)a *3n(n*l)a *3n (ας 1) (2n 1) a zn? (n 1? 


zs (114- 1) a? - 3a? (1-- 2... Ἔπ) δα (1? -- 2? E...) HLHH... p) 
za? t (a-- 1? νι. - (a n8, 
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21. Let 

S. 150 (1 -- a") Came (1 - a”) (1 - à*3) (1 -- a”) 

n l-a (1 --α) (1-43) (l-a) (1- a?) (1 — a3) πο ος 
ο S e cae ο μεσα 
ο ο M meque as 

(1-α}} (1 — a”) (1 -- a^3) (1 -- a?-2) 
77 -40-4)ü-a4) ο 


5 qm. art? 1 -—qnu απ — απ 
ο .ν-τ.) 
(1 ES an) (1 = a”) a^ — qnt2 
(1-2) (1 -- a?) ( Emer; ) 
4 em qx) (1 = a^) (1 = anzi) q^-2. qnt? 
τν io rta ue 
πα ΞΟΠ ο ο la) α ο 


πα ποπ αρ ποιο 0-0) 


= S54. 
Hence  $4,44— (1- a) 8$, — (1 — a) (1— a9) (1 α”-9)... 


If n is odd the last factor is 1— a9—0. If n is even the last factor is 1 — a. 
Or thus : 


We have from Examples XXIX. 30 


1 E rd. a? 
ü-zjü-asü-e. Τα (-aa-ayt 


2 
Hence Α.Ε -. 
(14-2) (1-αα) (14- a?2)... l-a (1-a)(1-a?) 
ποτ... ο e om 
an? Πο - a2?) aa i-a παπα 
ῷ ce z a 
Hence ο. em capt} l-iter] 


ΠΤΙ em 
τα πωπ- 

Equate the coefficients οἵ ^ on the two sides of the last equation and the 

result follows at once. 


4 


[Heine, Crelle t, xxxix.] 
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s= n n-1 E n-2 me T 
22. -α-αν.͵ ποθ 
_(n+1)-1 _ (n+1)-2 _(n+1)-3 (n+1)-n 
SOAN ποσα δις ENO 
f πα 1 Αν ας, 
neni i058 t3 3945 μποτ οσο 


i" Gi E 
a wet scat * (n1) (n 2) 


=(0+1)-547-5- wae = Baix | A (n4-2)" 


4. ὅσα 


= -log (1 - 2) += log (1-2) 1. 


25. Let S=1.2.343.4.52+5.6. T2? 4... 
Then, α being less than unity, 
$(1-221.2.3—-(3.4.5—-4.1.2.3)x 


+(5.6.7-4.3.4.546.1.2.3) 2? 
+(7.8.9-4.5.6.74+6.3.4.5-4.1.2. 3) 3 


the other terms all vanishing [Art. 326]. 


6 +362 + 62? 
Hence Sz 7 (1-228 . 
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δη (82-89) δη (Bn — 4) (Bn -- 5) 


26. ὅτι Bmp πο eae 
-1-Qn-1)40272)0n-3)  (9n-3) (Bn-4) (Bn—5) | 
zl (Bn Πτα -- ee CO tae ah coe 


= f- (δη ~ 3) + ο ος ae 


Now (1-4) (12-23) 3 2 (1— z 22) 1 — 1-Ex (1- 2) - ar? (1 2)24-.. 


9 
ο dei ντ.» h-e- 1) + — io 
Equating the coefficients of a?" and z?"—? on the two sides of the last 
equation, we have 


«πας 


1:9 UND 
and =(=1)*=1~(Gn—8) + Sn), 
1 1 1 
2]. δι- deci Ἡ in s (a, 1) n et 
{ il T il H y 
+ (Gt) @tD..Gat) Gt) (2241)... (2,42) 
1 


ο ας (ας 1).. (αμ + 1)' 


Now (a+ 3 (45 - 1)...(a4 +1) is greater than a+ da + 2d. Hence, 2s 
4,4 ds ds 4 ... is divergent, SEHE 


nm 1 


28. uU. — Uwe NS 
^U (η -- lynt in 1 (141) 


m 
Now (1 + 2 is finite and lies between 1™ and 927^, 


Hence, by Art. 270, the given series is convergent or divergent according 
as the series whose nth term is πειτε convergent or divergent, that 18 
according as æ is greater or not greater than unity. 


29. Let the series be v4 c v4 - vs t ... 


Uy + Uy Uy + Uy + Ug 
d» = T v. = ——————m ..». 
Then 1+v, mE d Us tu, (7? 
Uy tUg t.. FU 
o eE εἴθε 


Uy + Uot.. F Uy 
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. Uy Us d Us eee 
ET 


Hence, from Art, 337, Ev, is convergent or divergent according as Zu, is 
convergent or divergent. 


Hence (1-7 v) (1+ ) (1-- vg)... 


30. (11ἑα) (11- αα) (1 -- aa?) (1-- a2)... is convergent if 
a - a + ax? + aa ooa 


is convergent ; that is, if x < 1. 


9l. Since vj— 75737 v,..., we have 
UUSUgU, ..  U1US VA eS 
and also (V VWV aee) > Vi o VWV eo 
Hence v,vsvgv,... and v,v;?v,*... are both finite or both infinite. 


m^ 


32. (i) (n+ τει ( 3H 


l+- 
n 


1 


9 115. É NAF n 
Now (1 + 3 increases continuously as n is increased, but (a + 3 
t 


never exceeds the finite quantity e. 


Hence ο. Σ we >22 I 5 
: (n -ἵ- 1)ΤΙ n+l 
n 
—” —— is therefore divergent. 
Σπγηπα 8 
A T 1 : 
(ii) yi enr Now er=1+n+...; therefore e"z-» and therefore 
1 
€ mn», 
1 TEL 
H cue MD 
ence KT id Σ; 


the series is therefore divergent. 
n cel Unda \ _. E ο (2n4+2 | 
(iii) Heren (1 7 e^ jı (Qn +3) (2n 4-4) 


"d 6n+8 Es oe 
LI Q8 n4) 5 in the limit, 


Hence, from Art. 338, the series is convergent. 
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Or thus: 
Se ot 2.4.6..2n 
n 2n4-2 8.5. 7...(9n--1)' 
and [Art. 207] 
Mil 5.T..(2n&1, ,, 5 1. 
δη χο 4.6.8..(2n42)?  '»" ορ ρος" 
Hence Zu, ASS m 
(2n--2)9 πὸ 
s UTE 
n) "n GEI ποσα ο on? 
à f; 1 2.4.90...2n 
Ex 75^ n4 8.6.T7..(2n--1)^ 
Hence oe = 2 : 
(29-1)? n? 
_ Unti\ _ _ (an) (B-- n) 
(v) Here »(1 mt) =n {1 (n+1) (y+n) 
π(!-γ-α-β)-Ύ-αβ _ -Bi vU 
SUCI TIS —ley-a-in the limit, 


Hence the series is convergent if 1+y-a-8>1, or γΣα-β; it is 
divergent if 1--y -«— 8-1, or y<a+f. 


If 1--y - a — 8-0, we have 


^ a(a+1)...(a+n) B (B-- 1)...(8 +n) 
ὑπ 1 73... (n 4-1) (a 4- B) (a--B-1)...(a-- B2)" 


(B-- 1) (8-4 2)...(B-- n) S. (a 4- β) (a -- B 4- 1)...(a - 8 4- n — 1) 


Sd 1.2... a (a+1)...(a+n—1) : 
B (a n) 
Hence oe eel) σπα ης 
But CH CEU 5 either from the beginning or after a finite 


U (xl) (a+ B+n) 2v] i 
number of terms, Hence, as Z 5 is divergent, Zu, is divergent. 
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INEQUALITIES. [EX. 


XXXV. Pages 448—449. 


1 1 ae 
ile Ό5ο5 + 272? + ary? = 5 g2 (y? ES 23) ES 2 y? (22+ x?) +5 25 (a + y?) 
> ays +yrec+z2xy [unless x — y —2] 
> xyz (x +y +z). 
9, (dy2+ 52+...) (b Do? + ...) =b tabet... EZ (a0? agb) 
Ea b? 4 2Xa,a,b,0,, since a,2bg + ab? 4 2a ab, b, 
+ (a,b, + agba 4- ...)?. 
3. Za .Z2 -- Σαβ Σ c αρ, E) 
b, bs Ur 
(δ... (ὃ 
= 24.34, Us af 
= 2a," + Σαρα. E + 2) 
5 y $ b, bs 
+ Zay,-F2Za,a,| since 7-4 — [2 
Un dE 
+(2a,)?. 
4, (a5— 5) (a—b)>0, since both factors are positive or both negative. 
Hence a8 + bê > ab + ab, 
5 ΙΙ Xy, 2g δ foye 
Ora ee alo e T NE: 
n a b eg 3 fade 
Hence ο 3 (557 ας. 
qu OY NL τμ 
6. at+b+e>c/abe and a2+0?+e2>3 ΝΗ 
^n (ar b e) (a? +b? +c?) >9abe. 
The a?cd + bad + cab + d?bc 
>4A/a%cd. Wad . ab. dbe >4abed, unless a=b=e=d. 
8. 


(bc + ca + ab)? = bc? + c?a? + ab? + 2abc (a 4- b -- ο) 


i lis 1 
=52 Mreta b? (à αἲ) +5 c? (a? +b?) + 2abe (a.-- b 4- c) 


+a%bc + Lea + cab + 2abc (a 4- b 4- c) 4 3abc (a 4- b 4- c). 
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9. btt c* - 20703, οἱ -- αὐ». 9c?a? and αὖ} 05 2a30? ; 
. 2 (a4 -- b* + οὐ) > 90363 + 2c2a? + 28202 
> a? (+ c?) +b? (c? -- a?) +c? {a2 4- 02) 
a? . 2bc +b? . 2ca +c? . 285 
7 2abc (a 4- b 4- c). 


a? ἠ- b^ |; c? 4- d$ 


10. Unless (IEEE ae " 
b d b d\4 
ee (= y ) [Theorem V], 
b 
ΛΔ [Theorem II]. 
a-r @-2 Sen ae ἊΝ Ὁ 
πι, τα n if (a --) (à? +æ?) « (a + x) (a? — ο”), if 2az (x — a) «0, 
if x— a «0. 
ΠΧ 0 1,2 
12. phone Picea tt tap 


to 


(ert) st ua) 


13 ΧΕ Χρ... 4X4 ο αν 
. n n 2 


s NEX,2>(BX,)2. Also (ΣΧ) Ξ ΣΧ: 2ZzXQX,—-ZXQ. 


14, Putz,—a-y, ἅο. Then we have Ίο... ως 0", and we require the 
least value of (a -- 1) (α-- Y.).-.(@+Yn)- 
Now if y, and γι, any two of the quantities y,, Yẹ &c. are unequal, and 
if y,y,=y?, then yr+Ys> 24/9, —2y. Hence 
(a4 y) (a y)) = +4? t a (YrtYs) > (o v)". 
Hence if any two of the y's are unequal, the product (a+ yi) (a 4 y)...(a y,) 
would be diminished by removing these two and substituting for each their 


geometric mean. The product must therefore be least when all the y's are 
equal, and therefore all equal to b; and therefore the least value of the pro- 


duct is (a +b)”. 


15. z2 +y? «2πή; .. ab (x? +y?) +2abay ; 
«s. (αὖ 4-02) αγ 4- ab (a? +?) 4 (a? -- 0? + 2a) αγ, 
that is (απ -- by) (ay 4- bx) (a+b)? xy ; 


ή ο ΚΕΝ 
" ay bz a+b ᾿ 
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ο δω 
πο elm "ad 3 8 
16. Unless a=b=c, Ξ ος. (a 4-0)" 
and (Pre) er o) (079). γιο (o) (a) 
1/ 2 2 2 κ, 
μεν [ras Md koe Vrat Pi Persas IE essi es D) 
Hence τ) 5 > ay 
LUE trang BR ΝΡ. 
ES b+c c+a a+b at+b+c° 
17. Unless * a=b=c=d, 
ως 
b+c+d 7C 


8 
1 ^ J(6xerd)(c* da) dta0) (ator) I 


LORI CIT UND CU ο ο το 


“ Ἑ (a+b+c+4+d) 
4 X πο ον 


b-c 

^ [7 σ σ ς 
ος ο (2) 
UE ο 1o ο. Lc? 

i.e. if ΠΕΣ (σναμτ-) 


[the expansions of log (142) and log (145) being possible since : and i 


a b 
18. If a>b>c; then (=) «ίσες Ρ 


are both less than unity], 
if ος το Ξ 
which is obvious since a b. 
19. Ifa?-g?-z?, then zy and zz. 
Hence an? — y"-*^ 0 according asn- 27 0. 


Also απο 22-2 z 0 
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Hence 27?y? (~~? — yn-2) + x22? (y n-2 — Cue MÀ 7 0, according as n-27:0; 
vx eh (yt AN OA νο 


eo ὦν E AMG ο... 


2 1 1 1l 
20. Let ^ be the greatest of the four ee a’, b*, c*, ὦ ; then 
αὐσά — XN? . NI. Xd”. S< NPHI ES, 
1 
Hence (abed) ***7** <y, 


Similarly if µ be the smallest, we have 
1 
(abed) ***7* 5, 


T+ata?+...4+0% 
97.51 


e 1 ο - αἲ--... αλ» (2n-4 1)a^. 


21, 


μα ο ο ασ. 


22. We have to shew that n (a?"*1-- 1) —- a?" -- a?" E... c a? +4. 


Now (ad7-—1)(z—1)20, and therefore a?"3.-1-—a?--a. Similarly 
q211..] — q?^-1--a?; and so on. 


Hence 2n (a? 4- 1) > (a? 4- a) + (a?^-1 +a?) +... + (a +a), 

j 9n —1)) 2 
23. (m 1) (m+2n-1)< [exutus « (m tn. 
So (m + 2) (m 4- 2n -- 2) <(m+n)?, 


ο rhet tn 


(m+ 2n — 1) (m+ 1) « (m 4- n)?. 


Hence {(m+1) (m 4 2)...(m4- 2n — 1) 2 « (m +n)? ο” Ὦ, 
24. a?» αἲ -- (b -- ο)”, 092 02—(c—a)? and c?2 c?- (a — 0)", 
Hence a2b?c? > ((b 4- c — a) (c 4-  — ὦ) (a.4- b --ϱ) 131 
*. abc z- (b-- c — a) (ο--α-- 0) (α-Γὃ — c). 
25. S T (c -- d-- a — 90) (d+a+b- 2c) (α-- b c c - 24)1 
«$ {ο d-a — 21) + (d+a+b—2)+(a+b-+6~2d)} < 
So AJ ( (d 4- a 4- b — 2c) (a 1- b 4- c — 2d) (b -- c - d - 2a)j <b, 
AJ (a b -- c — 2d) (b 4- c - d — 2a) (c+d+a-—2b)} «c, 
and XJ L(b-- c - d — 2a) (c - d-- a — 2b) (d-- a - b — 2c); <d. 
Hence (b 4- c - d - 2a) (c - d-- a — 20) (d -- a - b — 2c) (a b t c — 24) <abed. 
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8 — Ay) + (8 — +... +S- an 
26. "Jis 42) (8 — αλ)... — an) } < gota total n-1i 
So ess ag) (67 a) (67 40) <=" 
ls a) 6). (6 ων) es 
Henee (s — ay) (8 = a3)... (6 ἄν) ae ie 
i! 1 il 
27. oreca a T 
3 


5 JT c — a) (¢+a—b) (ab - ο} 


3 
* iia - 6-98 = (eap (e - (2-H) 
Au πο ο 
> Habwe arbre acbvc 
TT 


28. Suppose that a, b and c are in order of magnitude; then the result 
is obvious unless a>b+c. Let a=b+c+«, where x is positive; then we 


have to shew that 

— xæ (b — cy? + (b +x)? (2c +x) + (c +a)? (20 +æ) >0, 
or x (0? -- c? -- 8bc — (b — c)? + positive terms 2-0, 
that is 10bcæ + positive terms >0. 


29. Leta>b>c. The expansion on the left may be written 
a? (a — b) (a ο) —b? (a - b) (a -c +b - a) - c? (a—c) (a-b -c— a) 
— (a — b) (a — c) (a? — b? — c?) + (a — b)? 0? + (a — c)? c? 
— (a — b) (a — c) 1a? — (b — c)? + (a — b) b- (a — ο) ο)”, 
which is obviously positive since a>b>c. 


30. First suppose that p, q and r are integers. Then, unless 
LATT = PTI =a? 
which requires that «=1 or else p=q =r, we have 
(ar +a to p terms) + (x? +x? -+ ...to g terms) 
ooa 
> patr, jS open) «-αίν-»), gr(»-2—1 ; 


«. PUT gu Τα ptT. 


+ (x972- «7+ ...to r terms) 
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But if p, q, r are not all integers let k be such that kp, kq, kr are all 
integers; then as above 
kp .a9-"--kq . z"-? kr . x27? 
kp + kq + kr 


1 
> {ωἴρία-») .qhar-». aper (p-a) Vep- Vigor E. 


31 12919 πι 3.4.6 2n 

: ο πια ας ο σε 

1.8.5..(9»n-1)? 1.8.5.(2-1) 2.4.2» 1 

2.4.6...2n DEAS ORE 8.5..(9ni1) Qn41° 

32 5 g m del E 09 719 pri 

; ο το mo cg Ip ο e 

πι η] 8 

Hone ο ο, ants" 


93. Since the sum of ax“, byf and cz’ is given, ax” . by? . cz” is greatest 


when az*— byP — czY, and then each is equal to - . Hence the greatest value 


of a"yPzY is 5; E : 
94. It is easy to see that 1, n—n, 2 (n — 1) Ξ-π, 
8(n-2)—n.., r(n—r+1)>n,.... n. l-m. 
Hence (|n)? v". 
35. (+a) > t 


N 


1 ραπ θυΣ; 
(ο (1 a)" (1 Tan) > Ont ση, 


36. We have to shew that 


l+@+att...a atat.. p ami 54 Irato tan n+l 
n+1 n à aa patel Ug 


πα ο μαι 
α--αῦ +... +a”? 
p 1 St ae a teehee 

Wey )* Ba) upay... tama Pia εαν 
(L+a)(L+attatt...a") 1 
a(l+a?+a4+...ta%) ^a 


Put F (n) for then 
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Now a4 22; therefore F (n+1)>2- FG)" 


n+1 ate 
Hence, if F (n)> ——-, then F (n+1)>2- πι. n+1° 


But F(1)— Hence the theorem is true by induction. 


m. 1+1 
O 


37. Leta and a^-! be the first and last terms, and let there be n of 
them. 


Then we have to prove that 
5 (α- ar") - a - ar 4 ... +a- 


This follows at once from 
147131214 ro, 142% Isr+ ο l-4273-3.4 poc 


ο σι ο Mee ue de 


38. pesi M0... + Must... 544 F TONNES 
Tp = VU nda ον laudo dr e νο 


Consider all the terms in P,_, which contain r particular letters, say 
αγ 4»...G,. There are r of these terms and 


UN dta. - o af Gay E κ) a 
naa. sa, AN AN τα. 


5-1 Nir 


And by taking the terms of P, , in groups as above, each term of P, 
would be taken »—(r—1) times and each group would be greater than 
r x corresponding term of P,. 


Hence (n—r-4-1) P, ,—rP,, 
Pea e ee 
nC rA nor 
39. First, suppose that a, b, c are integers; then unless a=b=c, 


{(s — a) + (s — a) + ...to a terms} + ((s — b) -- (s — b) + ...to b terms} +... 
a+b+... 


a+b+... 
> ΝΕΟΙ λος, h 


i Έα > ($—a)* (s — b)* ...... dedi wis 


$ 


and therefore 
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Again Za (s - a) 2s?— Za?, . 
and τ χη ΟΕ 
if nZa? >(a+b+...), 


that is, if = (a — b)? > 0, which is obvious. 


. n- 
And, since Za (s-a)< 


G) > (G Gay 


If a, b, ... be not all integral, let ka, kb, ... be all integral; then, by the 


above, 
ks x ks—kaN*" (ks—kb\¥ | 
n n-1 E ne 
" EN s—a\* (8-ὐλὲ 
GE LEA πι. «w—1/ `| 
à n1 PUR Q1) | n(i- 1) (n- 9) In 
40. (14-1) mis 1-05 τος Tuy 


The c. x. of the series on the right is 


EE . (n - 1)*3. (n - 2)n-2.,.92. 1 


Tu onc 8", (n — iy: i ni 


9n 
nl 


πλ /ῃ..1Ν 3-1 9 N?/1 
9. (111) nj n 
Hence § 2”(”t))> (n+1) (7) ( 2 ) E eL 


The a.m. is 


XXXVI. Pages 454—456. 


1, By Art. 352, Pa—XNpa py, Ww=Mot 435 
^ Pa- Py? P=: 1=93- 4 τ 4 
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2. Dn ln Pn- an Ῥη--ο and q4,— 0, d, 4415-95 
4 ο 7 4224-17 7 An (Pn—1In—2 — Qni Ῥῃ--ϱ). 
So Pu-idn-a ο - ἄῃ-} (Ῥη-αθη-ᾱ- dn-2Du-3) 
And Poti — 12 Pi = — t0». 
Hence PrIn-i Pu-ida— ( EY D 3035. -lne 
8 63 a Lb -Ἡ 1 TS ISNET 
i ο απ ο ο το 


the successive convergents being 


1129 56 1 11 68 
πο Ὃν δ ο πο aj Τρι 


ibo od ST 1 il 
4. We have a aia ee aA as aa e 
a l A, as ESI T 
«dá. an-z 1 anı 
an-ı 205, 9 = An- ᾱ- ᾱπ-ο 
οι ee -πἹ - 
50 —— > &=— --- 
Gp. 2- Ans 2- a 
a 10, 1 LG 
Hence ee --- a 5 --- 
αι 2-2-2- -2-a 


1 1 1 1 
παν + πας + πα, + παρ +` 
ο 0 Gb νι i 
~ Way + πας + NA, + nag 4-777 


oo 


L^ η n n n n 
T^, + Naz + T?a, + παρ + " + Nagya + Tas, + 
n il 1 if i 1 


"πλαν + ag + Nag + gb” + ἄφγῃ + Dae + 77 


6. Consider the continued fractions 


P Gy Ana a and Qn= an MS Qa 


να + daa + ... +a,+1 ἃν. bag ah ... Και 


Then pod αι ICONE 
a πα tatl 1 γα) θα 


[EX. 
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Assume then that this relation holds good up to P, 1 and Q, ,. Then 


ay, a 1 1 ene 
--- γε = by supposition 
us Ay + JE Un πρ 1 us an-ı ΞΕ Qua n a 

ναι 

1+ an + an1 Qa 

1 1 ; d, 
EI o KS E sS 

d T ant Qn j 9 An] ar Qua 


5 A 1 
Hence the relation Pn=F a T > Or Py (ant Qn+1)=4,4+Qn holds 
good for all values of n. ez 


n n-l n-2 QT SE 
. Let t der pe EM 
7 : yis n+n-l+n-=2+ +24+1+2 
"Ὁ Ὁ. τ 
'Then =—- —zI— τν = SS = 
e Um ED, z» and wu, 20112544 
n+l 
Assume therefore that u„,=——-; then 
τι-- 2 
3 _n+1 _ pedi n+1 π 2 
ΜΗ ος κ πε πο n3. 
> é : n+l 
Hence by induction v, — ——- , for all values of n. 
n4-2 
8 Em uet 3554 2972 
: et toe E113 09.41 
ip al " 2n 
Now w,,5— I m Hence, if u,= P 
TEN, 2n 2 (n4-2) 
Ίίῃ-ο-- = . 
1-4-m41 n+3 


Hence if the theorem be true for n it will be true for n+2. 


But the theorem is true for »—1, and therefore for n=3, and so on for 
all odd numbers. 

Also the theorem is true for n=2, and therefore for n=4, and so on for 
&ll even numbers. 


2n 


Hence "πρ for all values of n. 


9. It is obvious that 
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and, if we assume that 


b. + ba +b ο. Ὁ b 
re 2 ει t cn ὃ » 4 T. 
Coen ὦ ο BLUE CERI 
we have 
b 

by + +—* 4... 
bi + ὃς + ὃς + : AE doly bi be n b, T 
ΓΚ oi I Q.. ΞΞ amino ------- -ἰ- ------ ————— "T υωφ 
en. C Ch à 4d, 40, 050505 


Thus, if the theorem be true for any number of elements, it will be true 
for au additional element; hence, as it is true for two elements, it is true 
universally. 


10. We know that 
Da b0spa-ic ρω 8nd Άνιιτ- Dua Pat ant Pn-r 
Hence (p,—5,p, 3)? =n p^, 5 and (batiPn+ ant Pn-i) =P n: 
Hence 5,,,2, 4 (Pn — bs pai) + On (θη + G543Pn)^ 
mb, adn μιαν P nt DnP nvr 


The terms containing Άκη cancel, and therefore the above is the 
relation required. 


ΠΠ! Pon» = 1 1 Pon _ Pmt blon " 
j Intz a a= (ab: nx 1) don T Pon 


Qn 


‘Hence Pont2=Pon+ dons ANA Jonpo=(4b+1) Gon + Pon 


12 Psnt3 _ 1 41 (bc +1) dan + Pan 
: Dan " 
d5n4-3 EHTILE im ~ (abc-- a ο) Isnt (ab +1) Pon 
3n 
Hence Pants = Pan + (be + 1) gan: 
13. Pon=Pon—1t ὅθου ο. ANd Jon=Jon—1 005455 
ο. Dandon-i-— Pan-iden — — © (Pon—19on—2 — don-1P2n—)- 
Also Don-i7Pen-2 t Won—3 8nd Q5, 4— μμ 04543 5 


“+ Pau-idon-2 7 Pon-sd2n— 7 — 4 (Pon—242n—3 — dan—2Pon—3)- 
Hence Pondan- — Dan-id2n = αὖ (Pon~2d2n-3 — Pan—a2n—2)- 
Similarly Pon-242n-s — Pon-3d2n-2 = 20 (Psnad2n—5 — Dan—b12n—4)- 


= ul 
LIII νυ ΠΠ 


Also P301 — P1997 — ab. 


Hence PDoudon-1 7 Pn-idos = — ab^. 
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Ponte = 1 1 Pon = Pon + baon 
dm αὐ ae p», + (αὖ +1) don 


2n 


Hence Dono Pon + bdo, ANd Qanpa apos + (ab -- 1) done 


14. 


But Don42 μη. ο 005,44 + on 


Hence — qan=Ponta and blont = apo, + abdo, = Pon + WP on μι: 


15. Let a "ux P» bo the convergents to ο so that 
1 


N 


p—U.t Pap ο μα =Po +P Py=ab+1, p=a. 


1 ; 
Then (Pee a ὑχΏ.-.. $5 Ps e4 Sees =. 
Pn η. Pn- Pa-1 P» D» b+a 
Pn-1 Pn-2 nm 
Thus p, l1 1 111 
p ηλ" σ-- 5-46 


Hence γος ry no ΠΗ 
In dn Inai ni 41 G2 - b 
qni In-2 qı 
Thus da 1 : 1 l 
q ἰ-- ή -- T6465 
1 
And, by Art, 357 I, fnn ae 
q 49 
P. TT i. gu AD 
“Ξε FE εί eee c ale du n, -- 1 6 ΓΟ i 
16. 1 τα SNP Then, if = be the last convergent 
we have from 15, 
ο. 
q του 
P ik ah al 
and peas GOH DTP 
il . 


Hence, if y Pe the convergent of tx rt e = which just precedes 


2, we have 
P=aQ+«a« and p=aq +y, 


whence aæjy=(P-aQ0)|(p-agq). 
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/ 
17. From Art. 357 III, z— one , where λ is positive and less than 1, 


godine ον. 
Hence pp' - qqa*—pp' - qd (52 rv 


_ Pp’ (aca? - qd' (p Np. (p'a' - pq) αν | 
(4 +)? (q M)? 


Now λ«1, p-p' and q-4', therefore p’ e Mg is positive. Hence 
pp’ —qq'«? is positive or negative according as pq’ — p'q is positive or negative, 


therefore Dp x? according as PE : 
qq οἱ ΕΙ 
XXXVII.. Pages 473—478. 


1 
ο (D J17=44+,/17-4= 4+ T4 re 


17+4=8+,/17-4=8 Ce 
A/ÀAT + +417- πιστα, 


1 
Thus NA TERR so. 
19 1 
(2) /140=11+ ,/140 = 112114. — À— — -114 ——— ; 
κ/140 4-11 A/140 -- 11" 
19 
140411 1 
140-11 | ae τν... 
19 T9 9 (4/140 + 8) A/140--8* 
4 
140-8 A/140 - 8 6 
4 (4/140 - 8) /140+8 
19 
J140+8_ N „140-11 _ MEER ΚΠ 
19 19 19(/140411) t n TE 


A/140 411222. κ/140 - 11 &e. 


ju bs ue sb 18 IA o 
144414+224144414 994°" 


Hence A/140 2 114 — 


XXXVIL] CONTINUED FRACTIONS. 
(3) Rm ο το ο ------ 
A885. δ ΠΤ 

ΓΝ 
ΜΘΊΉΕδ 33-8 ΙΙ, 34 εν 
SYN 8 8/33 +3) i45! 

3 
ον, d uno e ey pt να, 
ο ο ο ος soccer 

8 
NEX 34 -- 

3843 So οσα 8 1 
pes y: eo iocum MES: 
A/33 4-5 210 +433- 5— &c. 
πι ο te 10141621 
Hence ο Ou 0T TEENS 
4 "CFA LE d ee 
x NE MEUS t Ja8x6-9* Fasee: 

7 
θά κι " λεν era 
ποπ 

6 
πμ πα RETE 1 
τ, e No A. 

3 
χάρες, N Ho 1 
e πο ees 

9 

i 43-45 
ον ο κα 8 v43+5, 
9 9 9(Ji835) - D 
UL DNE I UM mM ως. 
inc ο πο ο aviae ras Er 

9 
ore 48-4. Pte NE 
στ τσ αρχ ποτ. 

3 
4844. f48-5_ 18 ns. 
eta ο απο dti wm 

6 


07 
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A435 1 4N48- il 42 TEN 
PU G7 tbe) Ver 
7 
MAS qu A/A43 - 6 si 7 21% l - 
7 7 7(J43--6) | + 74346 
ια ο ae μι, 
TID τν. SD TET T 
Hence — J43— με, ek ρα ae 
: ; 1 
(5) J (à +1)=a+,/(a κα 
1 1 T3 
= 6 ETA 1 == OU ea 
ame TGR επὶ 2a + 2a + 
^ 2 e 2a 
(6) /(a? + 2a)=a4+,/(a EACLE ease ran 
s 2a 2a cap 2a 
αα κανα -2α ^ 2a42a4 °° 
N-a? 
2 JN=a+J/N-a MN 
a+ b 
* 9a + 9a 
a+a+ m. a+ áa + 
: ΤΗ Sayer 
8. (i) Let guid ον are yao: ..to infinity ; 
el 
then pu po 
4 922—520, whence oe 
ΛΕ, ΝΥΝῚ : 
(ii) Let pads ιο οι. to infinity ; 
1:15 A Al 
then νη. Tx? — 8x — 9--θ, 
whence 2-2 (440/87) 
T 1 "e at 
(iii) Let 2£—5 54 το infinity. 


,..to infinity; 


® 
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T A 
then lee Ey ο. 4y? + 20y - 5—0, 
1 
when = - 
ce y —5 (ν 50 5). 
1 1 A301 | di 
Hence == 0 e — À — (28 —,/30). 
2 1 
+ a4 10/80 5) 2,/30+4 52 
JT 1 
=7 — --- -- = 
4 E ο a πρ 
“51 1 
=1+= = = 2242; 
Hn aa Poe gol? 
Hence a= by. 
TUE EIL T 
Let -- τ..-..- ; 
PIE TE bend cape 
PIN ci Ui bed +d+b+a (be +1) 


at+b+c+d+a abed+ed+ad+ab+1+2 (abc ca): 
The product of the roots of the quadratic for z is 
— (bcd -- b -- d)| (abc 4- a. -- c). 
But, by Art. 363, the product of the roots is 
Tol lod 1 TA T eT. 
—(=+o+t=+54+=4+...)(d+-+5+—4+...}. 
ο ο, σς- απ α σα 
Thus 
το. agi 111 \_bedtd+a 
ο πο E E 7 UO bad d E abc 4-a4-c* 
1 
h — — ; therefore 
6. We have «= doubt: erefor 


wy El; yea 


zy! 
μή 1 Ls il 1 
Tee hes oa 2r- Άω-- 
Li 
7 pu 1 χα + abe — b 0. 
. [E E 


Change a into 2a and b into 2b; then 

2aj? -- 4aby — 20 —0, and similarly 3az?+ 9abz — 35 —0. 
Eliminating a, ab, b from these three equations [See Art. 153, Ex. 9]; 
we have 2? (a — 2y) -- 3z (y? — x?) + my (2x — y) «0. 
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8. The continued fraction is 


13-1? 42-2? n?-3? m*-(n-2? n?-(n-1)? 


IS iN D QD NM II NET 
πας λεν ος (πο 
Now ΟΡ ο ο psa! mee 
m?—(n-3) _ n? — 3? 


SS ee 
Qn-54+2  """ T+ (n—4) 


n? — 92 n2-1 
= =n-2, ————-=n-1 and 1+n-1l=n. 
5+ (n - 3) 3+ (n- 2) i 
1 -- αἲ tatt... +a” 1 
9, m SES ad -— 
& 4- a3 -- αὖ 4- ... a?" 
_(1+a tatt... +a) — (a2-- 1) (1 -- a? o... a$-2) 
m a (1-4- αἲ 4... +a”) 
— ᾱ 1 -καἳή-... καν) . atat pans 
στο a(l+@+... Καπ} Itat.. parn- 
Similarl λα μα. ad UT Uude cH pun 
Y gab... ami 4] — lua... Κα) 
1+a@+a4 il a il 
---------- | 44+-)= -—— = -_, 
α-- a? a l+@ [E 
a+ 
a 
Ἠεπος l+a?+at+...+a% -—1 1 1 
a+@e+a+...¢ae1 α Tats 
α---- - αι να 


to n quotients, 


a 
10. We have Κα; τη and y 


απο 
` ty+br=a and ry+dy=c;3 
. bxz—dy-a-c. 


1 


11. «ξ-α--- , whence 


D 
1-- ὐ--ὦ 
(0-1) a? -(ab+a+b-1)2-a-1=0, 
Similarly (a+1) y?-(ab+a+b-1)y-b-1=0. 
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Put in the first equation 


l+a 
cab Y for z, and it becomes 
1+0b 


(1a) να lta e 
he Y?- (ab -- a4- b — Dit? p X- (1+a)=0, 
or (14- a) Y?- (ab - a cb — 1) Y-(1+b)=0, 
Meere d 


which is the second equation. Hence rid eut 


9 
19. Consider the continued fraction 3-2 3 v 
Then, by Art. 360, the (n—1)th convergent is a when p, is the 


coefficient of z^—? in the expansion of 


x TC NUS. 
1-3rz--9232 1-95 1-2’ 


and q, 4 is the coefficient of z"—? in the expansion of 


ως. µου 
1825-07? S Τοπ. Τα 


Pai. ated 


Hence -= n — 
In-1 Weil 


Hence the nth convergent required 


1 4 9-1 
Bic py oed 
onc] 


Or thus: 


If n>2, we have 
Pr= 3p, 5 90 H 


QU ACD EE Pye Pn a Pno = tee =P; — ρα. 
And Peal, p:=3. 
Hence Dy 2011. 
So also 2.9,4—25.9,-9—2, i 


ορ = 95», α = 2 ος ου δρ. = ης —9n-3 
Hence by addition 
Pn=l1+2+... +2034 2"? , p, —2^ —1, since p,—3. 


We find in a similar manner that q,, —2" +1. 
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19. By Art. 360, the numerator of the nth convergent is the coefficient 


of x” in meaa z» and the denominator is the coefficient of a” in 
-αα -- 
i 


1-2»x-2a2?' 


9.19 1 | (1+,/2)? 1-2) } 


I-92z-a33 242 l-z(ü-J2) E 


in which the coefficient of z^ is 
1 
ae f Q\n+l — -.. [Ω9γη1} 
aja 07?) (ας, 


1 1 ο 1-2 
pr DT 9,2 lus E riu wl ; 


in which the coefficient of z^—1 is 


gg (r3 - (1-02) 


Now , 


Hence the nth convergent required is l 
(1+,/2)"1 -- (1 = v2) 
(1+4/2)"— (1- /2)" 


14. Since p,—3p,.,—2p4.5, it follows that if A and B are properly 


chosen, p, will be the coefficient of z"—! in the expansion of D κ 
4ᾱ-- Ρα 
Now I- srpom 74 t (Bt 84) e+... 


Hence we must have A—p,—1 and B+3A4=p,=3. Thus p, is the 
coefficient of z"— in 
1 2 1 


1-82420 1-25 1-4 
the coefficient of x”! is therefore 2” — 1. 


Again q^ will be the coefficient of «"— in the expansion of 


C+ Dx 
Toar ae iat 
provided C=q=1, and D+30=q,=1. s 


1-2» 


Thus q, is the coefficient of αἲ- 1 in i-3z42d* 


that is in : 


; hence q, — 1. 


The nth convergent is therefore 2” — 1. 
g 
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15. p, will be the coefficient of z"-! in the expansion of 


A-Bz 
1 -- (a+b) £+ aba?’ 


provided that A=p,=1, and B+(a+b) A=p,=a+b, 


Thus p, is the coefficient of 2”— in 


1 Le α b 
(1— aa) (1— bx) a—b\1-az 1-ἑα)᾽ ` 

and is therefore ZL iaat). 

α-ὂ 

Also q, will be the coefficient of z"-! in the expansion of 
Ct Da 
1- (a+b) z -- abr?’ 
provided that 
C=q,=a+b, and D+ (a+b) C —q,—a?-- ab 4- 02, 

Thus q,, is the coefficient of z^—! in 


a+b- abaz 3 a? b | 7 
(1— az) (1— bx) l-ac i-iz|" 


1 
and therefore η (arti pt), 
— pn 
The required nth convergent is therefore T p : 
16. D,,7 (2n 1) Pa- (1? - 1) Pye; 
ο. Pn- pua = (η 1) {Pn-1— (n- 1) Pa-3]* 
So also Pn-1 -{Ξ 1) Pn- =M {Pn—2 = (n 2) Όη-ο)» 
Pa- ρο--4ρο-9ρι]. 
in 4-1 g 
Hence fu Dam! B (τι r ο... BS 
But p,=2 and p,—10; 


Pn 
$ Όροι [n4 1, or 1 -- oye 
u 


Similarly 
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Hence Pus (n 1)+n+(n—-J)+...4+342, 


= 


and therefore \ fs : n (n 4-3) jn. 


The equation (i) holds good for the q's, so that 


Her 94.) 
In 1η = το (do — 241)» 
[3 

But q,—1 and. q,—2; 


and therefore q, —1q,.,—0. Hence we have 


d In- . E d 
n [n -1 [2 : 


The nth convergent is therefore 
1 1 
2" (n+3) |r /|n =5" (n+3). 


17. We have 


Pr = Pr E 1 . 
ar (n?-1) Ppa + 2p, 2+ (n? -- 1) Pret 
Vr-1 
Now, in the limit, Pr is the same as ; rl and hence the limiting value 
iv T—1 
is given by 
al 
Mom - nL? aA 13--0 
σπορ μον ( = 05 
il 
whence L= Tu 
18. We have γι Dy DPu-i In Pn—25 
“ Pn byt ate; Pulp + ated Sued 
Dua Daci Pn-2 Pn-2 
Ῥη-α Pa-3a 
Ps b. t2; and Pab 
2. Po Py 
Py 
Hence e (o, Any As 
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We have similarly 


7 Lem ns αμα a d 
an-ı DET + ae ei VE ? 
di 
and gs by ΞΕ ἄν 3 
di by 
Hence In In na ας e 
Qni b ib, s + + by + b 
Hence 
Pn . Pn-i b αμ a3 an a a 
LU Tib P NC 
Qn {π-ι E br- n + bo S bc + b + bi 


TREE T 
. Let the fraction b or Ie EM CN T an 
19 e racetio pe AER τη etae 


and let γι, Yo)... be P1, Po ;. Let the three last convergents of the first 


1990» 
complete period be 2 ; A and ae , So that A" =p, and B” =q 
Bp B 1 
Then py=lA'+A and qj—-lB'-- D. 
Now 1,7 4 z PS 2 is 
b+et +b γι 


1 
LE yarn caos 
( E ) E κι A’ 


Un Se et A 


ET IDE NIE +B’ , 


B'+B 
Yn-1 
, n 


where = and Bn 


are the two last convergents of the first complete period. 


JO. EV TEE, be th 
20. Let M^'a wx the three last convergents of 


NEN EM 7 s z being equal to P} 
Then ο πο. "M 
and ~Z ΐΛπΛπ- 
Hence P,= (irae) -- =e 
wame Μία νι) ἘΜ 
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k+ LEM L'4L" 
Als PE νὰ —L (aZ) L' 
αγ (a - JJ A) 4- Μ' ᾿ 


1 , 2» AM 
ΟΣ +M 


The last equation gives La+ L/ - MZ - /Z (Ma M' —.L) —0; and there- 
fore, as ,/Z is irrational and all the other quantities rational, we must have 


Ma+M'-L=0 and La+L'—-MZ=0. 


Substituting in P, we have 


MZ DP ντο NT. 
: E 1, "Since — Pie 


Pas = = : 
oP, ο ο M 
Ie ZU DID 
Hence ο, 
NA ^N (Λι Pu)" 


and therefore 
Εν ην (2΄ν2) (Gat?) (τν) Gaz) 
Pal MPL) AB Su πμ”) Pee 
= = (FG) 


a eee 


21. Since p,=(a4+ a!) p, 4 — p, 5, it follows as in Art. 360, that p, is 
the coefficient of z"-! in the expansion of 


1 5 I a na 
1-(a+a7)x+a2 a-«3 \l-az 1-a 2} ° 


1 


Pe πη: 


Hence p= 


Also q,, is the coefficient of z"-1 in the expansion of 
atat—x 1i ( a? a ) 


1-(a+a7) αγ ᾱ- αἲ I-or l-a-z 


; i) 
Hence liaa (ami — a7), 
í a-a” 
Hence Pul τω. 
In gl. g-n-l 


ή n 
When a is greater than unity the limit of "s is mad, and when a is less 
"n 
ihan unity the limit of Pn ig Bons EG 
In qu th 
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29. We know that 


1 1 1 1 a b , 3 
Dp ο ιτ το e ο A 976 84 
Put a=2, b=3=c=d= 3 
then ὃν μοι ο να ... to n quotients 
Ji T 


: ---- -... ton terms 

1 Pe 1 
6609 eU 9 
The nth convergent can also be found as in Article 360. 


a x 
= -- - πες D e -- 
du λον. 


"I 7 2D 2x (ι-1)α 
zr πο ο πρ ΠΕΠ” η 
from [C.] Art. 370. 
O4. Put 02205 d, 22 4. 5D 
and ὄιξ-α, 0,—0, b5-c, &c. in [O.] Art. 370. 
N MEUM WE. 
25. Παν Πα ΠΡ 
1 1 1 al 
οι τα 19490 οσο] 
A. 
ze 2. 
1186 3 (n- 2) 
26. "Οτο "ε;, νο. ' 
1 1 2 1 
miro et E -. Art. 370, F. 
πι σσ ος ο ο ΡΟ EM 
most 
1 T i 1 
I, rct ο 9 ce 
η. τ ED πα 
Er 12, 8» 92.42 (n — 1) (n 4- 1)? 


2151001910. μα ασ πω (uc I] (n4 1) 7^" 

[Art. 370, D.] 
1 12,91 92.4 (n.— 1)2 (n 4- 1)? 
ο... αυ... ας 
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98. Assume that the formula holds good for the nth convergent ; then 


Puig 2 2 6.2"-6 6.2"**-6 
ES 9nt$ 1 


TIN LU Ld n 

Thus the formula will be true for the (n--2)th convergent if it be true 
for the nth; but the formula is true for the first, and therefore for all odd 
convergents; it is also true for the second, and therefore for all even conver- 
gents. 


29. The formula is true when n=1, and when n=2; and assuming that 
it is true for any value of n we have 
6n—1+(-1)” 12n--22.-2(—-1)" 6(n42)-1-c(-1)"? 
7 6n--74-(—1)^ 12n-3842(-1)' ϐ (πι 1-2) 1-11-(-- 1913" 
Thus the formula will hold good for the (n+2)th convergent if it hold 


good for the nth; hence, as it holds good for the first and second convergents, 
it is true for all. 


πη. 


d αἰ 
S B 


Ἱ μυ. : : 
30. i1*3*3*4*-€ infinity 
il 1? 92 33 : : 
μα πο 349 -443-°°°° infinity. 
Toe D. S 
But i'à^s*4*-5 infinite, and therefore 
12 92 32 
ης πο ug opo 
i 1. ινα 485 DENIS 
9—(1--1)?— -- = 
Sl, να μας στ προς 
τω DeL 4.3 6:20 
TO 2S οσο SH de 
I SIRO 74 6 : 
= t3* coal ar preg Γι tr es: [Art. 370, C.] 
-4 ;. Προ}. ο ρα Wood A 
5 S I : = 
ΤΉ Ἕνα ο προ SIE o ae 
-ᾱ. 1 ο Se ο ο πο δα 
1-9 *-x— - -— X 
dm CH Wee cor 
τ. ος -ᾱς 6.7 
~244-34+6-5+8-74"" 
Ἱ ο TATO OLT 
2+ lor 1+ 1 + 
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33. From Art. 370 [C.] 
1 οι aO 8 0.10 
που ex SB os YER es ON 5 


1551.3 195-5 4 1*8 8.7 
ο τα το ^4 518-107 


It also follows from Art. 325 that the sum of the series to infinity —1. 


nz  l.(n-l)z .(n-2)9 58.(ι-ϑ)α 
1 - (n-1)2+2- (n-2)z43 - (n-83) 244 — 


...[Art. 370, C.] 


35, Put 2=1, in 34; then 


Σον te 1 2(n-2) 3(n-3) 
l-n+1l—- n+l - n+l - 


30. It is easy to prove that 
F ’ 
55) (1-2) [ε2}--ι πα ως ακομα σι 
a a a a 


aa ada 
And, from Art. 370, the series is equal to 
z .a(rta) a(x+a) 
α- π--α-α- α-α-α —^ 


1 n 2n 
37. ωρα Sepia 
ο. 1 
wp" cS" TTA SN 
l 
=e"-] 
1 1 1 
Also ε΄ E n.2n στο ος. 
= 1 n 9η, J 
Te Fale Oy thas Sr er ovo 
A 1 ΕΣ n 2n : 
ss Li ει rM iu 
jum d 
n 2n 1 1 
Ab nes Ie ΡΕΞ τ--ι--- : 
η n ki γαμος ci 
1 
° 1 E en dur y ERR 


" 7-1 + 2n-1+3n-1+" 
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80 80 80 
Art. 377 σα oe στ)» 1 (5; )=26+8+2=36. 


80 80 
1 (3) 15) 165-15. 


00 
15$ Bh 44 C fedi (πε) d» (AE ) =142 + 2042-164, 


Art. 979. Ex. 1. 
n(n+1) (2n+1)=n (n+1) (n+ 2) 4- (n — 1) n (n.4- 1). 
Ex. 2. Letn=2m+1; then (n?4-3) (n? 4- 7) 
= (4m? -- 4m + 4) (4m? + 4m 4- 8) =16 (m? επι -- 1) (m+ m 4- 2) =m (32). 

Ex. 3. Letn=2m+1; then 

nt + 4n? +11 — 16m + 32m? + 40m? + 24m +16 

=16 (m4 + 2m? + 9m? +m-+1)+8m (m 4- 1) — M (16). 
Ex. 4, πα 1 --(8-- 1) 115 {89+ — (2n-- 1) 87^ --... 11 -1- M (8). 
Ex.5. 19?^—1—(20-1)?» —1-— (207^ — 25 . 202n—1 
T..-2n.2041)-1—2M (40). 

Also 19% -—1= (18 1)?^ — 1— (18 4- 2n . 18301 --... --1) - 1—m (9). 

Hence 19?^ — 1 — M (40 x 9), since 40 and 9 are prime to each other. 

Ex. 6. n (n? — 1) (n? — 4) — (n — 2) (n — 1) n (n 4- 1) (n.-- 2). 

Of the five consecutive numbers $—2, m—1,...n--2, one must be a 
multiple of 5; also, since n is not a multiple of 3, two of the others must be 
multiples of 3, and therefore the continued product must be a multiple of 9; 
and, since n is odd, 2 —1 and n-+1 are both even, one of the two being 
divisible by 4, and therefore their product by 8. Thus n (n?—1) (n?—2) isa 
multiple of 5, of 9 and of 8, and therefore of 5x 9x8. 

Art. 380. Ex.1. By Fermat’s Theorem 

2^71z 1-4 M (n), 39"1-1-4 M (n), ..., (n- 1)1—1- M (η). 
Hence 111-201 + + (n- 1^1—n—-1-4- M (n). 
Ex. 2. By Fermat’s Theorem 
q"71—1--M (n) and b^3—1--M (n); ο. a"-1— b^-1— M (n). 


Ex.3, By Fermat’s Theorem πι (nt —1) =M. (5). Also n (n*— 1) = M (6). ` 
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Ex.4. m(n9—1)—M (7), by Fermat's Theorem. 

Also n (n8 — 1) — (n — 1) n (n+ 1) (n5 - m? - 1) - 1/ (6). 

Hence n (n$ — 1) 2 M (7x6). 

Ex.5. αὖ-1, 24-1 and 1? —1 are all factors of x? — 1; and, by Fermat’s 


Theorem, 4$-1—M (7), α’-1--Μ (5), x?-1=M(3) and a3?-1-M (15). 
Hence, as 13, 7, 5 and 3 are all prime to one another, 


a1? — 1— M (1365). 


So also 313-- 1 Μ (1365), 
and therefore αἱ” y1? = M (1365). 
Ex. 6. m^"-1—1-—HM (n), and n™1_1=M (m); 


ve ΠΟ dim — qa — qme 1— M (n) . M (m) -- M (mn) ; 

"πο επ — = (mn), 
Ex. 7. (np) 1-1=WM (m), (pm)"1-1=M (n), and (mn)?-1-1=M(p). 
Hence, by multiplication, 
M (mnp) + (npy* + ( pm)" + (mn) ?3 — 1— M (m) M (n) M (p)=M (mnp). 
Ex.8. By Fermat's Theorem m (n*— 1) 2 M (5): 

^ n=M (5), or else n*-1-4- M (δ). 
Ex.9. By Fermat's Theorem n (n? — 1) - M (13) ; 
n=M (13), or else n'?—1-- M (13). 
Ex. 10. By Fermat’s Theorem m (në — 1) 2 M (17) ; 
«. n=M (17), or else (n$— 1) (n5-- 1) « M (17), 
and therefore n3 + 1— M (17). 


Art. 381. Ex. 3. 1000-2555, 3600=213°5?, and 14553 —3?7?11, Hence 
the numbers required are 


{3+1) (8-11), (441) (2+1) (2+1) and (5--1) (2+1)(1+1) respectively. 
Ex, 4. 6=2.3; .. sum of its divisors = (14-2) (14-3) --6--6. 
28=2?.7; .. sum of its divisors =(1+2-+ 2?) (1-- 7) —28=28. 

496--94 31; .. sum of its divisors =(1+2+2?+ 29-29 (1 -- 91) - 496 2436. 

Ex. 5. A number with six divisors must be of the form 2?y, where z and 
y are primes, and the smallest number is 2? . ὃ-- 12. 

Ex.6. A number with fifteen divisors must be of the form z?y*, and the 
smallest number is 3?. 24, 


Ex. 7. A number with twenty divisors must be of the form M or of the 
form z*yz; the smallest numbers of these forms are 2*, 2? and 13.8 . 5, 
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Ex. 8. 4725=3?. 52:7. Hence the numbers required are (i) 3. 7 and 
(ii) 5 . 7. 


Art. 384. Ex. 4. Every number is of the form 7m, 7m--1, 7m3-2 or 
7m--3. Hence every cube is of the form 7m, 7m+1, 7m 2:1 or 7m 1. 


Again, every number is of the form 9m, 9m 3-1, 9m+2, Im+3 or 9m 3: 4. 
Hence every cube is of the form 9m, Im+1, 9m 4-1, 9m or 9m 5-1. 


Ex. 5. Every number is of the form 5m, 5m+1 or 5m+2. Hence every 
fourth power is of the form 5m or 5m+ 1. 


Ex. 6. The last digit in (10x +y)? is the same as the last digit in y?; 
and y? is 0, 1, 4, 9, 16, 25, 36, 49, 64 or 81. Hence the last digit of any 


square must be 0, 1, 4, 5, 6 or 9. 
v 


Ex. 7. (10α--γ);--100α21-90αγ + y?, and y? is 1, 9, 25, 49 or 81. Hence, 
as 20ry is an even multiple of 10, the last figure but one must be even. 


Ex. 8. γ΄. ή (y*— 1) x an integral expression. 
By Ferma*'s Theorem y (y* — 1) 2 M (5), and 
y y*-1)=y (y - 1) (y? +y? vy += (2). 


Hence y (y*— 1), and therefore also y®Ħ — y, is a multiple of 10. Hence y*" 
and y must end in the same digit. 


Ex. 9. n(n+1)(n+2)(n+8)=(n?+3n+1)?-1, and two squares cannot 
differ by unity. 
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1. Lets and y be the numbers. Then α-- 1-- M (8) by Fermat’s Theorem; 
aso, since z is odd, z?=M(8)+1. Hence x?=M(24) +1; so also y?— M(24) +1, 
and therefore z?~y?= M (24). 


2. n (n?- 1) (n? -- 4) (n? - 9) = (n-3) (n - 2) (n -- 1) n (n+ 1) (n+ 9) (n+3). 


The seven consecutive integers from n-3 to n+3 must contain one 
multiple of 7, one of 5, and two of 3; also, since n is odd, n —3, » — 1, n 4-1 
and n+8 are four consecutive even numbers, and therefore one of the four is 
durius by 8 and another by 4, so that their continued product is divisible 

y 21, 


Hence m (n? — 13) (n? — 23) (n? -- 3?) = M (22 .32.5. 7). 


9. Since is odd (n 4- 2m)" — 1 is divisible by (n-- 2m)? — 1. 


Hence (η -- 2m)" — (n+ 2m) is divisible by (n+ 2m — 1) (πι -- 2m) (n+ 9m 4- 1). 
Since n is odd, two of the three consecutive integers are even and therefore 
the product is divisible by 8; also one of the three must be divisible by 3. 
Hence (n 4 2m — 1) (n+2m) (n+ 2m }- 1) is à multiple of 94, 
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4; qp ginmtp—gMmir(att — 1), where [2m --ι. 
Now a (a — 1) — M (5) by Fermat; also a (a? - 1) z (a — 1) a (a+ 1) = M (6). 
Hence a (αἵ — 1) = M (30). 


5. N-«ycN - (N - αἲ) ((a-- 1? - N] 2 N?- 2a (a - 1) N -- a? (a 4- 1)? 
—(N -a (a -1))?. 


6. The number of integers which are less than 990 and prime to it is 


990 (1-3) (1-5) (1-3) =264. 


Also between 990 and 1000 there are two numbers, namely 991 and 997 
which are prime to 2, 3 and 5. Hence there are 266 numbers less than 1000 
and prime to 2, 3 and 5. 


7, Since = + Q + is an integer, zu Qr+ Rq is an integer, and there- 
fore Pqr is divisible by p. Butg andare both prime to p ; therefore P must 


be divisible by p. Similarly £ and = are integers. 


8, 284=2?.71, and the sum of all the divisors οἵ 284 
= (142+ 2?) (1-- 71) - 284 — 220. 
220-92 ο 11 
and the sum of all the divisors of 220 
z (14-2 +2?) (1+5) (1 4- 11) - 220 — 284. 


9. The sum of the divisors of 2" (2" — 1), if 2^ — 1 is prime, is 
(1 dapes. dE Du) (1 +27 — 1) = Ml (25 ΕΞ 1) --θπ-1 (2? E. iy, 


10. By Fermats Theorem 215—1—M (17), if ο is prime to 17; and 
z1—1—M(a*—1)—M (5), if z is prime to 5. And, if x is odd, αἲ -- 1= M (8). 
Hence z156—1— M (17x 5x8), if z be prime to 2, 5 and 17. The numbers 
required are therefore 3, 7, 9, 11, 13, and 19. 


ll. Let N be any number, then N is of one of the forms 9m, 9m 5 1, 
9m+2, Im+3, or Im+4. Hence N? is of one of the forms 9m, Im+1, 
9m+4 or Im+7; and N? is of one of the forms 9m, 9m: 1. Now a number 
is equal to a multiple of 9 plus the sum of its digits; and from the above it 
follows that the sum of the digits of a perfect square, or of a perfect cube, 
can never be 15. 


12, (2n)?= (n? +1)? (w= 1]; 


ο. [οι 12.1] — ((2n--1) - 1| ? 
and Quel | 5 [ E | 2 | . 


a 
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13. The number is M (7) - 6, M (8) - 6 and M (9) -6. Now all numbers 
which are multiples of 7, 8 and 9 are multiples of 504. Hence all the 
numbers which satisfy the conditions are included in the formula 504m -- 6, 
the least number being 498. 

14. By Fermat’s Theorem N"-!—1.-t- M(n) ; 

s NOTA {14 M(n))? 1-4 nM(n) +... —1-4- M(n?). 
Now = { NO) n= 434 M(n?) | -1 + nM(n?) +... 1-4 M (nè); 
and so on, so that Ni» — 14 M(n’). 


15. By the preceding question Nu" — 1 — M (n?), that 18 
(NP (7D 43) οσο. 1) = (2), 
Hence N?” 079 11. M (a). 


τς EARUM SI pom {µε 


—((p-)(p-3)...(p-r 1) ο ας 
={M(p)-+ C- D" e 1- 0 
=M(p)| rz M(p), 
since p is prime and r less than p. 
17. Let the primes be x, x+a and x+2a; then, by Ex. 1, if 2-3, 
(x +a)? — α5-- M(24), and (z--2a)? - (r--a— M(24). Hence 2ax -+ a? — Μ(94), 


and 2ax--3a?— M(24) ; therefore 2a?= M(24). Hence a?— M(12), from which 
it is obvious that a= M(6). 


18. Let» beany prime factor of the numerator and of the denominator ; 
then we have to shew that n occurs to at least as high a power in the nume- 
rator as in the denominator; this is proved as in Art. 378 provided 


2a 2b αλ b _fa+b 
κ ο ο 
for all values of k. 


Let a=mk+a and b —m'k + 8, where each of the quantities a, B is zero or 
a positive integer less than k. 


Then we have to shew that 


ΠΕΟΣ, (=) ΕΙ (5x8) : 


Now Ι (515 cannot be greater than 1, and cannot be equal to 1 unless 


b. : 98^ 
either a or 8 is greater than 5 in which case I (9) +I (9) t1. 
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19. Asin 18, it is sufficient to prove that I (5) +I ei +I (3) > 
for all values of X. 
Let n=mk+a; then we have to prove that 
2a a+] 
2m-I (=) 42m+1(*5") E 


which is obvious. A 


20. By Art. 378 


μη πτ and therefore ín ATE is an integer. 
{(n-1)r}1 ((n— 2) 7} 1 


οσο γινουν 
(1 a 611. 
η) 1 r13 rirl2 
are all integers. 
(nr)! 
n! (r!)” 


21. We have identically 
(a52 + as? + ... + Ag?) (L Hb +... H bn?) = (αιδι + αοὖο-- ... 3-0, b, )? + Z (a,b, — asb,)?, 


Hence by multiplication is an integer. | 


where the number of terms in Σ is the number of combinations of n things 
two together. Thus the product is expressed as the sum of Lejn(n-1) 


Squares. 


22. Any number is of the form 3m, or 3m+1; and therefore every 
square is of the form 3m or 3m--1. Hence a?--0? cannot be divisible by 3 
unless a? and b? are both of the form 3m, in which a and b must both be 
multiples of 3. 


Any number is of the form 7m, 7m2:1, 7m+£2 or Tm=3 ; and therefore 
every square is of the form 7m, 7m+1, 7m+4 or Tm+2. Hence a?+b? 
cannot be of the form 7m unless both are of the form 7m, in which case a and 
b are both multiples of 7. 


Similarly for 11, since every square is of the form 11m, 1lm+1, 1111154. 
11m+9, 11m+5 or llim-43. 


23. By Art. 384, Ex. 8, ab — M (13). Also a? and b? are of the form 7m, 
Im+1, Tm--2 or 7m+4. Hence, as a?-- 0? is a square, unless α or b isa 
multiple of 7, it follows that a? and b? are both of the form 7m+1, or both of. 
the form 7m--2, or both of the form 7m+4. Thus either ab or a?-0?is a 
multiple of 7. 
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94, If a?.- 02 —3 (c?-- d2), a? +b? must be a multiple of 3, and therefore, 
by 22, a and b must both be multiples of 3. Let a=3a, and b=3b. Then 
we have c?-- d? —3 (aj? --0?). Hence c and d must be multiples of 3; suppose 
them equal to 3c, and 3d, respectively, then we have 


a? + b,2—3 (ces? 4- ἀρ). 
Repeating the process, we see that a, b, c, d must all be divisible an 
indefinite number of times by 3, which is impossible. 


The same reasoning applies to 7 and 11. 


25. ais of the form 3m or 3m+1, 2b? of the form 3m or 3m+2, and c? 
of the form 3m or 3m 4-1. 


Hence a? and c? must both be of the form 3m or both of the form 3m 4-1; 
and therefore a? — b? — M (3). 


Again a? is of the form 16m, 16m-+4, or 8m+1; 203 is of the form 16m, 
16m+8, or 1θπι-- 2: and c? is of the form 16m, 16m-- 4 or 8m+1. Hence a? 
and c? must both be of the form 16m, or both of the form 16m 4- 4, or both of 
the form 8m+1; and therefore a? — 0?— M (8). 
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1. (i) Let V, = 22 — In --3n — 2; 
then Uppy = 22913 — 9 (n - 1)? 4-8 (n-- 1) - 2. 
Hence Uny — 4t, = 2'7n? — 27n =27n (n-1)=M (54). 


Hence w,,, wil be a multiple of δά, if u, be a multiple of 54. But 
Ίη--0; ©. u— M (54); <-u, =M (54), &c. 
(1) 52414 n5 — 5n3 --An - 5— 5 (1-- 94)3 -- n5 -- 5n? -- 4n -- 5 


=5 ln 5 ume) 2424 d +n? — 5n3+4n -5 
= M (120) +n? — 5n? + 4n = M (120) + (n — 2) (n — 1) n (n+ 1) (n+ 2) 
= M (120). 


(1) 49H..3"12—4 (13 +.3)"49 . 3^—4 {3% 4 M (18)1 +9 . δ» 
. =13 . 8” + M (13) 2 M (18). 
(iv) 8413.2, 4511.—9 . 81^.-8 . 64^—9 (85 — 4^ +8 (68 - 4)" 
= M (80) +9 (-— 4)” + M (68) 1-8 (- 42 M (17) - 17 (- 4^ — M (11). 
2. If possible, let r?b? and 9203 give the same remainder. Then 
v20? — 3°b?= M (a), 


that is (r-cs) (rs) à?— M (a). But this is impossible since a is a prime, 
and b is prime to a, and r+s and r—s are both less than a and therefore 
both prime to a. 
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3. ján +1=M (4n+ 1), since 4n +1 is e prime. 
Hence 
[{(4n+1)-1} T UAE (4n +1) - 2n}] [2n +1=M (4n € 1); 
^M (4n 1) 4- (- 19" (nP 1— =M (4n+1); 
^ (20 +1=M (4n+1). 

Again, if 4n — 1 is a prime, 

[4n - 2 +1=M (4n - 1); 

-. [£(4n - 1) - 1) (4n - 1) - 2}... ((4n - 1) - (2n - 1) ]]2n - 1 +1=M (4n-1); 
-. M(4n-1)+(-1)?1 |2n-1 [2n - 1-4 1-M (4n-1); 


- f 2n - 12 - 1— M (4n - 1). 


4, Since » is a prime number, jn- 1+1=M (n). 


But [n- 12 [n- r (n- r1) (n- 7 2)...(n- 1) 
=M (n)+(- 1) |r-1n- r. 
Hence 14(-1)' |r-1 |n-r=M(n). 


5. Let 2r+1 be a prime factor of m?+n?. 

Then m and n are both prime to 2r -- 1. 

Hence m*=1+4+M (2r+1); and m?--m?— M (2r +1); 

z^O(M (2r -1) - i?)rz14 M (2r - 1); 
© (1) n7" =1+M (2r+1); 
but n?" =1+ M (2r+1); 
4 (1) (1M (2r 1) z14- M (2r +1), 

whence it follows that r is even. 


Hence every odd prime divisor of m?+n? is of the form 416 -- 1, and the 
product of any number of quantities of the form 4k+1 is obviously of the 
same form. 


dos ie Td 
6. Let S το gat ant ga 


then, if n > 1, we have 


1 Tos 
s(1-i)- 5*5 p Bats E) 


the multiples of 2 being all absent. 


Similarly s (1-5) (1- a) i jm L tans 193 


the multiples of 2 and 3 being all absent. 


1 1 ee 
Hence 5 (1-5) (1-3) (1-5) ισα, 


2, 8, 5,... being all the prime numbers. 


T. 
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7. If a is prime to n, π--α is also prime to n. Hence the numbers 


SS ANTE 
occur in pairs such that the arithmetic mean of each pair is 2! therefore 


the arithmetic mean of the whole is 5- 


8, The number of numbers less than N and prime to it is 


rye 


and by the preceding example their arithmetic mean is 5 N; hence their 


1 
sum is 5 (1-2) (1-5)... 


Let S be the sum of the squares of the numbers which are less than N 
and not prime to N ; then, as in Art. 380, 


NM A , NW, 
S= ise -2?a?-... $ a2 — Σ 4a20? + 924903 + ... ἠ- 3b ah? 


+2 forne + 27a2b2c2 +... (=) «evel - 


NM? 
Now a?--2?a?4 .. ο cena (ανα) αλ) 


-ᾱ P (+a) (2N+a) =} es +8N2+ Na} i 
Hence if there are r of the letters a, b, ο, ..., we have 


ο eee eee 
a ab abe 


T(r-1) r(r—1)(r-2) 
iud t "og pb b 2 


+N (Za - Zab + Zabe - 


οι... 


+3N?+N {1—(1—a) (1-5) (1-0)...)- 
Now the sum of the squares of the numbers from 1 to N inclusive is 
Ξ g Ν N+) (2N 4- 1), 


dee ihe sum of the squares of all the numbers less than N and prime 
to Nis 


an (1-3 - ) (1-5) (1-2) EN (L-a) (1-2) (1-9... 
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9. Let πα cy... a, b, c,... being primes; then any divisor, d, may 
be represented by aPb?c^..., where p, q, r,... are not greater than a, BE. 
respectively. 


We know that 


o (d) «d (: - 3 (1- z) (1 τ F) =a” (a — 1) δν (b — 1) c*1 (c — 1)... 
Now all the different values of $ (d), for all possible values of p, q, v,..., 
are the different terms of the continued product of the following expressions, 
1-(a- Ty (2 1)4* (a 51) 4.877 (8-1), 
14-(b —1)--b (b —1) 4-02 (0 -- 1)  ... 0871 (5 — 1), 
14-(c- 1) c (c — 1) + (c - 1) b. c" 73 (e- 1), 


Hence ΣΦ (d) is equal to the continued product of the expressions, which 


are respectively a^, bÊ, cY,... 


Thus ΣΦ (d) «n. 


107 f $ be reduced to a circulating decimal with 2p figures in its 


circulating period, we have 
ας ESS 
b 1055-17 


where N is an integer. 
Hence a (1035 — 1) = M (D) ; and therefore, as wis prime to b, 10?» — 1 = M (b); 
and 2p is the lowest power of 10 for which this is true, for otherwise Ξ 


could be expressed as a circulating decimal with fewer than 2p figures in 
its period. 

Then, since 10% — 1 — (10? — 1) (10? 4- 1) 2 M (b) and 10? - 12: M (b), and ὁ 
is prime, it follows that 10? + 1— M (b). 


a ΄ . 
Now let pc Qs OC paa pa Cop 3 
a . . 
then 10? x p^ O2: Cp ο paa Cap Cp 
Hence, as 10».- 1— M (b), 


it follows that .C,C4...CpCp44-- (pt. Cones Co pC++.Cp=an integer=1, 
from which it follows that 


ο) + Cp] = Cg + Cp437 Cy + Cp4 47 = Cp C25 79 
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(A ipt 5 
τη]. ΠΕ} ==. 4055. .. p, 
p 
we have 10—ap-r, l0r cajp-r, 10r,=a,p +73, &c. 


Now p is prime to 10, for otherwise d would not be reducible to a pure 
cireulator; hence p is prime to rj, Το, Ty... But, as ry Το, Τη... must be 
all different, they are the numbers 1, 2, 3,..., not of course in order. Hence 
p must be prime to 1, 2,..., p — 1, that is must be a prime number. 

Now, since Ti Τα, ... include all the numbers 1, 2, 3,..., p — 1, it follows 
that when -- is reduced to a decimal, the recurring digits will be the same as 


before, beginning with that one for which the preceding remainder was k. 


12. Since - has a circulating period of p figures, 10» — 1— M (P). So also 
10: - 1=M (Q), 107- 1=M (R), &c. Now, if n be the least common multiple of 


P, q, T... 10”— 1 is a multiple of 10» — 1, 107 — 1, 10^ — 1, &c. ; and n is the 
least number for which this is true. 

Hence 10^—1 is a multiple of P, Q, E,... ; and therefore, as P, Q, R,... 
are primes, 10^ - 1— M (PQR...), and this is not true for any power of 10 
lower than 10%. This shews that σα has a circulating period of n 


PQR.. 
figures. 
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XL.. Pages 510—511. 


1. (1) The penultimate convergent to a 


7.2415 (-1)=-1; ~. 7(-2.59) 415 (59) =59. 


Hence the general solution in integers is z= — 118+ 15m, y=59 — 7m, and 
the only solution in positive integers is 22, y=3. 


T 
is5. Then 


(2) The penultimate convergent to - 15 : . Then 


8.5-13.3=1; .. 8(5.138) -13(— 3.138) —128. 
Hence «= 690 — 13m, and y= — 414+ 8m is the general solution in integers; 
and if z and y are both positive m: 53 and m+52. 


(8) The penultimate convergent to : is 2 Then 


42 
7.4-9.3=1; ., 7(4.100)+9(—3.100)=100. 


Hence the general solution in integers is z—400 — 9m, y= —300-- 7m ; 
and, if z and y are both positive, m} 44 and m 4 43. 


4 
του 
15.19-71.4=1; ~. 15(19.10653) -τΙ (--4. 10653) 2 10653. 


Hence z—19.10653 — 71m, y= —4.10653-- 15m: and x and y are both 
positive if πι] 2850, and m 4: 2841. 


(4) The penultimate convergent to = is—. Then 


9, (1) Since 2(-1)+3.1=1, we have 2 (-- 133) +3 (133) 2183; ~. the 
general solution in positive integers is given by z= — 158 - ὅτι, y=133 - 2m, 
m having any value from 45 to 66 inclusive. 


(2) We have 7(-3)+11(2)=1; therefore 
7 (- 3 . 2312) + 11 (2 . 2312) 2 2312. 
Hence the general solution in positive integers is given by 
x= — 6936+ 11m, y =4624- Tm, 


m having any value from 631 to 660 inclusive. 


3. (1) We have 
7.2-13.1=1; .. 7.30-13.15=15. 


Hence the general solution is z—30--13m, y=15+7m. 
(2 Wehave 9.5-11.4=1; .. 9.20—11.16—4. 
Hence the general solution is z 220 + 11m, y=16+9m. 
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(8) We have 17.7-15.8=-1; «. 17(- 7.31) -15(- 8.31) z 31. 
Hence the general solution is z— 15m — 217, y — 17m — 248. 


(4 We have 49.31-69.22=1; ~. 49 (3100) - 69 (2200) — 100. 
Hence the general solution is 
` x=3100 + 69m, y =2200 + 49m. 


4. (1) To solve 2x+83y+7z=23. Herez must bel, 2, or 3. If 25, 
we should have 2c+3y=2 which cannot be satisfied by positive integral 
values of x and y, zero values being excluded. If z=2, we should have 
2a -+-3y=9 the only solution of which is 27—3, y=1. If 2--1, we should have 
2z +3y=16 the general solution of which is given by z —3m — 16, y —16 — 2m, 
and the permissible values are 2—2, y=4; e=5, y=2, Hence the solutions 
required are 3, 1, 2; 2, 4, 1; 5,2, 1. 


(2) To solve 7z--4y--187—109. Here 7z+4y 4:11; -. 1821-109 - 11; 
the only values of z are therefore 1, 2, 3, 4 or 5. We then have 


Τα 4-49 —19, Tz 4-4y — 97, 12 4 4y — 55, Τα --Ay — Τὸ and 7x+4y=91. 


The general solutions of these equations are r= -19+4m, y—38- 7m; 
c= —-37+4m, y=T4-Tm; z--—5b5-4m, y=110-Tm; x= —7344m, 
y —146 - 7m and x= —91-r- 4m, y —182 — Tm. 


(8) To solve 52+y+7z=39, 2z--4y--92—63. Eliminating y we have 
182 +-19z=98, the general solution of which is x= — 93 4- 19m, 2 —93 — 18m ; 
and then y =389 - δα — 7z = —147--3lm. The only permissible value of m is 
5, and we then have z 22, y —8, 2-3. 


(4) To solve 3z--2y--32—250, 9x —4y--52—170. Eliminating y we 
have 152+11z=670, the general solution of which is :—2010-1Lm, 
z= — 2680 + 15m, and then y=1130-6m. In order that x, y, z may be posi- 
tive m 3-182 and m 4 179. 


5. (1 We have (2+1) (2y-3)=1326. Hence «+1 is a factor of 1326, 
and the quotient must be odd. Hence z--1 must be 2, 6, 26, 34, 78, 102, 442 
or 1326; thus x=1, y —333 ; z—5, y —112 ; &e. 


(2) We have (z--3)(z—9 —1)—8. Hence x+3 must divide 8 ; and, if 
x be positive, we have z--3-8, v-y—1-—1; or 2+3=4, z-y—1-—2. 


(3) We have (2z—3y) (z--4y)—28. Hence z--4y is a factor of 28; 
hence, as z + 4y +5, we have z -- 4y — 7, 2x - 3y —4; or z - 4y —14, 2z -3y=2; 
Or z4-49—28,2: —3y —1. Of these three pairs of equations the latter alone 
gives integral values, namely «=8, y —5. 


(4 We have Qz- y- 4) (z-y--3)-72. 


Hence the values of 2z--y — 4 are 72, 36, 24, 18, 12, 9, 8, 6, 4, 3, 2, 1; 
the corresponding values of z —3--3 being 1, 2, 3, 4, 6, &c. Hence 32-1 
must be equal to 73, 38, 27, 22,18 or 17; and the only integral values of œ 
are 13 and 6, the corresponding values of y being 14 and 1 respectively, 
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„6. Since the integral values of y and z which satisfy by+cz=k are in 
arithmetical progression; it follows that any one of z, y and z being supposed 
to be fixed, the possible values of either of the other two are in arithmetical 
progression. 


_ Ifa, B, y be any three values of z, y, z respectively which satisfy the equa- 
tion, then the values z—a-F(b—c)m, y —8--(c- a) m, z=y+(a—b) m will 
satisfy the equation for all values of m. 


7. Let 18r and lly be the two parts; then 13z.-11y—310. The 
penultimate convergent to a is^. Then 13 (-5)+11.6=1; 


15:567 
-. 13(— 5.316) +11 (6. 316) —3106. 
Hence x=11m-1580 and y —1896- 13m. 


Since z and y are to be positive, m:;-145 and +144, Ifm=144, c=4 and 
4224; ifm-145,7--15 and y—11. Hence the numbers are 52 and 264 or 
195 and 121. 


8. £1. 6s. 6d.=53 sixpences. Hence we require the number of solutions 
in positive integers of 4x +5y=53. The general solution is z — — 58 + 5m, 
y —58 — 4m, the permissible values of m being 11, 12 and 18. 


9. We require the number of solutions in positive integers of 
21ᾳ--ὅμ-- 2000. The general solution is *—2000— 5m, y=21m — 8000, 
the permissible values of m ranging from 381 to 400 inclusive. 


10. A must give x crowns to B and B must give y florins to A, so that 
5z—-2y-—11. The general solution is s=11-2m, y=22-—5m. Hence, as 
248, the possible solutions are z—7, y=12; w=5, y=7 and α--8, y=2. 


ll. We have, if c be the number of sixpences in the money, ὅς 4- 4y —c, 
the general solution of which can be put in the form «=a-—4t, y — B 4- 5t, 
where 5a+46=c, and a is the greatest possible value of x for that value of 
c. Now, in order that the number of solutions may be eight and eight only, 
the values of t must be 0, 1, 2,..., 7; also 8 can have any of the values 
1, 2, 8, 4, 5. 

Hence, as both coins are to be used a must range from 29 to 32 inclusive 
and β from 1 to 5 inclusive. The least value of ο is therefore 


5x29+4x1=149, 
the sum being £3. 14s. 6d.; also the greatest value of c is 
4 5x 32+4x5=180, 
the sum being £4. 10s. 0d. 
12. We have, if c be the number of pence in the sum, 4x —3y —c, the 


general solution of which is =a —3t, y=B+4t, where 4a+38=c, and a is 
the greatest possible value of z for that value of c. 
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Now, in order that the number of solutions may be three and three only, 
the values of t must be 0, 1 or 2; also 8 must be either 1, 2, 3 or 4. 


Hence, as both coins are to be used a must be 7, 8 or 9. All the possible 
values of 4a+38, when « is 7, 8 or 9 and £ is 1, 2 or 3, are easily found to be 
81, 34, 35, 37, 38, 39, 40, 41, 42, 44, 45 and 48. 


19. 10z--y-kzy. Hence 5 is an integer. If γα, 11 -- Κω and there- 


fore z—1, the number being 11. If y—2z, 12—2kz, and therefore z —1, 2 or 
3, the corresponding numbers being 12, 24, 36. If y —32z, 13—3kx, which has 
no solution. If y—4x, l4—4kz, which has no solution. If y —ó5z, 15—65kz, 
and therefore z—1, the corresponding umber being 15. If y—6z or y=7x 
or y=8z there are no solutions. 


14. We have 10r+a=9a+8 and 10y+a=98+a. By subtraction 
10 (x-y)=8(a-ß); hence α--βΞδ. If a=8, βΞδ, the corresponding 
numbers being 75 and 35; if a=7, 8—2, the corresponding numbers being 
65 and 25; and if a=6, 8—1, the corresponding numbers being 55 and 15. 


15. Since the man's age is equal to the sum of four digits each of which 
is not greater than 9, the man must have been born in the 19th century, and 
the first two digits of the year of his birth are 1 and 8. Hence, if the other 
digits are z, y, we have 


14-84z4-y —87 -- (10z 4- y); .. Le 2y — 78. 


Since y $9, z must be 6 or 7. 146, y=6. Ifz—7, is not integral. 
Thus the only values are c=6, y —6. The man's age is therefore 


14-8-6691. 
16. In the product 


(αι ος) (1 γα 40°84. (lteter Oe hus 
where all the series go to infinity, the term involving z™ consists of all the 
products of terms 27“, 5/27? &c., only one being taken out of each bracket, 
such that 204 + 4505 For zz TR... e. ee eere «9.999 ιο Saes (i). 
For every solution in positive integers of (i) there will correspond a term in- 


volving z^ in the above product, and therefore the number of solutions in 
positive integers of (i) is equal to the coefficient of z^ in the product. 


The number of solutions of z+ 2y =n is by the above equal to the coeff- 
1 1 1 


n -m 53 thatis in + i d 
(1-2) 1 - ο) 4145) 4(ü-a)'2ü-azpg'?" 
this coefficient is equal to ins. (-1)"}. 


cient of x” i 


For the last part, we require the number of solutions of 
€ + 2y + 1002 — 20000. 
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This number is the coefficient of 220009 i (3-2. 
1 


(1-2)(1-2?) 


that is in: 
[142100 4- 2200... 
Hence, by the former case, the total number is 


il il 1 
g (2- 20000 +3 +1) +7 (2.19900 +3 +1) +... +7 (2. 130 +3 +1) +1= 1005201. 


17. We have 5r+3y+z=6000. Hence 3y+z=5k, where k has any 


value from 0 to 1200 inclusive. 


The general solution of 3y+z=5k is y=5k-m, z=3m-10k; the 
number of solutions is therefore given from the conditions 


m35k and m< T 


Let k=31; then l may have any value from 0 to 400 inclusive; and the 
number of solutions is 


Σο (514-1) = 


bol m 


. 400 (1+2001)=401401. 


Let k=3l+1; then l may have any value from 0 to 399 inclusive; and 
the number of solutions is 


Σ 596] 19) = : . 400 (2 +1997) = 399800. 


Finally, let k=31+2; then l may have any value from 0 to 399 inclusive; 
and the number of solutions is 


Σ 99 (51+ 4) = : . 400 (4 + 1999) = 400600. 


Hence the total number of ways is 401401 + 399800 + 400600 = 1201802. 


PROBABILITY. 


Art. 407. Ex. 9. There are three favourable and three unfavourable 


"Meg 
cases which are all equally likely. Hence the chance is Uma 


Ex.5. The number of possible pairs of balls is ,C,—10. The number 
of pairs of red balls is ,7,—3. Thus there are 3 favourable and 7 unfavour- 
able cases, which are all equally likely: hence the odds are 7 to 3 against 
ihe event. 


Β.Α. K. 16 
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Ex. 6. The total number of cases is ,05—20. The number of ways in 
which one ball of each colour can be drawn is 2 . 2 . 2=8. 


Hence the odds against drawing one ball of each colour are 20 — 8 to 8 or 
3 to 2. 


Two white balls can be drawn in four ways, that is with each of the 
others. Hence the odds against drawing two white balls are 20 — 4 to 4 or 
4 to 1. 


Ex. 7. Let A and B be the two specified persons. There are 
al 
5 (n — 1) (n - 2) 
‘pairs of persons which can sit next to A, and any one pair is as likely as 
any other to do so; also there are 2 —2 of these pairs which include B. 
Hence the chance that A and B sit together is L , the chance that they 


n-3 


do not sit together is therefore . , and the odds against are n — 3 to 2. 


pe 

Art. 410. Ex. 2. With two dice 8 can be thrown in 5 ways, namely 
2 and 6, 3 and 5, 4 and 4, 5 and 3, and 6 and 2. The total number of ways 
is 36. Hence the chance of throwing 8 is d : 


Ex. 3. The number of ways of throwing 10 is the coefficient of z!? in 
(αἲ +a? +... +28), 
and this coefficient is 3. Hence the chance is 2 EE . 
86 12 
Ex. 4. The number of ways of throwing 15 with three dice is the 
coefficient of x! in the expansion of (z! + z?-- ... -- 29)?, that is in 
23 (1 — 26)8(1—2)-8, 


and this coefficient is 10. The total number of throws is 6%. Hence the chance 
sc 10 5 
3516” 108° 


Ex.5. There are 36 possible throws with two dice, in 6 of which the 
Παν are the same. Hence the chance that A and B throw the same is 
1 
36^6' The chance that they throw different numbers is : . Hence, as A 
and B are equally likely to throw the higher number, the chance that A’s 


throw is higher than B is s 


Ex. 6. The number of ways of throwing 2, 3, &c. are the coefficients of 
the different powers of z in 


(ai +2? +... 2)? =a? + 223 4-325 -- 425 4 528+ θα + Da + 4x9 + 32104 all + 412. 
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Hence, as ee total number of throws is 36, the chances that 4 throws 
2, 3, &c. are — 36° aa 5 , &c. The chances that B throws 9, 8, &c. are the 
same. Hence the chance that their throws are equal is 
ET 2 2 
36 ' 36 E 36° 367 an 
= (12 4- 22 - 53 -- 42 + 5? +4 624524 4? 4 324224 1jet- LS. 
Ex.7. (1) In order that 


games, the chance of which is 


may win, he must win the next two 
x Hence the chance that B loscs 
is B. 

4 

(2) In order that B may win, he must win the next three games, 


the chance of which is = e Eal 


eT 
ο ο ὅσα Hence the chance that B loses is 3° 


(3) The chance that-4 wins in two games is s ο i . The chance that 4 
wins one and only one of the next two games is , and then the game would 
be 5 to 3 and A's chance of winning would be t by (2). The chance that 4 


ret 
loses both the next two games played is 5.5) and then the game would br 


4 all and A’s chance of winning would be ; . Hence A's chance of winninj 
ely TA ep ans 
5 4.3 852452516: 


Ex.8. The match must be won in 4 games, and A will be the winner if 
he win two of these four games. 


If a, b be the chances that A, B respectively win any particular game, 
the chance that 4 wins two or more out of 4 games is 


a^ + 4a?b + 6a?b?, 
Hence, if a= b=5 , the chance that 4 wins the match is = : 


Ex.9. The match must be finished in 2n games at most, and 4 will be 
the winner if he win n of these games. If a and b be the chances that A, B 
respectively win any particular game; the chance that A wins m games, at 


least, out of 2n is 
|2n [2n 
= q2n—2p2 4. “- oe a" b^, 


ρα ΠΗ 


a^ +. 2na2^-1b + 
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Put x for 4’s chance of winning the match and y for B’s chance; then 


[2n 


=a + 2na?^71Db +... + == αυ”, 


es 


qp y+ Don, 


2n 
y= [eel j-i 


1 1 
Hence, when a=b=; , we have, since «+y=1, 


|2n 1 1.3.5...(2n- 1), 
nn Qm 9.4. θ..ὸπ 


vet 3.95...(2n- Ὁ) 
oa LV COUTE 
1 1.5.5, (2n- 1) 

and y=5 |1- ο τους Ίο | 


z SNC 3? /2 81 
Ex. 10. The chance is (5) +3 (5) (s) = Dine 
Ex. 11. The chance is 
ONS Seba CINE AL 5.4/2\8 (115 192 
ο Tg 5) (5 Το. πο; 


Ex.12. The chance of throwing 6 on any particular occasion is e hence 


- 


the chance of throwing at least two sixes in 6 throws is 


(5) ο τα (5) σα ϐ 
Ee xmi ) (5) = ΠΣ 


Ex. 18. The following cases may occur :— 


S 


(1) the second and third throws may be the same as the first, and the 
1.1 


chance of this is = στα] 


(2) the second throw may be the same and the third, fourth and fifth 
different from the first, and the chance of this is = μα tt 


3'3'2'9 16’ ; 


(3) the second, third and fourth may all be different from the first, and 
the chance of this is = i Siac 
By ΡΕ 
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(4) the second throw may be different and the third, fourth and fifth 
throws may be the same as the first, and the chance of this is 


SEU et Wi Tg 
3 . 2 . 3 . 5 = ΠΗ . 
Hence the chance that there may be three consecutive throws alike is 
e RE MEL ο wk 
416 8115” 
Ex. 14. The chance of any one winning the prize at a particular throw is 


E x the chance that he gets that throw. Hence the respective chances are 


ΠΤΙ, eT £ : 4 

3*93'93 3 ge + ..-to infinity, 

TOM IN Tes I infinit m2 

2:9 9*3 το y ο intinity=,, 

TOT Tales ον ; N 1 

and 5° gta +95 3: gtt infinity=—. 


Art. 411. Ex. 2. (1) The chances of drawing 20s., 915. or 15. are 


respectively 5 j E and 2 . Hence the expectation is 
per DT. 5 
(20 F τς 


a 


Lee πι 
2 7 T τ). Ξ-45. 614. 


(2 The sums in shillings that may be drawn are 40, 221, 21, 5, 31 and 
14 3 21 τα 21 


66' 66" 6G’ τε; 66 ? 86" Hence 


2; and their respective chances are 


the expectation is 
1 


τὸ ο ο ο ο 20 xp +21 x2 s. ens 1d. 


Ex.3. The chance of the first is double that of the second. Hence the 
2 1 ; ; 
chances of winning the shilling are 3 &nd z; and their expectations are 
therefore 8d. and 4d. 


Ex.4. The chance of the person who throws first is 
ιν. Πρ; οι P : 
6 + 6 (5) + 6 () +... to infinity ; 
and the chance of the other is 


: (9) +5 OEF (2) + to infinity. 


Hence their chances are as 6 : 5, and therefore their expectations are 6s. and 
Ds. respectively, 
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XLI. Pages 526—529. 


1, With two dice 8 may be thrown in 5 ways, and the whole number of 
throws is 36, so that the chance of throwing 8 on any particular occasion is 


τς and the chance of failing to throw 8 is -- 36° Hence the chance of A’s 


winning the prize the first time is , of A's winning after both have failed 


Dole A 
once is - = (35) , and soon. Thus 4’s chance is 


36 
5 TEE e 31M BB. 
E 6 36 τα ορ) 
and B’s chance is 


B(31,5(31)* 5(319, δι 
6 .. 6 36 ολο) ΣΕ: 


2. The number of ways in which 6 can be thrown with 3 dice is the 
coefficient of αὖ in (αἱ -- 2? - 2? 4- ... 25), and this coefficient is 10. 


Hence the chance of throwing 6 at any particular throw is +3 : 
If A’s chance is z, B’s chance will be xx his chance of getting a throw, 
and C's chance is z x his chance of getting a throw. 


Hence A’s chance: B's chance : C's chance ::1 : (1-5) : (1-5 ; 


63 6? 
3, The chances of winning at the first, second, ..., sixth trial are 
respectively 
8 δ 3 5 4 3 δ 4 8 9 
DURER SN KO EE 
ὅ 4.8.8 Boa od 
8 4765. 8, 4 8 τ ποιοι. 
Hence the chances of the three men are as 
πω 46,5. 0,179,.9 19 O ME 
8!8:7 ^0 B. 8 πι πι πο BU TERNOS: 
4. The chances of throwing a six, 0, 1,2: 3, &e. times in 50 throws 
with one die are the successive terms in the expansion of 1:0) “ The 
terms ο up to the pth inclusive where p is the smallest integer for 
11 
which PUE <1. Hence the 9th term is the greatest, so that 8 sixes 


si 
is the most likely number. 
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5. The chances of throwing 2, 3,..., 12 are the coefficients of x?, z?, ὅσο, 
in (zi +a? x... 297. 


Now οἵ is the middle term, and the coefficients are the same from the end 
as the beginning; hence the chance of throwing more than 7 is equal to the 
chance of throwing less than 7. 


6. The chance of drawing an odd number is 3 each time, and the 


chance of drawing an even number is : . The chances of drawing 4,3, 2, 1, 0 


4 
odd numbers in four drawings are the terms of G + 3 . Hence the chance 


that the sum is odd is 
9N9 r1 2 135 40 
(5) (5)**() G) =a 


and the chance that the sum is even is = . 


7. Two odd numbers may be drawn in 5. 50.49 ways and two even 


numbers may be drawn in ; . 50 . 49 ways; also an odd and an even number 


may be drawn in 50? ways. Hence the sum may be even in 50 . 49 ways and 
odd in 50 . 50 ways, so that it is 50 : 49 that the sum is even. 


8. The chance of drawing two tickets numbered p and q is uc j 


and the expectation is therefore = Zpq shillings, where p and q are 


muc 
(n — 1) 


any two different numbers from 1 to n inclusive. 


Now 22pq — (1-- 2-34 ...n)? — (124+ 22+... +n?) 


=< n(n-1) (3n 4- 2) (n +1). 


Hence the expectation e το (n.-- 1) (3n + 2) shillings, 
9, The chance that a single event which is known to have happened in 


one or other of n years did not happen in a particular year is sr 


Hence the chance that » such independent events did not happen in that 
-- n 
particular year is (=) . But the same event happening n times is 


equivalent to n independent events. 
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10. As each thing can be given to any one of the p persons, there are 
p? ways of distributing the p things without any restriction. But, if each 
person is to have one of the things, there are only p! ways in which they 
can be distributed. Hence the number of ways in which one person at least 
is void is pP — p!: the required chance is therefore ( p? — p!)/p?. 


11. Out of »2N, a very large number, of letters sent by A to B, mN are 
lost and m (m—1) N get to B. Of the m(m —1) N answers sent by B to 4, 
(πι-- 1) Ν arelost. Hence out of (2m — 1) N letters which are lost, mN are lost 
from A to B, and (m — 1) N from B to A. Hence the chance that B received 
the letter is (m — 1)/(2m — 1). 


19, Either 3 sovereigns and 1 shilling or 2 sovereigns and 2 shillings 
must have been put in the purse; and the à priori probabilities of these 
events will be found to be Ε and ; respectively. Hence, with the notation of 


Art. 406, P=; : Ρε) and Ριτς, n=; . Hence the probability that the, 


purse really contained 3 sovereigns and 1 shilling is 


1 
Py. p/(Py. py +P. P2)=5- 


Hence it is just as likely that the purse contained 3 sovereigns and 
1 shilling as that it contained 2 sovereigns and 2 shillings. The value of the 
expectation of the remaining coins in the purse is therefore 


: (21.4 2)s. — 11s. 6d. 


19. There must have been either £4, £3. 19. or £2. 2s. in the purse 
i 16 


: το, *2=79° 
3 1 T 
P, ; also p,— 1, P375; P375- Hence the chances that the money left in 


9 
the bag is 4s., 23s. or 42s. are in the ratio a Gals επ τί is1:8:6. 
i 


originaliy; and for these cases we have, as in Art. 406, P,— 


27050 70" 6 
Hence the value of the expectation is 
6x42+8x23+4 
=> 9025 
“= peas = 29s. 4d. 


14, Let the points be A, B and C, and let A be taken at random on the 
circle. The chance that B and C both lie on the right of the diameter through 


Ais i , and that they both lie on the left is τ Hence the chance that they 


are on the same side is 5 and that they are on opposite sides is E . Let B 
and C be on opposite sides. Divide the circumference into 2n parts, and 
suppose that B can only fall on one of these points of division. We shall get 
the required chance by finding the chance on this hypothesis and making n 
infinite in the result. 
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The chance that B is r divisions from A is - and in that case the chance 


that they are all on a semicircle is LL . Hence, B and C being on opposite 


ep. 


sides, the chance that they are all on a semicircle is Lt,_.. IZ} nce 
E 


Hence the required chance is : + E ; - 


15. Suppose the rod divided into 2n equal parts, where n is very great. 
Then the chance that one point of breakage is in the rth part from the middle 


NE 
mi 


πρ : : 
is 3 and one of the three pieces will be greater than half the rod unless the 
other point of breakage is within 1 — r of the middle and on the other side. 
Hence the chance that no one piece shall be greater than half the rod is the 
SA P : m AM TIT SL 
limit when n is infinite of ΣΤ; vue "ο 

16. The rod has to be broken at three points taken at random. If one 
piece is greater than the sum of the other two it must be greater than half 
the rod. This will happen if all three points are on the same side of the 


centre. The chance of this ist. The chance that two points are on one 


side and one on the other is therefore < 


Imagine the rod divided into 2n parts and let two points of breakage on 
opposite sides of the centre be r and s parts respectively from the nearest ends. 
2n-r-$ 


The chance that one part is greater than half the rod is then iae and 


: cl . 
the chance that r, s have any particular value is E Hence, the points not 


being all on the same side, the chance that one part is greater than half the 
rod is 
g—n—T -αήριςο 1 
Tm zz 2nm—T-—S$ _ 


iul ms 
Hence the whole chance that one part is greater than half the rod is 

dnbie 

qug: 


17. If any one side has been chosen, there are 2 (n — 1) positions of the 
second side (excluding the case of two sides being parallel); and if the second 
side be the (n+7)th from the first, the third can only be one of those from 
the (n+r+n+1)th to the (3n — 1)th counting from the first the same way 
round, so that when the second is the (n 4-r)th from the first, going round 
either way, the chance of the third side making an acute-angled triangle 
n-r-1 

4n-2 ' 
r—n-1 SS Rees "m A 
1 2g Lor 1  (n-2)(n-1) 


with the other two is Hence the chance required is 


n=l μι 4n-1  (4n-1)(4n-2)' 
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18. The chance that the second of the chosen numbers is next but one 


to the first is and the chance that it is neither next nor next but one 


n-1’ 
to the first is = and the chances that the third is not next to the first or 
to the second in these two cases are ae and 2-5 respectively. Hence the 


2 n-5 n-5 n-6 (n—4)(n—5) 
n—-l'n-2 n-1'n-2 (n-1)(n-2)' 


chance required — 


19. The » even integers can be written down in [n ways; then, count- 


ing the outside places, there are n+1 places in which the m odd numbers 
are to be put only one being put in each place. The number of ways in 
which this can be done is 


ntiPm = [n1] |n - ma 1. 


The whole number of possible arrangements is | m 4- m. 


d ; |n |n 1 
Hence the required chance is ———— - 
η -- ην }- 1 |m--n 
20. The chance that any one thing goes to the men is ΣΤΕ . Hence 


the chances that the men receive exactly 0, 1, 2, &c. things are the terms in 


1 b α NU 
the expansion of (za + 5) =Cy)+C,+Cot+... 
b Gy WUC 
N EX TID HR E -C 9 eee 
Now (ση ea) Co- C, C t 
(b ης a) - (b - a)" 
Hence SW Qus Bs or Aat 6 Cebas) 


=2x chance that the men receive an odd number of things. 


91. One of the numbers is equally likely to be 1, 2, 3,..., 99. The pro- 
duct is greater than 1000 provided one of the numbers is >11 and <89. 


7 
he ch is —. 
Hence the chance is 99 


22. Let the sum =4a; then their greatest product —4a?. Let x be one 
part; then ο (4a —a) 3a?, if 2?-4ax+3a?+0, that is if (x— a) (α-- 3a) 0, 
which is the case when lies between a and 3a, the chance of which is one 
half. 


Again, z(4a — x) <2a?, if x? — Δα» 4- 2a? 0, that is if 
{x -a (2+,/2)} {x-a (2 —,/2)} 0; 
which is the case if z is less than (2 — ,/2) a or greater than (244/2)a. The 
ia-3,2a , 1 


chance is therefore ----. 
a /2 
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98. Let w, be A’s chance of winning when he has n counters. The 


chance that he wins the next game is 5 , and his chance of ultimate success 


would then be u,,,; also his chance of losing the next game is T and his 


2 , 
chance of ultimat ld then b Her 2 - 
e of ultimate success wou en be Up. Hence u,—5 Unti + σι. OF 
Unt 2U,--w,.,-—0. Hence u, is the coefficient of a^" in al = "E since 


u u Tm 
1-0; therefore u, =nu,. Hence —4 = 2 = : 
0 4 i 2 a b a+b 


24. The question will not be altered if we suppose all the balls ranged 
in a line AB, the white ones to the left, the black to the right, the point of 
separation, X, being unknown and all positions for it in AB being a priori 
equally probable. 


Then p+q balls having been chosen at random, and p of these being 
white and q black, we know that AB is divided into p+q+2 sections, of 
which p--1 are white and q+1 are black, and that X is the (p+1)th point 
of division. 

Now if one more trial be made, that is if one more point be taken at 
random, it is equally likely to fall on any one of the p+q+2 sections, and 
p--1lsections give white. Hence the chance that the next drawing is white 


pl 
S p+q+2 . [Crofton.] 


25. Call the side that wins the first point A, and the other B. When 
A has won x points and B has won y, the chance that the next two are 
won by 4, B respectively is 
(2m 1-2) (2m £1- y) 
(49 — z—3) (4πι-- 1 --ᾱ --)) 


and this is the chance that these games are won by B, A respectively. It 
follows from this that A's chance of winning p points out of q in any 
particular order is the same as for any other order. 


Now, if A just win the game, he must score exactly m — 1 points out of 
2m, and also win the last game. The chance that A wins m - 1 games out 
of 2m— 1 in any particular order is the same as the chance that he loses 
the first m and wins the last m — 1 games, and this latter chance is 


2m+1 2m 2m-1 (m+ 2) 2m 2m-1 m+2 
4m+1° 4m A4m-1"77 3m+2°3Bm+1° 3m MF? 


Hence, as there are 54, ,0,,., ways in which πι- 1 out of 2m-1 may 
be won, and as the chance of A winning the last game when they have 


. m41 
each won m games is 


— —— , the chance required is 
OUO : 1 
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|2m-1 . f(9m.-1)(2m)...(m--2)] (2m (2m - 1)...(m - 2)] "+l 
[m - 1 |m ! (4m +1) 4m... (8m + 2) (3m + 1)... (2m 4- 3) 2m 4-2 


2m —1 \2m+1 |2m-+1 | 2m 

e n-1|[m m1 |m 4m4-1 ' 
[If ‘will just win’ means that A gets exactly m games out of the last 
2m games, but not necessarily the last game of all, the chance will be as 


above but with ,,C,, instead of οι ,C4,.,, and this will give the result in 
the question.] 


XLII. Pages 549—551. 


E | U-c ab ac 
ba c?--a? be 
| ca οὗ  a?4U? 
Ξ(03-- οἳ) | c?+a% be |-ab| ba be |+ac| ba — c? 
cb a? +b? ca a+b? ca cb 


=a? (bD? + c?) (a? +b? + c?) — a?b? (αἳ +b? -- c?) + ac? (UL? — c? — a?) = 4α 0ο". 


2. Subtract the first row from each of the others ; then we have 


Ao d a? — bc i| b-a (b-a)(a+b+e) |=0. 
| 0 b-a (b-a)(a+b+c) | c-a (c-a)(a+b+c) 
|0 c-a (c-a)(a+b+<e) 
3. bte σπα atb ub e Πα τα, Ὁ 
Ve c’+a’ a+b’ PRET na, 5: ο { 
L” +e" Cera αρ | b" c" a c" a" b" 


4- six other determinants each of which vanishes since two of its columns are 
identical. 


4, Adding the second and third columns to the first, we have 


2a 1-20 4- 2c a b 
2a+2b+2c b+c4+2a b 
2a 4- 2b -- 9c a c a4 2b 
=2 (a+b+c)| 1 a b 
1 b+c+2a b 
1 a c-r a 4- 2b 
=2(a+b+c)| 1 a b =2 (a 4-6 4- c)*. 
0 a+b+c 0 
0 0 a+b+e 
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5, a? bc ac+c? |—abc a ο ate 
a? 4- ab b2 ac a+b b a 
ba U bc c? b bcc c 
=abe| a c-a 0 |=abe|a ο-α 0 |=4a7bc?. 
a+b -a -2b a -a-c 0 
b c — 2b b c — 2b 


6. The determinant is equal to 


(b +c)? (be + ca + ab) (bc + σα + ab + 2a?) +c (be +ca + ab) (ab -- be — ca) 
+? (bc + ca + ab) (ca -- ab — bc) 


=(be+ca+ ab)? {(b +c)? -- 0? — c°} + (2a? (b }- c)? + 2a0c? + ϑαοὐδὴ (bc -- ca + αὖ) 
= 2be (bc + ca + ab)? + 2a (b 4- c) (bc +ca+ ab)? — 9 (bc + σα + ab)’, 


7. The determinant is equal to 
— bcia?bc — (ca +c?) (ab+b?)} +b (b +c) (ac (c +a) (a+b) +a? (a 4- ο)} 
+c (b 4- c) {ab (c+a) (a+b) 4- αἲο (a+b); 
= bc? (be + ca + ab) + αὖ (b+ ο) (e +a) (be 4- ca -ε αὖ) 
+ac (b+c) (a+b) (bc 4- ca 4- αὖ) 


= (bc + ca + ab) (0*c? + c?a? + αὐ} + 2abc (a -Γ b 4- c) ] = (be + ca + ab)’. 


8. Itis easy to see that the determinant would vanish if a=0, Hence 
a is a factor, and similarly b and c are factors. 

Add the second and third rows to the first, and then the second and 
third columns to the first; then we have 


2(at+b+c)? (0-9) (α-- 0--ο) (ο--α)(α-ὃ - ο) 
(b+c)(a+b+c) (b+c)? ab 
(ο ἠ- a) (α-- b 4 c) ab (c+a)}? 
=(a+b+c)?| 2 b+c cta |. 


b+c (b+c) ab 
cra ab (c+a)? 
Hence abc (a+b +c)’ is a factor of the determinant. 


But the determinant is of the sixth degree and is symmetrical in a, b, ο; 
the remaining factor must therefore be (a+b+c). Hence the determinant is 
equal to Labc (α-- 5 -- c)?, where L is found by putting a=b=c=1. 


9. The determinant is equal to 
(ὦ -- c)? a (a -- b -- c) (a (a. -- b -Γ ο) +2bc} — a?0? (a+b+c) (a 3- ὃ — c) 
— a?c? (a.4- b - c) (a — b 4 c) 
z (a-- b+c)? (a? (b+c)? — ab? — αἲ ο } + 2abe (a+b -- ο) ((b-- c)? c ab + ac} 
z: 2a?bc (a+b 4- c)? 4- 2abc (a+b +c)? (b c) z παῦε (a+b }- ο)”. 


248 DETERMINANTS. [Ex. 


10. Multiply the second, third and fourth columns of the first 
determinant by bc, ca, ab respectively; and then divide the rows by 
abc, a, b, c respectively. 


This will not alter the value of the determinant. Hence 


ioca. bid. me Oc Ἵν, es 
ο ὦ. Πρ Ὁ d WE 
ὁ Ὁ Ὁ ὦ υ ο ὁ $ 
CEDERE 0 l 0? a ϐ 


Consider the first determinant :—By adding all the rows to the first it is 
obvious that a --b--c is a factor of the determinant. Adding the second row 
to the first and then subtracting the third and fourth rows, we see that 
& —b-—c is a factor of the determinant; and similarly b -c-a and σ-ᾱα-ὂ 
are seen to be factors. Hence as the determinant is of the fourth degree it 
is equal to L (a--b-- c) ( C a--b--c) (a—b--c) (a--b — c). The coefficient of a4 
in the determinant is clearly 1, and therefore L= — 1. 


11. Multiply the rows of the first determinant by αβγ, abc, αβο and aby 
respectively; and then divide the columns by abc, aBy, aby and afc 
respectively. 


12. Subtract the third column from the fourth; then subtract the 
second column from the third; then subtract the first column from the 
second. We then have 


Nonr- 45 ϱ =a. -αᾱα- 04) abe, 
La =a, ϱ 036b C 
Ἡ -b 0 0 c 
T5050 c 
13, Asin 12, we have " 
lcg —4 0ο) ταν ο ου Ὁ dad MEO 
x oF —U Ὁ ο ο =e i e -σ 
; 1 0 σ -σ ϱ ο d 1 d 
1 0 0 d 


) σ 


z: (14- a) bed 4- a (cd 4- be 4 bd) Ξ- abcd (1454 : 4 is i) " 


14. Add the second, third and fourth rows to the first: we then see 
that a-- b - c-- d is a factor of the determinant. 


Now add the second row and subtract the third and fourth rows from the 
first: we then see that a+b — c —d is a factor of the determinant. 


Ada the third row and subtract the second and fourth rows from the first: 
we then see that a--c — b — d is a factor of the determinant. 
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Lastly add the fourth row and subtract the second and third rows from 
the first: we then see that a-- d — b — c is a factor of the determinant. 
Hence, as the determinant is of the fourth degree, it must be equal to 
L (a -- b 4- c d) (ab —c— d) (a c - b — d) (a-- d — ὃ — c), 
where L is numerical, The coefficient of α΄ in the determinant is clearly 


unity, and therefore L —1. 


. 15. Add all the columns to the first; then we have 


z--10 z-10 x+10 σ!110 |—(x410)|1 i 1 1 
1 α--9 3 4 1 z42 3 4 
it 2 Z+3 4 1 2 Φ 1-59 4 
1 9 8 ο 1-4 πα 2 3 2 1-4 

-(ο110|1 1 1 1|-(α!1{10}|α11 2 8 
ας 903 cab æ 0 
0 -g x 0 0 -z zx 
0 0 -α qw 


— (x +10) (2? (x 4- 1) 4-22? — 327} =x? (x +10). 


16. Multiply the columns in order by a, b, c, d, and then add the other 
three columns to the first; then we have 


1 | +++ Doc d 


αὐσᾶ 0 aD σα σᾷ 
0 db ac -bd 
0 —cb be ad 
De uad Ὁ sd. Ee Sa (CLO a), 
=z (a + b?+ οἳ +d?) d eo 
-c b a 
17. Wehave |1 a a? a |+| 1 a a bed}. 
11095, VIE ο} 1 b UW cda 
Ἱ ος e2 οὔ πο TD 
Ἱα-α ος 1 d d? abc 


The second determinant will not be altered in value by multiplying its 
rows by a, b, c, d respectively, and then dividing the last column by abed; 
we then have 


ο ο Ὁπ πο Ὁ 1ο, 
1 ὦ 0 vw δὶ ος x531 1 
ο. ο. ον ω wh τν at 
πι αι το g d d @ 1 
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18. ἵσ @ € € dee. Ὁ 0 0 
|a DENG a | a b-a a-b 0 
Ja α b αἱ a 0 b-a a-b 
p απο ο a Ὁ 0 b-a 
=a| b-a a-b 0 |-a(b-ay 
0 b-a ZI 
0 0 b-a 
19. @ b db ο στα Ὁ 0 
Gh dd a | a b-a a-b 0 
b ba b b 0 a-b b-a 
aaa n (720 Ὁ 0 b-a 


-(b-a)| α a-b 0 
a-b b-a 
a 0 b-a 


20. Having multiplied the columns in order by a, b, c respectively, and 
the rows by z, y, z respectively, add the second and third columns to the 
first, and then add the second and third rows to the first ; we thus have 


1 2 9 9 

ATO (a? +b +0?) (5 yt.) δ; (a®+y2+4+22) — (ἳ + y2 +22) 
(a? + b? + c2) y? by (by — cz — ax) cy (bz 4- ey) 

(a? + 0? + c?) 22 bz (bz + cy) cz (cz — ax — by) 


(PtP +0) (ety? +z?) 
abcuyz 


1 03 c? 
y? by(by—-cz—-ax) cy (bz +cy) 
ga bz (bz 4- cy) cz (cz — ax — by) 


— (a? Ue) (hat) 1 b c 
y by-cz-ax bz+cy 
2 bz t cy cz — ax — by 
1 
το UU tU re) xy! z) 1 b c 
0 -cz-ax bz 
0 cy -ax -— by 


il 9 
- (a? +b? + c?) (a? y? 23) (ae - by) (ax + cz) - beyz} 


z (à? +0? E c?) (x? y? 2?) (ax + by + ez). 
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21. Subtract the first row from each of the others; then we have 


a? a? — (b — c? bc 
b-a? 2(b-a)(at+b-—c) ο(α- ὃ) 
c-a? 2(c-a)(a—b+c) Ὁ (α-- ο) 


= (b— a) (c - a) 


a?  a?-(b—-cy be |. 
b+a 2a+2b-2c -c 


c+a 2a-2b+2c -b 


Subtract four times the third column from the second, and then subtract 
the second row from the third; we then have 


—(b-a)(c-a)| a?  a?-(b-c) be 
b+a 2a+2b+2c -ο 
c-b 0 6--ὂ 


=(b—c) (c-a)(a—b)(a+b+c)| a a-b-c be 
b+a 2 -ο 
1 0 1 


z (b -- 6) (ὁ-- a) (α-- ὁ) (a+b +c) (a -- 0? +c?) 


29. The determinant is equal to 
3 (b — c)? (c — a)? (a — b)? — (b — ο)ῦ — (c — a)6 — (a — b)? 
= — {(b- c)? + (c — a)? + (a— b)?} ((b — c)54- (c — a)*-- (a — b)* 
-(b- e (e-a)? - (c-a)? (a - 9j*- (a-b)? (0 - ο] 


ve : ((b — c)? + (c — a)? 4- (a — ϐ) 9. 


23. Let the determinant be 


Q1, Fa, Agyseseny An |. 
ema (al ist Tar Mab E D: 
Cis Cay 6ᾱ»...... » Cn 


Then, since the determinant vanishes, we have 
αι. Αγά». Áo ag o Ag 4s . A, 0. 
We have also [Art. 420] 
ει. 41 tly. Ag+ C4 e Ag 04. 4,70, 
d,. Αγ ds. Ag dg . Ag da. A 0. 


But these 1 —1 equations are all true when B}, By, ... are substituted for 
41, Ag, ... respectively; and therefore A, : ΒιΞ 44: B— ... 


8. A. K, 17 
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1 il 
24. A-abcd DES b c d =abcd dos 
al 
a b*y c d = 
a b iw: d 0 
σ 
a b c mus 0 
d 
za -- 1 - ὐἳ -- οἳ -- a. 


25. This follows at once from the multiplication of 


11 ο Ὁ; ΟΠ andico TOO 
υπ ὦ. .ὢ LOM agua 
OL ο fS Ἱ ο 18 
ο Lac. y Ἱ ο ο ο 


alr o 


26. Add twice the first row to the last, and the second and third to 


the fourth ; we then have 


Inox OS OM ος. Ὁὁ 6 
| 0 ο ρα ὁ Ὁ 
07540 δ χο} σὲ 
| t y z 2a 2b 2c 
| TA PR ου ος 


Since two rows are now alike it follows that all the determinants vanish. 


27. Multiply the first column by z, and then subtract from it y times the ; 


second column and z times the third; we then have 


1 : 
"i e+yr+e3—3ey2 a*?-zz 2 ay 


| 0 a?—9z y*—2x 


alr 


(2+ y3+ -3xyz)| r- yz y?-— ze 


z- gry αἳ- γᾶ 


Also E. HL f 
y zc 
& αυ 


= Bayz — αὖ — 95-323, 


= (08+ 4° +23 -- δαγ2)5. 
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28. Forming the product of the two determinants on the left, we have 


X3 + (a? +b? 4- c2) Ἀ, 0 ; 0 It 
0 ; λὸ -- (αἲ -- D? -ε οἳ)λ, 0 
0 ; 0 » AB+(a?+b2+07)r 


29. Subtract the first column from the last and the second from the 
third; then we have 


E y z-y w-zc -i 2r 2y z-y =r 
a b c-b d-a 2a 2b c-b d-a 
d c b-c a-d 2d 2 b-c a-d 
w ο UNA ὦ 2w 2z y-z v-w 


/ 


Now add the fourth column to the first and the third to the second; 
then we have 


1 
two yt2 £-y wie |=7|etw yte 2-y w-ar 
a+d b+c c-b d-a a+d b+c c-b d-a 
a+d b+c b-c a-d 0 0 2(b—c) 2(a-d) 
a+w ytz y-z $—w 0 0 2(y-z) 2(x-w) 


z-w y+z|.| b-c a-a 
| atd bte yz Ὁ- 
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l. (i) Since αἱ +d,+a,=0, ag+ag= — a4, ἆο. 
Hence (a5 +g) (Ag + αι) (αι + a5) = — 044504 — q. 
(ii) Ag+ Ag — 2a,= — 3a,, &c. 
Hence we have — 2/1a4a5a5 — 2749. 
(iii) Za? = (Za)? - 2Za,a,= — 2p. 
(iv) Za,’ — 3a4a54, = (αι + ας + a4) (Za? — Zaya) =0; 
“. 20,3=34,a,0,= — 3q. 
(v) We have a,>+pa,+q=0, &c. 
Hence à;* t pa, 4- qa, =l, &e. 
Hence : Zaj* 4 pXa,? — 0. 
«Σα -pZaj- —pi(Za -92za-2p?. 
(vi) Zaa, = Σαχά». Za, — 3Zaja4a5— — 3Z2a,a,a5 —3q. 
(vii) Zaa, = Za,a, . Za? - Da,Pa,ag 
= Bat, (Σα) - 22a,a5| — ayaya,Za,= — 2”. 
(viii) αι. — dolg = — Ay (Ag+ ag) — lolz = — p. 
Hence the given expression Ξ ορ. 
(ix) Asin viii, αι. — aaz = — p, &e. 
Hence the given expression =(-p)*. 
(x) = : cabe σπα ον, 
M+ 45 ar aaa; q 
(zi) ET A 
(un V 1 -=2 MD Tie =a |" 
à? + d305 — Ay (Ag + αφ) + ds 2al — p 


-.. Σ(βαια»-χ)ίαχαι-») — 
(24545 — p) (243a, — p) (24,4, — p) 
E 44, 4,4,20, — 4Ρ Σαμ.» + 3p? 
— 8a,2a,2a,” — 4pa,a,a5Xa, + 2p?Za,a4 — p? 


D] 


Wes obs RE UNA 
— 8g4255-p* 80” + p3* 
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2, Here  Za,—0, Zaja,—0, Za,0,45— - p, a44545a4— q. 


Hence Day = (σαι) --254140Ξ-0 ...............ε- HExdousoot (i), 
Za,’ — 8Za40,a5 = Za, (Zaj? - Σαχά»; 
SO PU = Od ige= BYTE D PRESIDE osx IE 
Also αι 4- pa, 4- q —0, &c. 
Hence, by addition, Zaj*4-pZa, - 4q —0; 
^O Σα --44. 
ὃς (8) b+c-3a= --ρ--ᾱ-- δα, ὧο, 


Hence, we have — (p+ 4a) (p 4- 40) (p 4- 4c) » 
= — p? — 4p? (a+b + c) - 16pZab — 64abc 
—-gp)-4A4p?(-p)-16pq + 64r. 
TT 1 : 
iride (ab + ac — bc) =—— (q — 200), ἅο, 


teu δα) 
Gi) va abc 


Hence we have 3» (q — 200) (q — 2ca) (q — 2ab) 


= Bre iq? -- 2406 + 4qabcZia -- 8a?U?c?Y 


a 2 
-—3 {45 - 24? + Aqrp — 8η]. 


(ii) Since bc -a?=be-a(-p-b—c)=Zbe+ap=q-+tap, &e. 
The given expression = (q + ap) (q + bp) (q + cp) /atbtc* 
= (që + g?pZia + qp*dbe + abep?)[a*0*c* 
=(¢ - qp? gp? - rp?) /r*. 


4. (i) Σα1Ξ0, Σάμαοξ —14, aa,a,= — 8. 
Hence Za? = (Za,)? — 2Σ.144Ξ28, 


Zaj?—3a,4,a5 + Za, (Za? — Zaja) = — 24. 


(ii) Za,=0, Zaja,— — 22, Σαμαράς — 84. 
Hence Zaj?- (Σα): - 2Σ4149Ξ44. 
Also Day? —8Zajas4,— Za, (Za? — Zaa); 
^ 2a =3Za,a,a,= — 252. 
DD Za? = (Za)? — 2Zab = ( - 4? - 2p;. 


(ii) Ea? -- 3Zabc = Za (Za? - Zab} = Da { (Za)? - 3Zab) ; 
-. a= — 3p; -Pı {Py -- Όρο). 


MA 1 TENE zat Pay Dea 
c (scr ee, 
um a? ( 3 ab ( Pn Pn 
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: m e a? 
(iv) Since Za? .2-22Za42--, 
a b 
a? p 
2y--GÜ-3?) τρ 


(v) — xf =za. 3-24. Hence from (i) and (i). 


τη. ο ος. Σα. Hence from (ii) and (iii). 


ΓΩ 
6. Put z+2=y, or s=y-2. 
Then (y - 2} - 4 (y - 2} +3 (y - 2) - 1=0, 
i.e. y? — 10y?-- 31y -31=0. 
7. Put ex, or z=, 
Then θγϑ/οθ — 5y?|c? — 1-5 
5 o 
κε ος: 
ai Reo id 


The coefficients are all integral if c — 6. 


; T T 
8. (i) Put ee: --; 
Hence, as a is a root of the given equation, the required equation will be 
TS οι OT 
mb ce 
κος 5 
or y*-qy°+pry -r= 
(ii) Put y=b+c= -p-a 


Hence the equation required is 
-(p*ty?*p(p*tyP-a(pty)*r-0. 


aea EX MP -py 
(iii) Put EM Deis ELS! fs ES lcg 
Hence the reauired equation is 
py? py 24 
"agr Psp liegt t=O 
(iv) Put y=a(b+c)=a(-p-a). 
Hence a? 4- ap 4- y — 0. 


Also a3 γαρ -- aq t rz 0. 
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Multiply the first equation by a and subtract from the second; then 


a(q-y)+r=0. 

Hence the equation required is 

μον τς 
j G-a p-a ^ 

which reduces to 
y? - 2qy? + (4 + pr) y +1? — pgr=0. 
9, 
(v) Put y (0 οὔ)-- (0c)? - 20c— (pa 7. 

Hence a} + 2a?p + (p? — y) a - 2r 0. 
Also à? 4- a?p -- aq -- r — 0. 
Subtract; then a?p 4- (p? — 4 - y) a- 7-0. 


Multiply the second equation by 2, and subtract from the first; then 
— a? p? —9q -y 0. 
Then eliminate a between the last two equations. 


(vi Put y=be-a?= -- - =a. 
Then a? +ay+r=0. 
Also a? +a°p+aq+r=0. 


Hence a’p+a(q-y)=0, whence a= (y — q)/p. 


Hence the equation required is 
(y - a)?/p? +y (y - α)/ρ 1-0. 


9. (i) Puty=b+c+d=-—p-a; then a= -p-y. 
Hence the equation required is 3 
(pt+y)t-p(p+y+q(p+y)?-7 (pty) +s=0. 
(1) Put y=b+c+d-2a= -p - 3a; 


li 
then Deed (p+y). Hence &e, 


(iii) Lu? = (Ta)? — Zab =p? — 2q. 
Hence, if we put 
y =b? +c? + d? — αἲξ Zia? — 2a? = p? — 2q - 2a? 
we shall have to eliminate a from 
2a? +y + 2q - p?—0, 


and at 4- pa? 4- qa? - rà 4- $ — 0. 


From the last equation we have 
(a* 4- qa? -- s)? a? (pa? +r) 


The result is obtained by substituting 


δα, m 
a? == (p^ - 24 - y). 
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10. Since (a3 +r) + pz? 4- qz — 0, 
(x8 +1)3 + (pa? + (q2)? — 3 (234-7) . pa? qz—0. 
Now put 2?—y, and we have 
(y t P + py? + g?y - 8qpy (y +7) -0, 
which is the equation required. 
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1l. Corresponding to the two roots 2+,/3 we have the factor 
(r-2-4/3)(z -2--A/3), that is a?— 4x -- 1. 
Hence the given equation is 
(a? — 40 + 1) (a? 4- 6x +7)=0. 
Thus the roots are 2+,/3, —32-4/2. 


2. Corresponding to the two roots 3 / — 5 we have the factor 
(z - 8 - A — 5)(zx — 3-- A/ — 5), that is x? — 6s +14. 
Hence the given equation is 
(x? — 6x 4- 14) (3x — 5) «0. 


8. The equation must have the four roots +,/2+,/5; and, the sum of 


A viec 4 
these roots being zero, the remaining roots must be 3° 


4, The equation has the four roots +,/2+,/-—1, corresponding to which 
is the factor αἱ --20”-.9. Thus the given equation is 
(at — 22? + 9) (22? -- 3x + 9) 2 0. 


5, The required equation is 


(a -N3 — /5)(x — JB + /5)(a + 8 — 5) (x + /3 4- /5) =0. 


6. The required equation is 
(z - J/2 - JJ - 3)(z - /2 A — 3)(@+n/2 — AJ — 3) (x +2 +/ 8) =0. 
The H.c.r. of the left-hand members will be found to be z? — 3z 4- 1. 


Hence the equations have two roots in common, namely the roots of 
z?—3z41-0. 


8. If two of the roots are a-- 84/ — 1 and a+28V -1, the other two 
wilbea-84/-1landao-28,/—1. Hence the equation is 


((z— a)? 8) (c ~ a)? +46} —0, 
or (x — a)4 + 5B? (x — a)? 4- 48*— 0, 
i.e. φ)-- 4as? + (6a? + 59?) a? +...=0. 
Hence 4a=4 and 6a7+56?=11, 
whence it follows that a=1=8. 
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9. If the roots a, B, y be in H.P., 
Βανί, .ᾱ 
T 


Hence B--—. 
But 8 is 8 root of the original equation; hence the required condition is 
ἑραο σαν» 
- — -— -—)+r=0. 
q q x q 


10. Any four quantities in 4. P. may be taken to be 
à 13d, a+d, a-d, a—3d. 


Hence —p=4a, 
q = 6a? — 10d?, 
r= 4a? — 20ad?, 


s— a* — 10a?d? + 944, 
From the first two equations we have 

al 1 

ος σοι 

Substitute for α and d? in the last two equations. 
ll. Ifa, β, y bein Α.Ρ., 
` 38B=a+6+y=3. 
Thus the mean root is 1. Hence the equation is 

(ᾳ — 1) (x? - 2x — 15) 0, 
and the roots are —3, 1, 5. 


12. Let the roots be a-- 3d, a-- d, a — d, a — 3d. 


Then 4g — —2, and (a? — d?) (a? — 9d?) — 40, 
whence a=-5, a= «5. 
13. (1) a? — 73? l'ly — 15 — 0. 


The positive commensurable roots can only be 15, 5, 3, 1. Of these 3 is 
the only value which satisfies the equation. 
There can be no real negative root, for the left-hand member of the 
equation is negative for every negative value of x. 
(11) xt — z? — 18x? + 16s — 48—0. 
The possible commensurable roots are +48, +24, +16, +8, +6, +4, 
+3, £2, +1. Of these +4 are the only values which satisfy the equation. 
(iii) 3a — 262? + 34x — 12— 0. 


4 


The possible commensurable roots are 4, 2, 1 or 3? for there can be 


w υ6 
65! = 


, 


no negative roots. a 
The only value which satisfies the equation 18 3° 
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14. Since the sum of two roots is zero, the other root must be 8. 
Hence the equation is 
(c — 8) (422 - 1) =0. 
15. Let the four roots be a, β, y, 6, and let a 4- 8—O0. 
Then ~4=a+B+y+d=y+6 
-—5=a8+y6+(a+ B) (y 7-9) 2 a + "y 
8—af (y +ò) + yò (a - B) --αβ (y+ ὃ) 


6 — αβγδ. 
Hence aB=—2, γὸ-- --δ. 
Then a+B=0, aß= -2 give a= — 8-2, 
and Υ-Γδ-- --4, yi= -8 give y= - 24/7, 6=-2-,/7. 
16. We have, if α--βΞ0, 
-p=y+ð, 
q=aß+yð, 
-r=aß (y+ ὃ), 
s=aßyð. 


Hence af z and then 
y9-—4 = = T . 
Thus the condition required is 
par -- τὸ — sp? —0., 
17. Since a is a root 
(28 +1) — 79 (28+1)+210=0, 
i.e. 28% +36? — 388 -- 33 — 0. 
Also 8? -798 -- 210 — 0. 
The common root of the last two equations is B=3. 
Hence two of the roots are 3, 7 and the remaining root must be — 10. 


18. If a=£?, we have 
355 — 3264+ 338? + 108=0, 
and 38? — 328? + 338 + 108 — 0. 

The common root of these equations could be found to be 3. [This 
laborious process may be avoided by noticing that 8 cannot be of the form 
&-FA/b, for then there would be four roots of the equation, namely a+,/b, 
a’+b+2a,/b. Also, if B=,/b and a=b, the remaining root would —,/d; 
the sum of the roots would be b and the continued product —0?. We should 


therefore have p= and 6?= 36, which are inconsistent. Hence B is 


altogether rational, and if p=? : aa be roots it follows that p? is a factor 


of 108 and φῦ of ὃ, whence q=1 and p= 23. The value B=3 satisfies the 
equation. ] 
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19. Let the roots be a, a 4- d, a-- 2d, &c. 
Then the sum of the roots is na n (n — 1) d, 

and therefore na n (n—1) d= —-np, or a+; (π-- 1) d= — 7p ......... (i). 
Also {a+(a+d)+(a+2d)+...}29=3(a+rd)?+23 (a 4- rd) (a+sd). 


: ο (n — 1) a} ο (ga ο ταν TTE 1)q 


Ξ πα" +n (n — 1) adt (n — 1) η (2n — 1) d? 4- n (n — 1) 4, 


whence a? 4 (n — 1) ad 4- : n (n—1)d? E (Qn VG? = quedes eres es (1). 


From (i) and (ii), we have 
d=2 (3 (p? - q) | (n+1)}? and az - p - (n- 1) (8 (p - 9) (n. 1)j3. 


20. We have α--β-ΕΥ-Γδ-- — p, 
aß + yò + (a + B) (y+ δ) --η» 
aß (y δ) +yô (a-- 8) — f, 
aByd=s. 
a8=yd=,/s, 
ο. 
i PNS =T οὐ 2572; 
Again, if aß + γδΞ0, we have 


Hence, if αβ--γδ, we have 


αβ-- --γδ--Ν' =s, 
~ -s(y*9-a-g)— τν 
and ad 84 y 0- — p. 
The last two equations give 
T 5 r 
2 (a B)— MEUS 2 (y+ô)= ο ο. 
r2 
Hence 4g —4 (a+ 8) (y) p, 
or p?s 4 1? — 415 — 0. 
b 
21. We have a+B+ty+õ= -7 


aß -- y0 4- (a. -- B) (3) 5, 


ap (y+) evo (a B) -ᾱ- 
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Hence, if a 4- 8— y -- 9, we shall have 


b 
a+ B= care es 


2d 

LEE 

ο: το 

ap +o +775 = Ff 

Ruhe Ἡ Ὁ 

Henoe τ 
99, We have 


{Pn + ο T? pag 2f + jeg +g {Prat Pn—-4 2? + Ῥῃ-ῃ x+ gs 


+274 py ot pay u.s] m0. 
Hence 


{Pat Pa- 2+ e ΡΩΣ {Pa-1+ Pr aT ES P? at {Pn-2t Pu-5 2? + eg 
7923 {Pnt Pua 9 sp (Prat Page? + of {Pua t Das +...} =0. 


Now put 2?—1-—g; then the term of highest degree in y will be y”, and 
the term independent of y will be 4? + B? + 0 - 34BC. 
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TOME) f (x) 24a? — 1222 — 15x — 4, 
J’ (4) 28 (42? -- 8x — 5). 
The factor 2z +1 is common to f (x) and f’ («). 


Thus two of the roots of f (z) Z0 are -i WES and the remaining root is 


1 1 
(a) - (-5)=4 
(ii) f (x) 2 x* — 62? + 132? — 242; -- 36, 
Fila) = oe 92?-F 13x — 12). 
The factor æ — 3 is common to f(x) and f’ (x). 
Thus two of the roots of f (x)=0 are 3, 3. 
Hence f (z)-0 may be written 
(æ - 3)? (x? + 4) «0. 
(iii) f (x) z 162* — 242? + 16x — 3, 
f’ (x) 216 (423 — Βα + 1). 
The common factor of f(x) and f'(x) is 4c? — 4r -1— (2x — 1)?, giving 


the roots = 33» 3' The remaining root is — "L since the sum is zero. 
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(v) f (x) = 225— 2323 + 842? — 80x — 64, 
7’ (ο) 28a? — 69x? + 1682 — 80. 
The common factor of f(x) and f’ (x) is z?— 8x 4-16 — (x — 4)?, giving the 
roots 4, 4, 4. The remaining root of f (x)—0 is a 4--4-.4-- -- : t 


2. The necessary and sufficient condition that the equation may have 
two equal roots is that 
a2? + 3ba? + 3cx -- d, 


and az? + 9bz 4- c 
may have a common factor. 


Multiply the second expression by x and subtract from the first; then 
the given factor must be a factor of 


ba? + 2cx +d. 
Hence, if a be the root common to f (z) —0 and f’ (z) 20, we have 

aa? + 95a 4- c — 0, 
and ba? + 2ca -- d — 0. 
ora A C er Bled NE 
2(bd—c?) be-ad 2 (ac—b?)’ 
whence the condition required is 

(bc — ad)?=4 (ac -- b?) (bd — c?). 


Hence 


3. Bythe previous question the common root a is equal to 


1 bc — ad 
2 ac—b?* 


4. We may, without loss of generality, suppose that a’, b’, ο’, &c. are in 
ascending order of magnitude. 


The equation is equivalent to 
A (x — a!) (x — b’) ... (zx - k’) - Za? { (x — 0) (z — e') ... (c — k/)) =0. 


If we suppose that there are n quantities a’, b’, ..., k’, the substitutions 
— co, a’, b', ..., k’, +œ in the expression on the left will give results whose 
signs are respectively 
λ(-1)», (-1)*, (-1)3, (— 1) 5, ...... ;-1, X 


Thus, whether λ is positive or negative, there are n changes of sign. 
Hence there are n real roots. 
5, The equation is equivalent to 

(m πα) (x — a) (a — B) (α-- y)... - Z (a? (x - B) (z - »)...3 =0. 


We may without loss of generality suppose that a, B, y,... are in 
increasing order of magnitude, 
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If there are n of the quantities a, β, y, ..., and we substitute — oo, a, 
B, ..., + in the left-hand member of the equation last written, the signs of 
the results will be respectively 


(ems oo porre 


Hence there are 1-1 changes cf sign, whence it follows that the equation 
has n+ 1 real roots. 


6. If we substitute +o, a, d$, ags ..., ἄρῃ, — oo in the left-hand 
member of the equation, the signs of the results will be 
+, +b, -, —b, +, +b,..., +, (- 1)”. 


Hence, as b is positive, there are n real roots which lie respectively 
between a, and ἄο, ας and a4, &c. 


7. The equation is equivalent to 
x (a — b) (x — ο) }- ο (x — ο) (x — a) +2 (x — a) (x — b) 
+ (x +d) (& — a) (x — b) (x - e) 20. 

On the supposition that a, b, c are in descending order of magnitude, 
the substitutions +% , a, b, c, 0, — œ in the left-hand member of the equa- 
tion, will give results whose signs are 

+, ag u$ ΠΠ Eg te 
Hence there are four real roots. 
Put v=a-y; then we have 
(a-y) (a-b-y) (a-c -y)- (a-y) (a- c- y) 
-(a-y)(a-b-y)y-uy(a-b-y) (a-c-9) (a d - y)—0, 


whence ViUsUsy,—a(a-b)(a-c); — . 
z^. (a-a) (a — B) (a-y) (a — ô) =a (a — b) (a — c). 
Hence Σ τ 5 0. 


a-a (a-B)(a-3) (4-3) e-a- 


8. The equation will be obtained by rationalizing the equation 
c — pod qo, 
Now, since ωξ-- 1 
w= p^ q? +5 (pqu? + pgtw*) + 10 (ρϑηδω + p*q*v71). 
Hence αὖ — p — q° — 10p?g?z = 5pq (ρθω) + gw) 
=5pq (po t qw) {(pw + qo)? - ὅρα} 
= 5pqa (a? — 3pq). 
Hence the equation required is 
a5 — 5pqu? + bp?q?x — p5 — q5 — 0. 


9. We have GB Psy tid er ADI OE T 4), 
αβ--γδ--(α--β)(γ--δ)--6ς........................... (ii), 
a. (^58) 0 (aut Bes Are enc tee. eR ETREN (iii), 


αβγὸξεα κανα s RE RV EIE t ^ (iv). 
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bo 
c. 
Or 


Put aB -- yó— y. 
From (i) and (iii) 
(a+ B) (a8 — 8) — — 4paB + 4r 
(Υ3:5) (yò - αβ)-- — 4pyò + 4r. 
Hence — (a+ 8) (y +ô) (αβ - Υδ):--16 ( p*aByà — pr (aß 4- γδ) +77}; 
<- — (a B) (y ô) (y? -- 4s) 216 (p?s — pry +7”). 
Hence, from (ii), 
y - 16 (ps - pry +7°)/(y? — 49) — 64, 
or y? — 6qy? — 4 (s — Apr) y + 24sq — 16p?s — 167? =0. 
Again, put 2--(α:-β) (y+), then y=6q-z. Substitute this value in 
the equation for y and we shall obtain the second result, which could also 


be obtained independently in the same manner that the equation in y was 
found. 


10. Put z—(a-- B —y —8)? 


= Za? + 4a + 4y0 — 2Σαβ 
—16p?- 24q +4 (aß + yò). 


1 
Hence 1 — Ap? + 6q — aB + γ3. 


The required result will therefore be obtained by substituting T — 4p? + 6q 
for y in the equation for y found in the previous question. 

Ts Zaj?aj = Za,a, . Eaa — 2Zaa5a5 — 3Σαγθαρδα. 

—Za,a, {Σα1.0 . Za, — 3842,05] 

— 2a4d55 ((Za;)? -- 2Σαγααὶ — 2a,a5a, Xa,a; 
= pa (— P1 Po + 9ps) + Ἄρα (pi? — 2p;) + 2p; pa 
= paps - Pı Po + 2P” ps. 
XLVI. Pages 596—598. 

1. (i) 43-122z465—0. 


Compare with x -- θαῦᾳ +a? +b3=0; 
then ab=4, αἲ -- ὐ2--0δ. 
Hence αὖ — 65a3 + 64=0; 
.. αἲξ 1 or a=64. 
Thus a d r4. 


Hence the roots required are 
— (1+4), --(ω-- 4e?), — (w?+4w), 


(ii) a? — 9x 4- 28 —0. 
Here ab=3, a?-- 03—28, 
whence (rect Όρο. 


Hence the roots are — (1+3), --(ω-- δω), -- (w?+3w), 
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(iii) a3 — 48x — 520 —0. 
Here ab 2:16, a3-- b? — — 520. 
Hence a® -- 520a? + 16? — 0, whence 
a= —8 or a= — 512. 
'Thus a= —2, b= -8. 


Hence the roots are 
248, 207+8w?, 2w?+ δω. 


(iv) a —21z —344—0. 
Here ab=7, a? 4- b? — — 344, 
Hence a= -1, b=-7. 


Thus the roots are 
(1+7), (e Τω3), (w?+7w). 


(v) αἳ — 9: +5=0. 
Here abs, a? 4- 035— 5, 
whence wae + ig V 1929 — 4-94002... or 05988... 
Hence Qa Το ου ο. 


'Thus the roots are 
— (1:70... -:39...), —(1°70...0+°39...w”), 


and — (1°70...w?+°39...w). 
[This method is of course much more laborious than Horner's process.] 
(vi) x? — 6x - 11—0, 
Here ab —2, αὖ -- 5*5 — — 11, 
whence a= (- 11 89], &c. 
2:59) x44 2a? -- 14x 4- 15--0. 
Add (aa + B)? to both sides; then 


x44 22? + a?2? + (14+ 2aB) x 4- 8? -- 15 — (ac +p)? 
The left side is a perfect square, namely (z?-F- z -- A)?, provided 
?—6?--15, 24 —2a8--14 and 2A+1=a2, 
Hence (A? — 15) (24-1) (à - 7)?, 
Or A? — 8A — 32 =0, 
whence by inspection λΞ4, corresponding values of a, β being 3, — 1 respec- 
tively. 
The original equation is therefore equivalent to 
(2? - x 4- 4? — (3x — 1)”. 
(ii) z*—12z -- ὅ--0. 
Hence αἲ-- 12ᾳ — 5 + (ax + B)? — (ax -- B)? 
or x? + a°a*+ 2 (aß — 6) c4 B*— 5— (ax +B). 


i 
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The left side is the square of z?-- A, provided 
2X—a?, a8-6=0 and λ2--β2-- 


Hence 2λ (\”+5)=36, whence by inspection \=2, ERN values of a, 
B being 2 and 3 respectively, Thus the given equation is equivalent to 


(a? + 2)? = (20 +3)?. 


(ii) xt — 192? + 24x -- 140 — 0. 
Hence zt — 1227+ 24x +140 + (ax + B)?— (ax +B)”. 
The left side is the square of z?-- ^, provided 
Άλα”-- 12, 24--2a8—0, X?— g?-- 140; 
i *. (42 — 140) (2A + 12) = 144, 
or M + 63? — 140A -- 912=0. 


By inspection \=12, corresponding values of a, β being 6, — 2, 
Thus (x? +12)? = (6x — 9)3. 
(iv) 4ο} +423 — 7x? — Ay — 12--0. 
Hence 424+ 403 — Τα — 4g — 12 + (az 4- B)? — (ax + p). 


The left side is the square of 2z?-- z +), provided 
4A -1- -7-4 6), 


2λ «---4--2αβ, 
and λλ =-12+ 6% 
Hence (\? + 12) (4A +8) = (A + 2)?, 
or 4X3 + TA? + 440 + 92=0, 
whence by inspection \= — 2, corresponding values of a, β being 0, 4. 
Thus we have (222 + x- 2)? —16. 
$E T) f (x) -a3 -- 324-6, 
fi (2) 23 (2? - 1), 
Ja (2) 2 (z -- 8), 
Fg (a) = -8 


to, +; +; πηι. 


-2 , τα. : ον | 

Σ 8 at cu si Κα τατον 

ο. ΠΤ - 

Thus there is one real root between — 2 and — 3. 
(ii) f (x) =23 — 2? — 832 + 61, 


Sf (x) 232? — 2x — 33, 
Ka (a) 50a — 129, 
fa) + 
S. A. K, à 18 
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The signs corresponding to different values of z are as under: 


SBC srg Προ γε, πε 
6. sey ars i: 


DES την he ot 
2, my eer πη 
1 bl stoi ση ο a 
xD ο προ es mmy wr 
=s ot} aes ES us 


Thus the roots lie between — 7 and — 6, 1 and 2, 5 and 6. 


(Ὁ) f(a) =2a4 — ο) — 104 +3, 
f(a) 22 (429 -«-9), 
fo (a) =a? + 15x — 6, 
F(z) = — 1852 +73, 
0 -. 


The signs corresponding to different values of x are 


ορ ἼΡΩ, ο απὴ op: -- 
P) jue προ προ D --- 


1, GO ο ολα 
0, SR Sah ae e 
ο. η Set, SR προ SS 


i Thng there are two real roots, one between 2 and 1 and the other between 
and 0. 


(iv) ia) "e ee +162+9, 
YP (eom - Iz 4- 4), 
fa(z)- as 122-9, 

J3(%) =17a - 38, 

fa(z)- +. 


The signs corresponding to different values of x are 


+o, +, +, +, +, + 
ὅλη aby ary aay aes H 
2 3^ E pie πι 0 SSE 
0 . Γον Εν ος | 

-1 ση Sire nd τας 

-4 a πο ch NETS MIT: 

-5 yz eb coms Sy ο; 


Thus there are two real roots between 3 and 2, one between 0 and — 1, and 
one between —4 and - 5. 
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(v) f(x) =a4 — Τα} + δα — 20, 

J' (z)242? — 14x +3, 

fa (x) = 14x? — 9x + 80. 
Since the roots of f;(z)—0 are imaginary it can never change sign. It is 
therefore unnecessary to find the other functions, for f(x) has a constant 
sign and f,(x) cannot change sign except it vanishes, and for that value 
Jo(z) and f(x) have opposite signs. Thus f,(r) must be negative, (since 
Jo(z) is always positive), and therefore f,(x), f4(z), fa(x) will always give 
one and only one change of sign. 

By using only the three functions f(x), f'(x) and f(x) we find that 
there are two real roots which lie between 2 and'3 and between —3 and --4 
respectively. 

4, f (x) 223 3pa? + θα +r, 

f (ο) 93 (95 + 2px +q). 
δία) 22 (p - 4) v - pq --τι 
fs (x) = (6par + 3p?q? — 4p*r — 44° — 75/4 (p* - q*. 
The signs for the values — œ, +o of x are, if p?<q, 
SE Sh BEGUN es 
TOPE =+ 
Thus, whether the sign of f3(z) be + or — , there can only be one real root, 


5. f (a) 2 a9 + pa? +7, 
7’ (z) = 302+ ϑρα, 
So (x) 22p?x — 9r, 
ῶ- - ὃ» (4p 277) jph. 
The four roots will all be real if f,(z) be positive; that is, if 4p°r -- 27r? <0, 
For the signs of Sturm's Functions will then be 
EO ECT - πη 
deos Seq Up T; T 


6. Let SF (a) 2 aqu" + aya? 4- . αι E+ 04. 
Then Gg" + A421 +... 4 42 H 0,0. 
If x be an even integer, a£” + ... + an-ı% must be even, and therefore 
(aga? +... + 44,4) +4, cannot be zero since a, is odd. 
Again, if x be an odd integer, 254-1 suppose, 
Aye” |- aya Ἱ--,.. s 19 F An 
= Ay (a — 1) + a, (x71 — 1)  ... αμα (T — 1) + (ag αι + an+.. + Oya 04) 
=an even integer + (ἀρ ++... + an), 
and the sum of an even integer and an odd integer cannot be zero. 


THEORY OF EQUATIONS. 


ο. -ᾱ «δ (20945514 

9 9 | - 1000000 

4 (100000 

600 

609 105481 | 50671000 

618 |11104300 

6270 

6274 11129396 | — 6153416 

6278 |11154508 

6282. 1115760 - 574616 

1110016 - 16581 

— $491 
- 957 
= 69 


[εχ. 


8. (i) By substitution we see that f (1) is +, f(%) is —, and f(2) is +. 
Hence, as there can be only two positive, they lie between 1 and 1} and 
between 14 and 2 respectively. 


ie Me τ. (1°3568.., 
if 91000 
ο Αθ 
30 
33  —301 | 97000 
36 |-19300 
390 
395 -17325 | 10375 
400 | -15325 
405 -1508 1327 
127 
0 i 7 (16920. 
1 -6 [ 1000 
2  [-400 
30 
36 — -184 | —104000 
42 |+ 6800 
480 
489 11201 [— 3191 
498 — [15688 


B1 | 1578 - 35 
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(ii) 


a — 8x --40--0. 


By inspection the only real positive root is between 4 and 5. 


10 -8 à (4:1891 

4 8 |- 8000 

8 4000 

120 - 

121 4121 |- 3879000 

122 | 424300 

1230 

1231 434148 |— 405816 

1232 | 

1238 444004 - 6316 
ο 1746 


(iii) By inspection the roots are between 0 and 1, 1 and 9, 3 and 4 


respectively. 
1 -60 


(4679 


-56 676 |- 296000 


—52 | 46800 


— 480 
-474 43956 |- 32904 
- 468 | 41148 
-462 4086 - 3662 
= 17 
=6 9 -8 (16597 
-5 4 [41000 
-4 [ο 
- 30 
-94 -144 [ 186000 
-18 |= 25200 
- 120 
-115 -25775 7195 
- 110 | — 26325 
-1ø5 -2634 1857 
46 
-6 9 5. (ΠΠ. 
BE) 0 | — 38000 
o |o 
30 
38 8304 | --δ68000 
46 | 67200 
540 
547 71029 | — 70797 
554 [ 74901 


591 
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(iv) a*-- a? — Az? — 16 — 0. 
By inspection there is only one real root which lies between 2 and 3. 
11-4 A —16 (2:2... 
8 2 |- 80000 
5 12 207 
7 | 2600 
90 


92 2784 98508] - 19904 
94 2972 | 39512 
96 | 3164 
98 
(v) a* — 142? - 162 159-50. 


By Sturm’s Theorem it wil be found that there are two roots. between 
9 and 3. [See solution of 3 (iv).] 


9. (i) f (c) 2 a* + 2a? — 234? — 24x + 144, 
7’ (ο) =2 (22? + 32? — 23x — 19). 
If we now attempt to apply Sturm’s Theorem we shall be led to find that 
f (x) and f'(x) have the common factor a? + s- 12. 
Hence the given equation is 
(x - 3)? (x -- 42—0. 


(ii) f (x) 2 x* — 262? + 482 +9, 
7’ (a) =4 (a? — 13x }- 12). 
It will be found that f(x) and f'(x) have the common factor x-3. 
Hence f (x) — (x -- 3)? (4? 4- 62 4- 1). 
Thus the roots of the given equation are 3, 3, —3-- 8. 


10. By Descartes’ Rule of Signs the equation cannot have more than 3 
positive roots, and cannot have more than 1 negative root. 


The equation may be written 
(x8 — Tx? + 191) + (152? + 3x — 163) = 
The first term of the left-hand member is always positive for real values 


of æ, and the second term is positive if r>1. Hence there can be no real 
positive root greater than 1. 


Change x into — v, then we have 
a$ -- 12? -- 1522 — 3x - 4— 0, 
the left-hand member of which is clearly positive when α is 1 or has any 
greater value. Hence real negative roots lie between 0 and — 1. 


11, The only possible commensurable roots are 
ES 
+26, 43, £2, +1, +=, += 
(p eei ΞΟ ΕΙ 9^ £ 3» 
and of these it will be found on trial that 1, 3 and --} satisfy the equation, 
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Thus the left-hand member of the equation is divisible by 
(a — 1) (z - 3) (2x +1), 
and hence is found to be equivalent to 
(x — 1) (x -- 3) (2x + 1) (2? +2)=0. 


12. We have x? 12? — 3 (1 — p)}2=(3px? — 1)?. 
Hence the equation required is 
y ty -3 (1- »)?- (py - 2?—0, 
i.e. y? — (9p? — 6p +6) y? + (9p? — 12p + 9) y - 1—0. 
Since 9p? — 6p +6 and 9p? — 12p +9 are positive for all real values of p, 
it follows by Descartes' Rule of Signs that all the real roots of the cubic in y 
are positive. 
Now, if p be negative, the signs of 
f (v), f (8—3p), f (1), f (0) 
are +, —, +, — respectively. Hence in this case there are 3 real roots. 
Again, if p be positive and greater than 5 the substitutions +, 1, 5 ,0 
(which are in descending order) give the signs +, —, +, — respectively. 
Hence there are three positive roots in this case. 


: 1 eA 
And, if p be positive and less than -, the substitutions +œ, 3 (1— p), 


9 , 
1, 0 (which are in descending order) give the signs 
προ A τ i 


respectively. Hence in this case also the cubic in y has three real positive 
roots. 

Since the cubic in y has three real positive roots for all values of p, it 
follows that the three roots of the original cubic must be real. 


13. Substitute for « the values +o, 1, 0 in succession; then the signs 
of the left-hand members will be +, —, + respectively. Thus there are 
always two, and therefore three, real roots. 


We have aSy=—1, a+8+y=3p, By+yataB=3 (p—1). 
Hence Byt+tyataB=at+B+y-3, 
whence from the first equation, 
ορ ey Boa ps0) 
i.e. (By — 8-- 1) (&y — y - 1) «0. 


Whence, either Bp (1—y)=1 or y (1-8)— 1. 
Then, if By — 8-- 1-0, 
αβγ-- aB-- a —0; 
^e aB — a -- 1—0, 
and, from αβγ-- — 1, ay—y+1=0. 


So also, if By-—y+1=0 we have 
aB—B+1=0 and ay—a+1=0, 
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14. Let the roots of the quintie be a, B, y, 5, e, and let y =a +£, the 
sum of any two roots. Also let S;=y+d+e, S,=yitde+ey, S4— yóe. 


Then we have 


y T Sy =0, 
aß + (a+ B) Si+ Ss =0, 
apSı + (a +6) So+8,=0, 
a8. + (a +B) Ss =p 
aB8; πο τας 
Hence aß — y? + δο-0, 
— aBy -- y S5 + 84—0, 
aß . So +YSs =P, 
αβ. δα ----ᾱ. 
Hence S,—3?— a8, S,—2aBy —3?; 
and then a?8? — 3agy? + y* 4- p — 0, 
2a7B?y — αβνϑ +q — 0. 
Hence 5y? (y + py? — 3qy?) = (2? + 2py — 9)”, 


i.e. y! — 3py5 - 11qy? — 4p?y? + 4pgy — q* —0. 
το, αἱ -+ 4aa? + 6a?2? -- Aaz 4-1— 0, 
(a? -- $7) + 4a (x 4- 51) + 6a?=0, 
whence, if z-4-2 7-9, we have 
y? + 4ay + 6a? — 2 .— 0. 


The values of y are imaginary unless 1-a? is positive, and w is 
imaginary if y is imaginary. Hence 12 α”. 


The values of y are given by 
y= —2a+ 2-242. 
Now «+71 must, if z be real, be numerically greater than 2. 
But, the condition that —2a+ N2 — 2a? is numerically greater than 2 is 
1 
that ἃς. Ξ. 
ems 


CAD H 3 
16. The condition that D may be a root of the equation is that 


(1 a)* t a (1-- a? (1.— a) - 6 (1-- a)? (1 -- α)ϑ-- α (1 a) (1 -- a)? - (1 -- a)*—0, 
i.e. —4 (a* 4- aa? — 6a? — aa -- 1) — 0, 
which is true since a is a root. 


The equation is equivalent to that obtained by changing z into — 25 and 
£ 


TES T i-a A 
from this it follows that a, — οσα DT are all roots of the equation, 


&nd these are the only roots since the equation is of the fourth degree, 
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lig Σα’β’γ = Σαβγ. Σαβ-- ὃΣα”βΥδ — 10Σαβγδε, 
Za*Byd= Σα . Σαβγδ — ὄΣαβγδε. 
Hence Za?^y = DaBy . Σαβ-- 3Za . ΣαβΥγδ 4- ὅΣαβγδε 
= — PaPa + 3p, P4— Ops. 
18. We have 
2a,=0, Zaa,= -- 5p, Za4a5a,—0, 
Za,a54504—5p?, a105050,05— q. 
Now Σαγ!αρβαρα,-- Day Aggy . Zaj9a;?a; -- 3Za,*aja,a,a, 


- 2Za.*aja;?a4a; — LaPa ag agag. 
Σαμάρα. Zaj*a;9a, = 5p? {Day Agdg . Za a — 32a aaga; — 2Za,?a.2a.a,] 
= —5p?13Za,a,a,a, . Za? - 3Zaja4a,a44; 
+ 22a ayaza; . Daya. — BEA, ἄοαφαμαρὶ 
= — 5p? {15p? . 10p + 10p? ( — ὄρ) 
-11αιαυαμαμας. Σαχ) -- 500p^. 
Also 9Xaj*ajja4a40; + 22a taaga; + Za 9a Pa a; 
= (105050485 (3Z:a,9a5? + 22a, 90545 + Ea,’ ag) 
[ =q (3Za4a, . Σαι-- 4Σα1ανας — 52a aag — 9Za,?a,a,a,) 
=q { - 15p (Σαι . Zaja, — 3Za,a5a,) - AZa,a5a5 . Za]? 
-5 (Zalza; . Σάμαο — Ayaza 344) } 
= δα”. 


Hence Za taaga, = — 500p5 — 5g. 
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MISCELLANEOUS EXAMPLES. 
Pages 599—617. 


1. (i) It is at once seen that b-c, c-a and a-b are factors. Hence 
as the expression is symmetrical and of the fifth degree it must be equal to 


(b — c) (c — à) (a — b) {L (a? +b? +0?) + M(be+ca+ab)}, 


where L and M are numerical. 
Equating the coefficients of atb and a*b? in the two expressions, we have 


(ii) 


(iii) 


(iv) 


-L=1, and L- M=1. 


abed — a? (0563 + c2d? + d?b?) + abed (b? + c? 4- d?) -- b?c*d? 
= (ab — cd) (ac — bd) (ad — bc). 


2a? + a? (b 4- c) +a (02 + c? -- 806) + (b +c) (202 + 2c? — be) 
Ξ(α-- b --ο) (2a? + 20? + 2c? — be — ca — ab). 


a^ (b 4- c) 4- αὖ (b -- c)? -- a? 10? 4- c? }- 206 (b +e)} 
+a (05 + οὔ 4- 2006 + 2063 + 203631 + bte + bc? + be? + bet 
z (b 4- c) (a -- αὖ (b -- ο) +a? (0? + be 4- c?) 4- α (05 +b + bc? c’) 
+ ὑδο + be? 
z (b -- c) (08 (c +a) -- Όλα (ο-- a) -- b (c? 4- a 4- ca? 4- a?) 
tà (c? 4 c?a -- ca? -- αἲ)} 
(b+c) (c 4- a) {03 4- D?a +b (c? +a?) +a (e? -- a?)] 
(b+c) (c +a) (a+b) (a? 4- 0? 4- οὔ). 


II 


9, The given expression on the left 


sS (by — cp) (a +a) 


=z gà by- eB) (a +a) + (ca — ay) (b+ 8) + (aß -- ba) (c y); =0. 


9. α)-α’-γο!-ρα!ἠ-αγ|-αα--(α--ῃ) (α 1-2), &c. 


Hence > — 


£ Σα (y +2) 

yz (a? +x?) — «yz (y +2) (2+2) (α +y) 

κ. 2a? 

- &y2 /{(a? + x?) (a? + 9) (a? -- 22) 


4, a?-—a?-yz-r zc -- amy — (cy) (zz), &e. 
Hence (y +2)? (z +2)? (e+ y)? + 222y?72 — 8 (y +z)? (ος α) (v +y)? 
Also a4 (y ez — (y +2}? (z +2)? (2-9 yt Gi m? 2 Gy. 


Hence 


^ 


zat (y - 2)? 3 (y -- z)* (z +2)? (x+y)? 
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5. Let the quotient be $ (2) and the remainder Az + B. 


Then f(x) z (x — a) (α-- Ὁ) φ (zx) - Au - D. 
In this identity put v=a and x=b successively; then 
f (a) Aa 4 B, 
and f (b)=Abd "RA 
Hence 1 ουσ adu) and B= vec 2 το 
a-b 
6. Since (b — c) -- (c -a)+(a-b)=0, 


Σ (b-c)?= -22 (b - ο) (c - a). 
Square both sides; then ae —c¢)*+22 (b — c? (e - a)? 


Ξ4Σ(0-- ος a 4-8 (b —c) (c - a) (α-- 5) Σ(0-- ο); 
. b P2) ee Poen Lees) A act) Decent eS (i). 
Again (2 (b—o)2}2= 43 (0 —¢)? (c - a 4-8 (b — c) (c - a) (a - b) Σ (b — c) 
πα te) ect pce Spe A (ii). 
Hence 22 (0 -- ο) Ξ-{Σ (0 -- c). 


7, Putb-c=a, c-a=ß, a-b=y; then α--β-ΓΥΞ0. Hence a, β,γ are 
the roots of the cubic, 


οὗ pz--q-—0, 
provided that p= Zgy and q = — ay. 
Then Za$—39?—2p?, [Art. 129], 


1 
a? +b? +- be -ca—ab=5 Σαξ —p. 


Hence 3Za$ — s (Za?)3 = 9g? — 6p? + 6p3 = 9q?. 
Hence the square root required = 439 = + 3aBy= +3 (b — c) (c — a) (a — b). 


8. Put b-c=a, 6--Ξβ, α-- bw. 
Then, as in Art. 129, 

Σαΐ-- —'p?q, Dat=2p?. 
y 


y 
Hence ae -σ Zat . q —; aByZo*. 


9. Ebe (a-b) (α-- ο)Ξ- Zb*c? — αἲσΣα--ὖ = (αὖ -- αο)», which is necessarily 
positive. 
10. Since a+b+c=0, 
(c — a) (a — Ὁ) = — a? +a (b+¢) = be — 2a (b-- c) — be — 2Zibc — 3bc. 
Hence a 1(c— a) (a — 0) )?— a (2Zbe -- 3be)? 
—4a (Zbc)? — 12abcZbe + Yabe . be. 
Hence Za (c — a)? (a — b)? 
—4Za (Ebe)? -- 36abeZibc + 9abeZibe 
= —9'labeZibe. 
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ll. Since a+b+c+d=0, a, b, c, d will for some values of p, q, T be 
the roots of 
οἱ -- pa? -- qv 4 r — 0. 
Hence Σα--0, Zab-p, Zabe = -q and abcd=r. 
Σα:Ξ (Σα): -- 2Σαὺ-- - 2p. 
Za? =Da2. Σὰ - Σα0-- — Σα0-- -- Zab . Σα }- 8Σαζο-Ξ -- 3q. 
Σα pZa?  qZa t 4r 20; 
“. Dat — 2p? -- Ar — 0. 
Za54- pra’ + qZa? - rZa —0; 
-. Za? — 8pq — 2pq —0. 


1 1 1 
Hence 5 a= pq=( Hg za?) ( n ze) 5 
Also (Σαϑ)2-- 4p? = 2Za* + 8r = 2Za* + Sabed. 
Again q^ -p pa? o qv +r= (x — a) (x — b) (x — ο) (x — d). 


Hence log (1--pz^? 4- qx? + ra~4) =log (1 -- ax) + &e. 


: Us 1 "A 5 
The coefficient of z-?^*V on the right is — onu Σα", But it is obvious 
that there can be no term in the expansion of the expression on the left 
containing an odd power of z^! which does not contain q as a factor. 


Hence Za?* is divisible by q, and 39 — -- Za’. 


19. Since ΣαΞ0-- Σα”, it follows that Sab=0. Hence a, b, c, d ean be 
taken to be the roots of the equation z*--pz--q-—0. 


Substitute a, b, c, d in succession and add: then 
Za*-EpZa 4-44 —0; 


s. Dat= — 4q. 
Also, Da + pRa’ + qZa4—0, 
and Za? + pZa? + qZa —Q. 
Hence Za?—0 and Σαξ-- -- qi (Ζα4)3. 


18. Put dA=(a+b+c)= —-(d+e+f). 
Then (a+b) (b+c) (c+a)+(d+e) (e+ f) (£4- d) 
-(A-c)(A- a) V - ὃ) - f) 2-4) (Ate) 
— M — (a--b-4- c) NM 4 (be -- ca 4- ab) X — abe 
— {M+ (d e f) + (de - ef - fd) X-- def) 
= — (be +ca t ab) (d-- e-- f) — (de 4- ef + fd) (a 4- b 4- ο) -- abc + def 
' = — abc. 


Now, since Za—0, Σα (Za? - Xbe)=0, that is Za? -- 3Zabe —0. Hence, as 
Za?—0, it follows that Xabe—0. 
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Again, since Sa=0, and Zabe —0, we can put 
x + pat + ra? sz c t— (x — a) (x — b) (x — ο) (ο-- d) (α-- e) (x — f). 
p 


13 


zlos (- 2) +log (1 -5) DD 
x a 


4 1 : : ξ 
Equate coefficients of z-7; then 7 Xa’ is coefficient of z^? in 


Dc pcm 
οἱ g x5 


Hence log (1 ES 


Hence 72a ρε. 


Equate coefficients of z75; then 
1 


Se 
5245. 8. 

Also Zab-p and ΣαΞ0 
sg Bats -p 
1 1 al 

= Sais Sab. Sad 

Hence 7 Σα gj Σα 9 Σα 


14, This follows at once from the identity 
(aa + by + cz)? + (by + cx + az)? + (ez + ay + bæ)’ 
— 8 (ax + by + ez) (by 4- ex + az) (cz + ay + bz) 
= (a? +b? + c3 — Sabe) (a? +y?+ 23 — 8zyz). [Art. 430, Ex. 1.] 


15. Ifw be an imaginary cube root of unity, 1+w+w?=0, 


Hence we have 
u+v+w=3 (α--ψ +2), 


u+ c +w w= — δα (T+ wy + ω”2), 
and u + wv + ww = — 3a (x + ey + ω2). 
Hence u? 4- v? +w? — 3uvw = (u 4- v +w) (u+ w + ww) (u+ wv ww) 
=27a? (a3 +y? +2 — 3ayz). 


16. X- 4z(b- c) (y - z), ἅο. 
| Hence (X — 4) (X - B) (X - €) = (b - c) (c - a) (a — b) (y -- z) (z - α) (x — y), 
whence it follows that | 
(X- A)(X- B)(X - €) - (Y - 4)(Y - B)(Y- 0) 
—(Z- A)(Z - B)(Z - C). 
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It is at once seen that b-c, c-a, a—b, y -z, 2-«, z—3 are all factors 
of XYZ — ABC. Moreover the coefficient of 
y?z = (ab + Be + ca) — (a?c + ba + c?b) = — (b — c) (c — a) (a — b). 
Hence XYZ-ABOC-(b- ο)(ο- a) (a — 0) (y — 3) (« — x) (x — y). 


17. We have to prove that 
(ca! — c'a)? + ba'e + b?ac> bb! (ac' + ac), 
or, since a/c’ is positive from 4a/c' >b”, 
4a'c' (ca/ — c'a)? + AU?aa/cc' + (8ba/c' — b' (ac! + a/c) |? — b? (ad 4- a'c)? 7- 0, 
or (446 — b?) (σα — c'a)? + (2ba/c' — b' (ac' + a/c) j? — 0, 
which is true since 446’ — b? — 0. 


18, Since b and abc -+ &c. are both positive, 
b {abe + 2lmn — al? — bm? — en?! = 0, 
i.e. (bc — P) (ab—n?) — (bm — In)? —- 05 
^. (bc — P) (ab — n3) > 0. 
Hence, as bc — 2 0, ab — n2 — 0. 
Since ab — 1? —- 0 and b is positive, æ must be positive. 
Also, since bc — ?>0 and b is positive, c must be positive. 
Then € (abc + 2lmn — al? — bm? — cn?) >0, 
i.e. (ca — m?) (bc — 0) — (en — lm)? >0, 
whence it follows that ca — m? >0. 
19, Multiply the first by z and add to the second; then 
a (b — c) z?-- a (b — c) yz 4- (b (c — a) t- e (a — ϐ)1 (ey 4-22) —0, 
ie. a(b—c)(x?--yz — xy — x2) —0, 
or a (b—c)(z —y)(x —2) -0. 
Hence we must have 
(s — y) (s — 2)—0, (y - 2) (y - 2) —0 and (2-2) (z- y) «0, 
whence it follows that x=y =z. 
20. Equate coefficients of z?, &c. on the two sides of the given identity ; 
then W=a, mm'—b, nn/=c, 
mn’ +mn=2f, nl’+n/l=29, uw +Um=2h. 
Hence 4 (gh — af ) — (lm! + m) (Im 4- n) -- 2 (mm + m/n) 
Ξ (ην — Vm) (π’ -- ζην). 
Hence 4 (gh — af )(mn' -- mn) = — (mn! — m'n) (nl! -- n'l) (li — Um) = &c. 
01 cy T bz=ax + by -- cz 
az 4 cz —ac--by-F 04} e 
ba + ay z aa + by + ez 
From the first two equations, we have 
ERE E CGU ALS: y T 5 
(b-c)(bxc-a) (a-c)(c+a—b) c(acb-c) 


. 
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Substitute in the third equation; then 


(a - b) (b — c) (b -- c — a) - (a — b) (c — a) (c - a — Ὁ) ἠ- ον (a-- b -- c) — 0, 
die. (b c—a)(c-- a - b) (a ὃ — c) 0. 


[The result can of course be written at once as a determinant—see Art 
33.] 


Since the given equations are unchanged by interchanging a and z, 
b and y, c and z, the result of eliminating a, b, c can be written down. 


22. We have κας 


(az Dac --ᾱ- y) 


(y — a) (y -- 0) 


(a — 5) (z--y - a — 0) 
Hence, either a=b or z 4-y — a4 b, or 


(x — a) (x — b) 5 
Lah ο πως 
(y-a)(y-b) (z-a)(z-t) 7 

giving (x - y) (z - y ^ a - 5) 0. 


23. T Za? (c — a) (a — b) 


| — Za*4- Σαδῦ — abcZia 
b-c (b-c)(c-a)(a-*) (b-c)(c—a)(a—b) * 
b-c Σύ:ο (ὃ -- ο) 1 11 
er PE αρ (b — c) (c — α)(α-- b) be. 
2 = 
Hence S5 hc 


1 
gm » (Za4 — Dab). 
πο Σ ας gua Ibe (Zat — Za3b) 
Now Zat- Xa?b— Σα. Za’ -- Za?b — Σαϑὺ 
= —22a3b= —92Zab.Za?-429Zabc? 


— 2Zab . { (Za)? - 2Zab] + 2abcZa 
=4 (Zab). 


a? WEA EN ος IN SIM 
Thus Σο Στ ga) =4abe (2; A 


94, The necessary and sufficient condition is that 


(Ab + ub’)? — 4 (Aa + pa) (Ac + uc’) > 0, 
X? (b? — 4ac) + 9λμ (bU — 2 (ac’ + a’c)} +u? (b? — 4a’c’)>0, 
Hence [Art, 131], the conditions required are b?— 4ac>0, 
and (b? — 4ac) (b? — 4α’ο') — {bV — 2 (ac' -- ac) |? - 0, 
i. e. 4bb' (ac 4- a/c) — 4b?a/c' — 4b?ac — 4 (ac' — a’c)?>0 
i.e. (bc' — b'c) (ab! — a'b) — (ac' — a/c? 7 0. 


or 
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25, The equations are 
€ (b-- c — 2a) -y (c +a- 20) =2 (b-a), 
x (e - f — 2d) - y (f-- d - 2e) 22 (e — d). 
These are indeterminate if 
b+e-2a c+a—-2b b-a 
CEU μα δα στα. 
Either of the first two fractions is equal to the third by Art. 113, and also 


equal to 
2(0--ο--2α) --(σ--α-- 20) ο--α 


2 (e - f — 24) +(f+d—2¢) vd. 
Thus we have the single condition 
(b — α)/(ε-- d) — (e — a)/(. f — d). 


26. From (i) z*- y* 4- 24 — 2y?z? — 2223? — 237? — 0. 
Hence, from (ii), putting 4, B, C for b-c, c—-a, a —5 respectively, so 
that 4+B+C=0; 


y 2,2—0 
Σ4ᾳ «(5 2g )remee-o, 


zu (Bay + Oxz) - 223322 0. 


But 3xy — 2? — a? -- μ3, &c. 
ΙΡ, 


DH (B - 0) 2 - (B - C) y? - Aa?) + AZy?22 20; 


A 
A-C A-B 
44 S222 5232—00: 
204m edis B + g ) +42 0; 


f a " 


i.e. 2-5, (B- ος -- 


. EA (B - C)3/22=0. 
27. From € y d 2-0 a?z + by 4 ο, 
Lum Sdn πως, 
bee aa gicp 
Hence each fraction is equal to 
Lata Zbex 
Dai (b= ο) Ebe (2-A) 
Za?x Ms Ebes 
'-(b-c)(c-a)(a-5) Zbc — (b =c) (c-a) (a-b) E 
. Σα. Dax = Zoe. Dber. 


we have 


i.e 


a 
we 
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28. (i) A233 -1- Nr- 1r4}2= 90399 4-8 — A23 32-2, 


Squaring, we have 


Ta ZI /@®-2+2= N/22? +20 +3 23 8m 2; 
. 215 — 223 + 3L? + 2 - 2— 92* — 423 — x? — 19ᾳ — 6; 
nop) 5a?--7z 42 —0, 
i.e. (x 4-2) (z? -- 3z -- 1) 20. 
4 
ο ο 
* (a= aj (b-2)§= {(α-- 2) (6 2)? {(a— 2) (0 -- 2? - 2(a-2)(0 - ο}; 
2 (a — x)? (b — x)? — 2 (a — x) (b — xU z)* 4- (b - 2)? =0. 
“. (α --) (ὐ -z)((a— x)?-- (b — z)? - (a— x) (b - 2)] =0. 


το σης ες Ge) “Ἐτορέτόα 


μας. 

(a+)? (zc) " 

Whence (22? — 2x (ca + ab — bc)}?=16bea? (x +a). 
Hence α-- 0, or 


2? — ca — ab 4- bc — 4-9 fbe. (z4-a)5 
n = e af bes. cat Jab, 
all the signs of the ambiguities being positive or only one positive. 


(iv) From the first two x gr 
2 ο... 
b-c c-a rere pray, 
Hence  Mía?(b— c)5-- 05 (c — a)? + c? (a — b) =3 (b — e) (e — a) (a — b), 
whence abcM — 1. 
(v) We have (2y — 1) (22 - 1)—1, 
(22 — 1) (2x - 1) - 1, 
(22 — 1) (2y - 1)-1. 
Hence 2r—-1-— +1, &c. 
Thus the values are 0, 0, 0; or 1, 1, 1. 


(vi) We have (0-9) (0 2) =a?, 
(y+ 2) (y α) - 05, 
(z +2) (2+y)=c?. 
Hence (y +2)3=0'c?/a?, 
^ yts=+be/a, &e. 


b 
fot τη. Es " 2 at Key 
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(vii) From æ? (x? -- 4) - y? (y? 4- 4), Μ 
(a? — y?) (ο +y?+4)=0. 
Also (y? — 22) (y?+27+4)=0. 
Hence 2? — y? — z?, and therefore x? (a? 4- 4) — -- 52?. 
Hence αΞ0 or z?-: 5x+4=0, 
giving g=+4.or c= +1. 


Thus the real values are 0, 0, 0; +4, +4, +4; +1, +1, +1. 
(The ambiguities being so taken that «xyz is positive.] 
No real or imaginary solutions can be obtained from x?+y?+4=0. 


(viii) Put z—1--a, y=1+ and z—1-ry; then we have 
à (1 4- 8) (Ly) - ^ (1- 8) - c (1 -- y) a 0 4- c, 
i.e. afy 4 (a -- 5) B -- (a c) y 0. 
Also bya+ (b 4- c) y 4- (b 2) a —0, 
and ca + (c 4- a) a. -- (c - 5) 8— 0. 


Hence one solution is qa —(9—^y—0. Moreover if one of the three quan- 
tities a, B, y is zero they must all three be zero. 


If αβγ be not zero, the equations are equivalent to 


a+b ate 
a me 
pene bee m 
e Ύ 
c+a c+b 
c+ — +— x0 
B 
Whence becas 226.0, 
giving a,— 2 (b-- c)J(a — b — ο), &e. 
Hence UM ed A) Oe 
a-b-c¢ a-b-c 
Thus gre 
or (a -b-c)x=(b-c-a)y=(c-a-b)z=a+b+c. 
(ix) ὦ- 52, 
qz -—1w-3, 


αρ” —w?—5, 
a£? — yw 9. 
(2 - ye? - yw?) - (zz -yw)?=10 -9, 
ie. —zy (z- w)*—1. 
So - tyzw (z—w)?=9x3-57=2, 
aud ay (zx w)(z-w)—9x2-5x3-3. 
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Hence wz=2 and w+z=3, 
whence Wi οϱΞθ Or w= 201, 
Hence sy=-1 and x-y=2, 

whence z—1, y= - 1. 
Thus :- "νο 
ΟΥ ssl y= L 2=2, v=. 


(x) From the first two equations we have 
(x+y) Lt a} E z-z% =0; 
“. b (e — a) (b — ο) x? +a (a — b) (b -- ο) y? 
— vy {ο (c — a) (a — b) — b (b ος a (b — ο) (a—b)}=0, 

i.e {b (c-a)z—a(b—c) y} {(b-c) x— (a - 0) y] 0. 

Hence I. b (c — a) x — a (b — c) y=0, whence 
ο ως NOL σι T Um E 

a(b-c) b(c-a) c(b-a) ο(α-- ϐ) 
Then, from the third equation we find that \=1. 
Or II. (b — c) x — (a — 0) y=0, whence 


κο. ο σεως 
=) Beg Gao Gm 


=A suppose. 


where µ is given by 


Deo ΠΕΡ Pri 
DT cR δρ σαι Uu 


(xi) We have 
(z--y) (a2 +02) - (2-+2) (be +ay)=0, 

ie. rz(—-(b—oc)o--(c— a) y+(a—b)z}=0. 
Similarly y ((b—c) x — (c - a) y 4- (a — b) 2; —0. 
Whence it follows that either «0, y=0 or z=0, or else s=y=z=0. 
If x=0 and yz 40, we have : 


ση be | 
EPET FEET 
Dp and cea σας 
whence yes =a" 
Thus we have the solutions 
s b-a c-a ,a-b c-b 
0, 0, 0; ανα. πο απο ο 
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(xii) Multiply by v, y, z in order; then 
gyz + bez? + aba + acxz — 0, 
zyz + bays + cay? + bey z — 0, 
qz + caza -- cbzy -- abz? — 0. 


Hence bc (a? — yz) =ca (y? — za) =ab (2? — ay). 
Hence a? —yz=an, 
y? — zx =b), 


25 — xy =r; 
^. (2 - yz)? = (f — za) (22 — ay) = (a? -- be) λ5, 
i.e. ὦ (a? + y? 4 28 — Bayz) = (a? — be) X. 
& z 
Tow an p a a a ^ 
where µ is to be obtained by substituting in either of the original equations; 
and it will be found that j,— 0, or 


u (b? — ca) (c? — ab) + be (a? — be) + ab (b? — ca) + ac (c? — ab) — 0, 
giving u—1. 


E us ged ae «Op Ha la se ft eo e 
Thus Er ees ος d Re EC E a eY 


29. Since a, B, y are the three values of λ given by the cubic 
T y QE 
α--λ à» b A M SANCTAS 
i.e. NEM (a+b+ce-2-y-2) 
+A (Zbe — Z (b -- ο) x} 4- abe — bez — cay — abz —0, 
it follows that 


αβγ-- — abc - bc . x 4- cay 4- abz, 


or aja 4- [b 4- z[c — Y + aBy/abe. 
30. We have, if the equations be simultaneously true, 
a Rc oi 
a’ z 0! y? 
bv’ ο’ 
]ν y ιο ET M S Ξ , 
c σα ᾱ a 
ο ο» 


Hence, by squaring and adding, we have 
2a }- 9b --2c— — 9b — 2c —9as 


~ a+b+c=0. 
9 (po wg + o?r- (a+ we + wd) (a -- wy 4- oz), 
and p+ wg + wr= (a+ we + wb) (a+ wy + ez). 
Hence p^ +r — qr — rp — pq 


= (a? + 0? | à -- be — ca — ab) (a? + y? 2? - ya — zx — zy) =0. 


MISCELLANEOUS EXAMPLES. 287 


32. Let x, y be the numbers; then 


Z5 UA S eT Id 144 
wy=12(x+y); ~ E ο. 2 o 
Hence y is a positive integer less than 12 and such that y — 12 is a factor 
of 144. The possible values of y are 156, 84, 60, 48, 36, 30, 28, 24, 21, 20, 
18, 16, 15, 14, 13, the corresponding values of x being 13, 14, 15, 16, 18, &c. 


33. We have n?z? + n*y? — (lx + my) — an2xy (lx - my) «05 
. «γος. πο πό 
Ways -P 


ence Ty Xols ᾿Ι Has 
m-n? nè- 


whence it follows that 


21223 


=(similarly) 5 x 


L Eag + YY Y3 + 232923 — 0. 


34. (i) a+b+¢= 2a? + Xyz = (Zax)? — 22yz + Zyz-pj - ρα. 


(ii) be + ca+-ab= Z (y? -- 2x) (22+ vy) 
= ΣΙ: + Sey? + αγαΣα 
= {(Zyz)? - 2αγαΣω) + {Lay . Dy? - Evyz?) ἠ-ογαξα 
= Po" — 2p, Pa + Po (p? - 30.) - ibo PrP 
= PPa ~ Pr — 2p, Ps. 
(iii) -abe = (22+ yz) (y? + zx) (22+ οὐ) 
} ο + 29923 + yz Zia. 
Now Dy? =Dyz . Dy?2? — Ery?z? 


= Dyz {(Zyz)? — 2αγεΣα) — ryz (Zyz. Da -- 3xyz} 
= Pa (P? — 221 Ps) — Ps (Pi P2- 9p3), 
and Dr’ = 22s . Da? -— Zey? 


= Dax {(Σω)}-- Way} -- {Σα} . Σα — 3æyz} 
= pi (P? - 209) -- (Py P2 — 9p). 


TS à 
l-r 1 o To 1 

1 1 

—=— -1. Hence—— —-m; 

Tn Ὅμ-ι n 0 


nee ο ον 
"n 1—nz, 0 0 .....ς 


36. Let the common difference of the a.r. x-1, y - 1, ¢+1, v-- 1 be d; 
then y=a+d, zx -2-- 2d, and uza — 2--3d. 


Then a?-- (x — 24-20)? —2 (x+ d), 
and a? 4- (x - 2-- 3d)?z 2 (x — 2 4- 2d)?. 
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Hence 2x — d? -- 4d — 2—0, 
and 2z (d — 9) -- d? — Ad +4=0. 
Whence d=0 or d=1 or d=6, 


; ; 1 
the corresponding values of z being 1, —7, th 


37. 2) 999 
3)499-1 
4)166-1 
5)41-2 
6)8-1 
τ-ο 


Hence the expression required — 1 + [2 2 [3-4 442 [B |6. 


50N 
25 ΕΝ 

The first shews that N must be an odd integer, and then the second shews 
that N must be of the form (2n +1). 

50 (2n+1)? [ 1250 : 

'Then 25+ 2n 4 1j? |= 50- ποτ] must be an integer. 

Hence 25+ (2n+1)? must be a factor of 1250, and the only factors of 
1250 which are greater than 25 are 50, 125, 250, 625 and 1250. Equating 
these in succession to 25+(2n+1)? we find that 250 and 1250 will alone 
satisfy the conditions. Thus N=(2n+1)?=225 or 1225. 


38. 5 (25 +N), /25N and must all be positive integers. 


39, The multiplication is as under. 


a b c 
r-1 
c b+c-a@ a 
Hence ¢(r—1)=a+mr, 


b(r—1)+m=b+c-a4+nr, 

a(r—1)+n=c, 
The first equation gives a-- c— (c — m) r, whence it follows that a+c=r. 
Then the third equation gives ar+n=a+c=r, whence a=1 and n=0. 
We then have c-r - 1, m-r—2, and 5 — 0. 
Thus the digits in order are 1, 0, r- 1. 


40. Suppose that a and b are excluded from having given places respec- 
tively. Then the place from which a is excluded can be filled by b, and 
there will then be no restriction on the ways of filling the other r — 1 places. 
Hence the conditions can be so satisfied in , ΙΡ, η ways. If however the 
place from which a is excluded be not filled by b, there are n — 2 ways of 
filling that place, and then there will be 4 —2 ways of filling up the place 
from which b is to be excluded, and there will then be no restriction of the 


ways of filling up the remaining 7-2 places. Hence the conditions can be 
so satisfied in (n — 2) (n—2) , ,P, ο ways. 
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Thus the number required : 
ma Pet (n - 2) (υ- 2), P... 
={n-1+(n-2) (n-2)} n-2Pp— 
= (i? - 9n 3), 4P, s. 


(23-1) (0-9) , 


41. (1—z)"1z1- (2n - 1) x -- 1.3 ooo 


(1-2) =l 2-2? ...... 


9 
ue puer nd 2) — &c. to n terms = coefficient of 


Hence 1- (2n — 1) -— — 
chui in (ο). 


49. Let S be the sum; then 


nS +2= eat pr Sgt .+1=(14 1)", 
Hence S=(2"- 2)/ n. 
43. ος z) 
ME ces ο ee 2) + ae, 
The coefficient of "Tg mne πος. 


[2n - 4 1 J (n -2) (n nd 3) 9n—4 _ 
*n-2 [n - 2 92(m—2) ` 1729 


ο: 
tex πο 


Also the coefficient of z^ in (1 — z)-1 is 1. 


44. Ifa be the rt^ coefficient, we have 


dire 
DET ads ubt ag 
T 


_ (n- ra l)(n-r) 
ORC COHEN: 
(n—r-4-1)(n—7r)(n—r— 1) 


and oe r(r+1)(r+2) 
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Hence a+b=a (n-- 1)/r, 
22b 1.711 τη 
c? - θζξ-ο {1 πο προς 


=c n 1)/{(r +2) (n -7)) ; 
~. (a+b) (c? = bd) -- ac? (n +1)2/{r (r+ 2) (n — 7). 


Again, e+d=c(n+1)/(r+2), 
b? — ac — ac tI fra 
=ac(n+1)/{r (n-r)}. 
Hence (c +d) (b? — ac) 2 ac? (n+1)?/{r (r +2)(n—r)}. 


45. (l&z)*(1-2)7^ — (2- (1- 2))* (1- 2)" ` 
z2"(1—-2)7^-n.2^1(1—2)-"H pae a 2n (1 —2)-nt2 


A (n - 1)(n-2) 91-5 (1— z)-n*94... 


1.2.3 
The coefficient of α΄ can now be written down in the form required. 
46. (n?--1) [n n p--1- (n1) [n, 


LIE 


(+1) β-9μ-8Β, 
(2-1) |2=2 |3—1]2, 
(1?+1)|1=1]2. 
Hence S,=n|n+1. 
(n—1) (n - 2) 
Imo 
(1-2) ?z1--2z 432? 4 ... E na 4 νι 
Hence the coefficient of z"— in the product. is 


ο πο 4“ @-) (π-9)-.. 
But the coefficient of ο" in (1 x)"—? is zero if n be a positive integer 
greater than 2. 


47. (1-z)-1z1-(n-1)z4 


σος 


48. Itis easily seen that the first three terms in the expansion of the 
second expression are l--p;?z -p,?z?. We have therefore only to prove that, 
if n be greater than 3, 


Pa 5 (+ a) Po Ste (a zin 1) Pa-3 + a? X Png — 0. 
Now Pn- Dy — 095-570, 
Όῃ-α - Pn- — (9,57 0. 
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Hence Due κι ap, 17 3s αρ ὃξ 2a?p,, 1Ώη αν 
and Du)? + αρ ο) — a?p, κ = 20D py pas. 

Multiply the second of the last pair of equations by a and subtract the 
product from the first and we have the relation required. 


49. ο Poe Bat at s 


x2 


Uca e Por BLE + 4x8 E... 


=23 +246 + 89 190 
{55 ο + 206 + 828 -- 4212 4 


Hence the sum = (x +z? +r? +...) 22? (1 -- z? - 4+...) 
T 32? (1403+ a8 4- ...) 
4 Ax* (1 + x3 4- x8 4- ...) 


50, 414 + : TU Ξ F 
i ies (=a) p (1-2)(1—3)...0 - E) 
1 2 
= In-sa-s-u- sl à 
; a(2-a) 1 
Again 1+ d a (ar: 
νου ο οσα ek l AUN 1 
στ πε πο ώς μμ]. 
1 
Hence the second expression — EE -Π-1}᾽ 
3\73 bcd πι 541-10 
51. (1-3) eh ag |e e e aA 0T 
8-8 aset. 1.4.7 | 1.4.7.10 _ 
(1*1) idi πο προ 41: 813246 . 7^ 
Set ay 
Hence (1-1) “+ 143 =28. 
» δὲ 7 
52. S=1 ρω. 


_, , 112} (pura (54-2)? 


= UU ep E [5 te 
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E HS 
ΠΡ tuta" 
n tt | 
Eus qs 
1 1 1 dl 1 1 
στ ο ΠΕΙ; 
πμ μας 
ΕΕ Ες Bm 


=1+5¢, 


53. In order to fully determine the series the linear relation can only 
connect four terms. We may therefore assume that the series is the ex- 


ο a+ bx +ca* 
pansion (οἱ ee πα 
1+ pot qu? +rx 


Hence we have identically 
(a+ bx +cx*)=(1+pe+ qa? 4 72?) (24+04+40?+...)5 
dS HE 
b=2p+1, 
c=2q+pt4, 
O=2r+q+4p+19, 
0—r-- 4g + 19p +70, 
0 —4r + 19g + 70p + 229. 
From the last three equations we have 
T= 0,19 =. ρε - ὃν 
Then C= a= — Oa Calo: 
Thus the series is the expansion of 
2 — 9x + 182? 2 — 9x + 132? 
l-B5z-Ta?-3a?  (1— a)? (1 — 3a) 
Hence the ntt term of the series is (4 — 3n + 9^1) απ], 


E 
xd perm 


54. The series will be the successive coefficients in the expansion of 


(α pd -x — 2?) if a and B be properly chosen; and it is easily seen that 
gus 


Now lie l+a rel ^ 1 
E TT QUE PE LAT NEST 
4 3, 


The n term is therefore 


(sna) - (gei) = ge n - ws m. 
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Let a, b be the last two terms which have r digits, and let c, d, e, f, g, h 
be the next consecutive terms. 


Then c=a+b>10', 
d=a+ 2b, 
e —2a 4- 3b, 
f=3a+ 5b, 
g=5a+8b, 
h= 8a + 150. 
Then since b is less than 2a, g must be greater than 102 x b, and therefore 


g may be greater than 1077, Also, since b>a and a-+b>10", h must be 
greater than 107, 


2n+1 (2n+1)2 
(2n-1)2n (9) (2n—1)2n (2n 3-1) 2n 13) 
1 1 4 

= On (2n+1) ' 9η (5η 3-1) (2n+2) = (2n — 1) 2n (2n + 1) (2n + 2) ` 

1 1 4 
Q@n+1)~ 2(Qn+1) Qn+2) * 6n Qn +1) (2n 4-2) 

3 1 1 4 
ο πη; 


99. Un = 


Hence S,=C-— 


Ese, 
25 
oe σταρ and See 
56. We know [Art. 297, Ex. 3], that 
|? 1 n 


(w@+l+y)(@+2+y)..(c+n+1+y) ο æ+2+y S 
(elec en 
ο 


Hence 


|n l il 
SS FF TE TS 


(+1) @+2)..(@t+ntl1)' 7. 7 1 Τ Ey. 
1:5 πιστὸ t higher powers of y 
Eu 1 tard bd ei m 1 F 
Der y T zT EN ... 
Er WT 


Expand in powers of y, and equate the coefficients of y on the two sides 
of the equation last written; then 


[n 1 1 ENaC 


= zar ME 
eA er σον | (z-- 1) (9 -- ry 
This proves the theorem, since we know that 
e Ups CUN ον. 


πε (e@+2)..(@+n) +1 z+2 ST 
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57. The coefficient of z'**! in the expansion of (1 -- 4a)? 18 


|2n 
+ σε : 
Hence 2y =1 — (1— 4)À, 


whence (2y — 1)? —1 — rz, and therefore y? - y - 2 — 0. 
Hence also  8y9—21-8(1—42)5.-8 (1— 42) - (1 - 42)3. 
The coefficient 2***? in the expansion of the expression on the right is 
ο mt? ., I MI 
με IO LU 


58. The sum required is the sum of all the terms of r dimensions in 
the continued product 


(Lr a a? LL +a) (14+b40?+...4+0%})...5 
Westin ducti Mesue 
qe Ieo Περ ο. 
i.e. in [1 - Za" 4- qp — ...][1 - , H, 0 ,H, 4 ...]. 
Hence the sum required 
πι μασ EL m απο ο... 


i.e. in 


59. If H, stand for the sum of all the homogeneous products of a, b, c 
of n dimensions; then by Art. 300, Ex. 3, 


H Σ qnt 
-. (a-6) (α -- e)" 
vro pp Σας 
DO fadi OE) 
-Σ a? (a1 -- 1) 
7^ (a-0) («-c)(a- 1) 
art a? 
-:-ῃ α-θ[α-Ὦ-[α-πηια-θ[α-Ὢ 
a? T x 
Now $0 πα πα υ πο ποτ ο». 
=i ie STED {αῦσΣα (c —b) + Za? (c? — 02) + Za? (c — ὑ)} 
1 
"ia —1) (b— 1) (c - 1)' 
since Σα (c — 0) =0= Za? (c? — 03), and Za? (c — b) «II (b — c). 


art 1 


Hence 2 Hes” σσ σι gee aes 
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60. The envelopes being taken up in any order, let the corresponding 
bills and cheque be numbered 


ήτο Oss ὤρροεος One 
and ο ντου ος E 
Then the ways of filling up the first envelope in the required manner is 
represented by the terms of 
(by + by + bg +...) (C1 +g +634...) — 046. 
Similarly for all the other envelopes. Hence as each bill and each cheque 


can only be taken once, the number of ways required is the coefficient of 
bbs, ... DnC1C2C3 ... Cn in the continued product 
(BC — b46) (BC — ὅρον)... (BC = dy Cn), 
where B=b }- δι +... + bns 
and O= cit Cat -oet C. 


Thus we have to find the coefficient of 5,5, ... by . 6100 ... Cp in 
B^O^ — 20,0, . B" ("3 -.,, + ( — 1)" Z0105 ... 0,0405... 0. . BY? Q9 +... 


n 
Now there are E terms in Zbjb,...b,0,05...c,, and corresponding 


to each of these terms there will be [n-r. |In-7 ways of taking the remain- 
ing letters in D^-" C"-7, Thus the coefficient of bb, ... D.C Cg... Cp in 
(— 1)" 2b 1b, ... b 005... c, Dn" Cr 
[n 
will be (= enm nm 


τ 


Hence the result required is 


[n |n - 1 [n |n - 2 MEL 
PESOS -....-(-1). 


[S. Joun’s Οοι1παπ, 1889.] 


61. The ^ circle is cut by each of the remaining circles in two points, 
so that the circumference is divided into 2(n— 1) parts. Hence if the n* 
circle were absent, there would be 2(»—1) fewer divisions of the plane. 
Thus, if f(n) denote the number of parts into which the plane is divided 
by n circles, we have 


f (n)=2 (n — 1) +f (n - 1). 


So also f (n—1)=2(n—-2) +f (n - 2) 
f (2)=2.1+f (1), 
and Τ(5ο, 
Hence f (n)=242{14+2+...(n-1)} ͵ 


ae, 
=2+(n—-1)n. 
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nir ay ly ap On 

62. Let (x+ 1) (c 4- 2)...(v 4- n) σε a 2137 is: "σεντ Pa ur i 
Then aml = Xa, (x +1) (w+ 2)...(e+r—-1) (c 4-72 1)... (x - n). 
In this identity put z--r—0; then 

(—-7)71«a,.(—r--1) (-r4-2)...(-1). 1-2...(n- 7). 
Hence a, (- 1η αμα. [n7 7)- 
Thus a, — n^n --1) 1 
an= — (n- 1 3| f(n — 2) 111], 
αμ 97 (n - 2)" 4] (n -- 3)! 911, &e. 


Hence 


ET |n EU μὴ (n-1)* | n(n-1) (n-2)" | 
(c+1)(a@+2)...le+n) zn 1'at+n-1 Ἱπο oe Oe UD 


: n 1 
i Up= cL. 
63. (i) "o m1" 9n 
TET 
κ ον. 
: Uy, = 5 2 a . 
Hence =u, is divergent. 
(ii) n 2 
11 Un -r κ -a 
n. q3- n? 
Je ; 
But Z—,is convergent; .. Du, is convergent. 
n? 


(iii) n3 antl (n-1f-(n-1P41 » 

mml mnl" (n-lyP-(n-1)-1" * 

Lt unun- =t 
Hence, if a>1, μι will, either from the beginning or after a finite 
number of terms, be greater than 1 for all values of n. And if a<1, ufu, 4 


will, either from the beginning or after a finite number of terms, be less 
than 1 for all values of n. 


Thus Zw, is divergent or conver 


Hence 


gent according as a is greater or less 
than 1. à 
If a=1, the series becomes 
πο -- πι - 1 : 
E NU = — 99 D ig 
στα iif a (since — »?--2n? — 11) 
n?—n4-1 


Hence Σ IRL is convergent. 
(3n +2) (n4) | 
3 (n4- 1) 3 (n-- 1)? 
u (, (Bn+2)(3n +4) 
POTERE MP EM 
n(1-"es) =n V^ 90H 


n 


(iv) Unt [Un = 


n 
(n +1)? x 
Hence Zu, is divergent, [Art. 342.] 
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í 2 
(v) Un=nlog 5 — /-1=n log (1 ντ) -1 


34 2 1 2 2 3 

T lcs ππ)» 3 (xc e la 
A 1 n 2 4 
Pon «8 (ze) y: im τ) uis 


Hence 


Hence ον, Em 
n=% 


Hence uw, is negative and convergent. 
n=2 


64 Ur m+n (r+1)m—rn 
Ww. ποπ (ο πι γη $ 


Hence Lit... 7: (a = ES zi - 2mnr 
We (m — n) 1(r-- 1) m+rn} 


2mn 
— m-n 
Ns : : 2mn . 
The series is therefore divergent or convergent according as zn E 
n?—q 


less or greater than unity, i.e. according as m € (J/2 — 1) n. 
1 


ο fm 1) (πι- 2)...(m 4- n)) * 
Dos Le u-l 1.2.8..n ap 


a m m m 
Then log u= n pee (1+7) ο) 

1 ioi li mil tI lego: 
EDU usns ο i pM ο) 


Hence, when n is infinite, 
πα il 
log u= Li, 7 ( Ἐπ Ls) : 


Now, from Ex. XXXI. 21, we have 


TANIE 
TA 


1 
+. +> >log(1+n), 


13 
Isl Al 
and i*a* cen <log (Edom) 1. 
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Hence ione DS log (1 +n) ; 

m n 
CLE log EAS RE t 
Now, if log (1 -- n)/n— z, we have 


T 35$ 
l4n-2649—1-4 nr gk ind 


το ορ 


whence it follows that z—0 when n=. 


Thus, when n—«, — log u=0, and therefore u— 1. 


—] 
m 
66. 2 /n?+1=2n4+24/n24+1 =n} 
= 2n + ——— . 
A/n? -1--n 
Also | à 1 nz 2n 4 (An? -1—n) 
=2n+ ——————. 
|n ΕΙ γη 


ex 9 
2 — = 
Hence 2 νο deck cpu A 1 


πι -- 4n -- n -- 411 -- 
flt PM 
“n+4n+n+4n+°" 

Tl No o πως E 
πάπα — An?4 mul! 


Or thus, Let 


< nI? 4 An? — 4n — 0, 
whence Ώξ- —2n+2 Jr+1; 
S. 9s Jm zT eal 

DIT M 
zó(z) α--Ε’ 


κα ών 
then Fez Sc) < 


..9 
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: a a? 1 
pu uses Ib Πο των αρ 
a? 1 + 
21° (æ+) (© +2) («+3) °° 


+ 


a 
zou 5551 
TE UR (2+2) 
UC (zc) φία{1)᾽ 


αφ (a+1) | a 

Hence zole) — a p(z+2) 
p RITE 

a+1 ¢(@+1) 


e επ, 
—x-beqi4xzx324- 


Pn S Wn + Pn-2 
68, Qa lIn- t In 


X 


(ι Ὁ Pu “te Pn-2 


n 


uu Qni In—2 


n 
_ In (Wn + Pn—2) + PuPu-i 
Ἔ In (ldn—-a x In-2) t Pads 
—InPnt PunPun 
In? Prina 
69. We have pa7 (n4 1) pu; 7 "Pn—93 
i.e. p, —Pu-17 {Pn-1 = Payot 2 
-- Pn-1— Pn-2= (n = 1) {Pn—2 - Pa-s) 


Petro sten nn ἪὋϐὋ 


Hence Pn — Pun-1i— jn. 

Hence pac nt [n-1-*|[n-2- ... t [2+ |l. 
Similarly ln- In—1= [n 

Hence In=|n+jn-1+...+|2+9 


= n+ |n-1+ ec (2 151. 
70. fa 7 (2-1) p. - V pua. 
Hence Pn 7 Paar (Όλι Paca) 
-nm(n-2y.33(p-p) 
= (n 12, 
S. A. K. 20 
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pns Pn= (m1)? +o. + (809 (20? py 

Ake n= (n1)? +... + (81)? + (21)? +q. 
Par m +...4 (21? 4 (11? 

Thus ο. (n! yc +(2 N+ 24 (1)?+1 ηλ” 


7]. This is Art. 370 [E]. 
Or thus Pn = (αμ 1) Pn- — Un Pn- 
^ Pa 7 Pn-1=% (Dni 7 Pao) 
= 4,051 (Pn—2- Pa-3) = 
= Ay 1. -4g (P2 — Px) 


= Anini. Agl. 


Hence Pn = Gg 1.04 + αμ 108-9... + ++. + agay Ἔλι. 
Similarly — q4,— 404. ι...ι +... +90, Ἔφι. 
Hence Pal qo 7 ση (nt 1). 


72. In Art. 370 [0], put a,=1, a5—a, a4—a?, &c.; also put 5,21, 


b,=1-a, b,=1-a?, &c. Then we have 


a gud ga a? a3 
]-a Peele EUIS 


1 a αί]-α) a*(1-a*) 


1-1- il - 1 -* 
The identity (1--a)(1 SR E to infinity 


lelt— 


T. 


1p REEL. 
miu cer quor pM Y 


follows at once from Ex. xxix. 28. 


to infinity 


1 A ο τν xa (ui es on Og 
Ge Gh dp ia, yey + Og Gs ο 
Put a,=(a-1)(2a—1), a4 — (2a — 1) (3a — 1), az= (3a — 1) (4a - 1), &c. 
1 1 
Th - 
= \ez 1) (Qa—1) (24-1)8a-1)" 
will be equal to the n*^ convergent of 
1 (a-1)2(2a-1)2 (2a—1)?(3a— 1)? 
(a-1)(2a-1)+ 2a(2a-1) +  2a(8a-1) +°" 
that is, of 


. ton terms} 


1 m (a-1)(94-1) (2a-1)(3a-1) 
Toa 2a + 2a Em 
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74. Since the first convergents to the square roots of two consecutive 
odd numbers differ by unity, the even number between must be a perfect 
Square. 

Hence the odd numbers are of the form 4n? — 1 and 4n? 4- 1 respectively. 

1 1 1 1 


aien ES ———— ne 
Then A/ (4n? — 1) z 2n Is uie 124409397 


1 1 
n2 = ip a 
and v (4n DE Έτ τιν 
The third convergents are 
4n — 9 4n 
2n- 1 131 and εν EI . 


4n r 1 R 497 : 
16941" 4n-1 3855’ 
400604. 4978+... 64. 4. 17-0. 


Hence [Art. 450] 4 and 17 are the only integral roots the cubie can have, 
and it is easily seen that 17 is not a root. 
Thus n=4 and the numbers must therefore be 63 and 65. 


Hence 


75. We have 1—0,, Ῥοξαοδι + by. 
Also d1743, q3—0,05. 
Assume that all the numerators and denominators up to the n'™ satisfy 


the given laws. Then 
an Pn- F (^. ur ὅκα} 


Pn = Antl 
Int In 
au “n+l 
= f» dl = an+ Pn tb " 
In Antin . 
Hence, by induction, the given laws hold true universally, 
We have = q4,-(n-1)q, ,— (n-- 1) nq, 4 ...— |n 1. 
Also ps7 (n 1)p,2 n; 


^pa lo (no 1) (pai 1), 
Pnt l=n (Pu-o ED 


and pt1-2. 
Hence Pat+tl=jn+1. 
n+1-1 
Thus Paz dr: = 


| the limit of which is unity. 


302 MISCELLANEOUS EXAMPLES. 


(πια mx(r-l1), z(x-l)(z-2) 
(Os. bg hd 73 κος 
E 2; αἱ 2(r42) 
"^ l-zr1-z4-3- z45 


| [Art. 370, C]. 


Hence the nt convergent to the continued fraction is equal to 
ο (r1) ο 1) (2+2) x (x+1)...(7+n—1) 
1.2 12,78 κ 113.38... j 


Then eee fee x a} ! 
x 1 


E (α 4-1) (2) x 
1.3 Tae 


£ 
l+7+t 


Φ (x+ 1)...(z--$ — 1) 


n. 


Sle 


t (w+1)...(c+n) «α(αἠ-1)...(οἠ-τι--1) 
(2 5 [π-1 I 


4B eic persenm.. 


|" 


z (o d 1) (24-2)... (z-- )/|n. 


ΤΊ. Στ, ct. 
as 
Also [Art, 357, Ex. 1], 


ΣΝ E Da and D du 
Pni In-1 


Hence ο Se pap D Poy ἂν Lo Pu 
qn fn- fn- 


=2r x Pai. yn xI 


7 Pn—ı In- 


78. Since Pr=PraAt ἄπρη-ο, In =n- 504-2: 


we have In ce Re iom 
Qn-i Yn—1/ In-2 
α- να α 
=1+ πι n—1 3 
1 T 1 + .. + qaídi 
a a 
=1+2 το. de 
ixl po ei T Eu 


=1 t Paid A 
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In = Pet as T'ai 


Hence ; , whence it follows that 
dni q "—1 7 j 
n= P n tT a1: 
and In = d'a-i- 
Similarl ; Pn = 4) Bs Qn an-ı ds 
y Pa l4 1 +4... +a, 
αι 
=] + DP n [since no cancelling is allowed]. 
40 ο 
Hence Dni 04 0 4-3- 
1 Cio 1 =1 a? b2 
ο ο ο E ct 
E A 1 - 1 PT. m? (m4 1)3 
m mil πι... m-2mil- 9m43 — ο" 
m? (m+1)? TN 1 
Hence m -- 5 ο. πε» to 2 eS pees eres 
—~4+—_4,,, 
m mal 


80. The general method will be seen to depend on the possibility of 
finding à rationalising factor for an expression of the form 
1 2 n-l 
M —a, + aq2* ai ua, am t. 


The rational result can be written den in the form of a determinant by 
25 2 n-1 


multiplying the equation by x”, a”,..., £ " in succession and eliminating 


oe .,Z ^ from the equations so formed. 


_ In the particular case we have 
1 


2$..2541' 

10 
περα Rode ον 
4.938. οὗ 42 


[by using the identity (a +b + c)(a? 4-0? -- c? -- bc — ca — ab) 
za? +b? + c? — Sabc]. 


2995—142$-1—14 


25..9541234.9542$ 2-34 


4. 35.8.9542 4.9048. 23.8 
p 10 10 


30 
59 . 95 4-40. 99.140 


69. 2540.21.40 , 59.25.40, 95-110 
idonee Si 30, ἡ. 


Ξ 1 -- 
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torien 
Hence 2ἳ -- 1 -- κενο EN 
4 ὅ 29 
the convergents to which are 1 '3^4'33 
81. Let M z (a — α) (b — y) (c — z) (ax 4- by 4- ez), 
then abc M = (a? — aa) (0? — by) (c? — ez) (ax + by + cz). 


The sum of the factors on the right is now constant; hence, as the 
factors are all positive, the product is greatest when they are all equal. 


Thus M is greatest when 
a? — ax =b? — by — οἳ — ez am + by + cz. 


1 
Hence a? —ax=7 (a? EU ec?) bà - by =c? - cz. 


Hence the greatest value of M is (a? +b? + c?)5/256abc. 


82. ayz A- ὅρα 4- ex <0, 
if a?yz — (bz + cy) (by 4- ez) <0, 
ie. if bey? + bez? + (b? +c? — αὖ) yz>0; 
di {2bey + (07 + c? — a?) z}? + {4030} — (b? +c? — a2)? 22>0, 


which is obvious, since 
Abc? — (03 + c? — a?? — {(b +c)? — a?} fa? — (b — cy?) 
=(a+b+c)(b+e- 5 (a — b -- c) (a 4- b — ο). 
and is therefore positive. 


83. We have to prove that if m>n and x— 1, 
m (14-2 4-x2- LLL Hem) — m (1 ια --αἳ--... +2"), 


or τι (05 4- "H4. uL Κατα) 5 (m - n) (133-2 +... +m). 
Now To (^ ο e Lui απ 1) 5. n (m-n), 
n (m — τι) a^ 2 (m — n) nx, 
and (m — n) na" 2 (m — n)(1-4- o ... He) 


Similarly if z — 1. 


84. First, if p and q be positive integers. 
Then q (a? — 1)>p (a1 — 1), 
if (a - 1)1g (a?-1 +a? ... -- 1) - p (at - a1? 4- ... --1}}5-0, 
or, if (a — 1){q (aP -- a9? - ., ατα q) (αἲ -- a2? - ... 1) 2-0. 
The last inequality will be true if a>1, since 
(a - 1)(q (p — 9) a* - (p -- q) qat; —- 0, 
and it will be true if a<1, since 
(17 a)i(p - q) qat! -q (p - 9) a2} >0. 
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Next if p and q (or either of them) be fractional. Suppose 
m n 
ess and q FSI 


where m, n, r are integers and m>n. 
Then q (a? — 1)>p (a? — 1), 


m n 
if n (a* -1)>m (a* — 1), 
i.e. if n (^ — 1)>m (b^ — 1), [where b" =a]. 


But, sinee m and n are positive integers, the last inequality is true for all 
positive values of b by the first case. 


Next let p and q be both negative. Suppose p= -m and q= —n; then 
m -n, since pq. 


Then g(a? - 1)» p (a4 - 1) 
if -π(α —1)7 -m (a-^ — 1), 
if m (a7* - 1) (a-*^ - 1), 
or, putting bi, 
if m (U* — 1) - n (b^ — 1), 


which is true by the preceding cases since m, n, b are positive and m <n. 


Lastly, suppose p- 04, so that q alone is negative and equal to — m, 
suppose. 


Then q (a? — 1) « p (a — 1), 
if — m (a? — 1) < p (1 — a™) fam, 
i.e. if p (a^ — 1) «πια (a? — 1), 


orif (a—1)Í(p(a"-ram-2- ... - 1) - ma (aP71 4- aP73 - ... +1)} <0. 
Now the last inequality is true when a 1, since 
(a — 1) (p . man — ma^ . p) <0; 
and the inequality is true when a<1, since 
(a — 1) ( pma — ma" p] «0. 


(es. στ νο Gaara 
Also if x<1, 23?22; .. z^*«z7, 
And, by Ex. 84, since 2 is positive 
atil a*-1 
Zl ny 
Sl54*(l-zr- v*), 
Le z-*-1-c42z-2z. 


Hence s l>ae-*>142- 23. 
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86. If m and n are integers, 


Au ερ m terms 4-7 +2... to n terms 1 
m n n 


» g \™ fan mEn 
Re T * 
déco Epp NIBP OS ΝΑ 
Meo TEE DE 


If m and n be fractional, let pm and pn be integral; then by the above 


a+ 4 pm-+pn a \pm 4 pn 
(πρ) a (ga) 
pm+pn pm pn 
: m+n m n 
whence (=) 4 (=) (Ὁ s 
m+ 1 me n 


1 
The least value of x+y is therefore (m+n) (a[(m?n^) *^, and x+y has 


ο x 
this value when — = y ᾷ 
m m 


C T Em toa terms ) + (σε. tob terms) a+b+e 
q.d b b 
87. + ( ET τος terms) 
στα 
a+b+e 
aN” 4 b z\é 
> (z) Ὁ C^ 
$2515 
except when ρα 
(a +y +z) (a 4- b 4- ce tote 
Hence ass νο aha a? 
EA UL d 
] ------. 
except when Pid ai" 
88. Since a>a, b>B, cy, ἆ-δ, 


(a — a) (b — 8)—0; 
«. ab 4- ag — ba -4- aB ; 
“. 2 (ab 4- αβ) — αὖ -- a8 -- ba, -- a8 — (αἼ- α) (b -- B). 


Similarly 2 (cd + γδ) — (c -- y) (d. 1- ὃ), 

and 2 (αὖ. cd-- aB . yò) > (αὖ + αβ) (cd + γδ). 
Hence 8abcd + 8αβγδ”- (a+ a) (b+ B) (ο + y) (d +ô). 
89. nZajb,- Za, . Zb, (n — 1) Zab — Zaba 


=È (a,b, — a,b, -- a,b, + αν) 
=Z (a, — αν) (b, - b). 


But a,—a, and b,—b, are both positive or both negative, and therefore 
the product is always positive. 
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Hence nZajb, Za, . Xb,, 


A Zab Σα. Σὺ 
x . 
n n 


n 

Zab . € -. δα Ze 

n 

Σαιῦια Za, Σὺ, Σοι 
ο E SS : 

n nent m 


Similarly 


8 
1 


90. Take a quantities each 5 b quantities each D and ο quantities 


each A 
ς 
σοι 16 él Tasi atbte 
[Err ο + ccu ] 
'Then EY ασ ee 


Ίλα /1N5 /1\¢ 
«ολο 
a 3 atbte 1 
ie (sere) > aaa 


atbte 
ο. arboee > (“Ff 2 ; 


Again, taking a quantities each b+c, we have 


atbte 
E +c)a regat (a+ b) 1 > (b 4c) (c dh a) (a 4- bye. 


But É -- «Za; 
abc 9Xbc atbte 
b e 
« [$2 a] = | > (b -- c)^ (c +a)? (α 4- 0)». 


9]. By Fermat’s Theorem a!®-1-1=M (19), 
and al —1— M (a$— 1)—- M (7). 


Since a is odd, put a=2n+1. 


Md 


Then (1+ 2n)8-1= es. 2n = 7 
=M (8). 

Since a is a prime, we may suppose a=3p +1, and therefore a?— M (8) 4- 1. 

Hence a8 -1—(M (3)+1}9-1={1+ M (9)} -1— M (9). 


Hence, as 19, 7, 8 and 9 are prime to one another, 
aq 1—M (19x 7 x 8x 9) - M (9576). 


Pr ὍΝ ES 
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92. We have to prove that N""»*: — N — multiple of (m+1) (n+ 1) (p +1). 


Now, since m+1 is a prime number, V™=1+M(m+1), unless N is a 
multiple of m -- 1. 


But, if N^ 1 }- M (m4 1), then Nn» —1 + M (m4 1). 


Thus N (Απρ. 1) Μ (m 4 1). 
Similarly N x (N nn» — 1) M (n4- 1), 

and N (N™? -1) 2 M (p4- 1). 
Hence N x (N"n» —1)=M {(m+1) (n+1) (p4-1)), 


since m 4-1, n+1, p+1 are prime to one another. 


93. The possible values of z are 0 to 2n inclusive. 
We can give to z any integral value from 0 to 2» inclusive. 
If z has the even value 27, we have 

£4 2y —6 (n— r), 


and this equation can be satisfied by giving to y any one of the values from 
0 to 3(n-r) Thus, when z=2r, the original equation has 8 (n—7)-1 
solutions, 


Hence the total number of solutions when z is even i8 
272 {3 (n-r)+1} 2 (n+ 1) (2+ 3n). 


Again, if z has the odd value 2r +1, we have 
£4-2y —6 (n —7) - 3, 
and this equation can be satisfied by giving to y any one of the values from 
0to3(n—r)—2. Thus, when z=2r +1, the original equation has 3 (n—7) - 1 
solutions. Hence the total number of solutions when n is odd is 
1 
Ea {3 (η --τ) -- 1] Ξ5 n (541). 


Hence the whole number of solutions 


1 
25 (n1) (n2) 2 n (9-1) er 3n 1. 


94, Since 2=M (2), 3.42 M(2), 4.5.6— M (25), the theorem is true 
when n 18 1 or 2 or 3. 


Assume that the theorem holds good for any particular value of n; then 
F (n+1)=F (n) (2n +1) (2 + 2)/(n+1) 
=2F (n) . (2n 4- 1). 
Hence, if F (n) z M (2^), then F (n-- 1) 2 M (2), 
whence the proposition follows by induction, 
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95, Let a be any one of the prime factors of [πι whieh is prime to q. 
Then, if p+rg and p--sQ leave the same remainder when divided by a, we 
have (p+7q) -(p+sq)=W (a), that is (r—s) g— M (a). Hence r-s must be 
a multiple of q. It therefore follows that one out of every a consecutive 


factors of the numerator is divisible by a, and therefore there will be I E 


a 
factors at least of the numerator divisible by a. Also if p+xq be the 
smallest of these, and, if p+xq=aa, the factors of the numerator which 
are divisible by a will, after division by a, be a, a+q, a4-2q, ..., a+I (2) 9, 


where a is prime to q. 


The number of these which are again divisible by α can as before be 
n 
shewn to be I (3) . 


By continuing this reasoning we find that the number of times the 
numerator contains the factor a is at least 


ers) x(a) 


But we know that the number of times |n is divisible by any prime factor a 


j (C er) l)e 


Thus every prime factor contained in |n, except those which are not 
prime to q, that is except q itself, since q is a prime, is contained to at least 
as high a power in (p--q) (p--29)...(p-- n—1q). This proves the theorem. 

96. |p-1-(»-1(»-2).(p-p-1) 

—p971— 5) p?-2-E ... Ἔδρι ο. p? — δρ. ορ} [p - 1. 
Hence 202973 —s pP 3+ ... Sp. 3p — 85-50. 

Now all the terms except the two last are divisible by p°; also by 
Lagrange's Theorem [Art. 394] S5, is divisible by p. Whence it follows 
that δρ. ο is divisible by p?. 


97. By Art. 439 the sum of the rth powers of any number of quantities 
can be expressed in terms of lower powers and of the products one together, 
two together, &e. up to r together. 

Now by Lagrange's theorem the sum of the products r together of the 
numbers 1, 2,..., p-1 will be divisible by p if p be prime and r be not 
greater than p — 2. 

It therefore follows that the sum of the r'è powers of the numbers 1, 2, 
3, ..., p - 1 will be divisible by p provided r be not greater than p — 2. 


98. |2p -2|p |p =2p |p (8p - 1) (2p -2)...(p+1)— p - Uj 
= M (p?) (2p - 1) (2p - 2)...(2p - p - 1) - |p- 1] 
= M (p?) ((2p)?71 — S, (2p) " ? +... + $5 3 (2p)? — Sp—o(2p)}- 
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Now all the terms of 
(2p) ®-4 — S, (2p)? +... + Sy. (2p) = Spa (2p) 


except the two last are clearly divisible by p?, and since Sp_, is divisible by 
p and Sy. ο by p? [by 96], it follows that all the terms are divisible by p?. 


99. The chance of drawing the b black balls in the first b drawing and 
then a — b white balls will be 

b b-1 b-2 AS a a-l a-b 

Gat) (Lo ο ο Ισ ar ο ου 


And it is easily seen that the chance is the same of drawing the black balls 
in any other order, for the numerator will be the product of the same factors 
although not in the same order, and the denominator will be precisely the 
same in whatever order the balls may be drawn. 


Hence the chance that the b black balls may be drawn in any order 
whatever is [5 |a/ |a - b. 


But the number of different orders in which the b black balls can be 


5 |a 
drawn is ττη----. 
U | α-- ὂ 
Hence the chance required is 


DUM v ele 


mS [b |a- b jab |a- b^ 


100. The bag may have contained 8, 7, 6, 5, 4, 3 or 2 sovereigns, and 
these cases are all assumed to be equally likely. 

The chances of drawing in succession two coins which are not sovereigns 
out of a bag containing 10 coins of which 8, 7, 6, 5, 4, 3, 2 are sovereigns 
are respectively 

2 6— 13 20 30 49 d 56 

90’ 90' 90’ 90’ 90' 90“ 90° 
Hence [Art. 412] the chance that the bag only contained 2 sovereigns is 
ου Ὁ. 0,50. S. ZB GN Π 
90 (tat aot ag ten τος ERE 


101. This is included in Ex. 1, Art. 414, r being equal to 1, 


102. Since a+8++7=0, and aBy=G, 
(a — B)(a — y) 2 à? — a (B - y) +By 
EC CUI ME ei 
= 2g? + By — 2o? 3 


G Ss 
Put y —2a?— px and eliminate a between this equation and 
a? - 3Ha 4- G — 0. 
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108. If αι, αν, &c. be the roots, we have 
a4" -- aa? 4- b —0; 
^o aH + aa.) + ba,=0, 


and cmd m σαι oit 3b Da οτι ns 0. 
Hence Za?" + ada" + ba 0, 


Za + aZaj + Xa, —0, 


1 
Zaj"-FaZa, +b -- 0. 
1 


Now, if m2 5, Σα150, = i x0 
v 
Za? = (Za)? - 22a4a,— 0, 
and Za? 23Za,2,05 + Za, . (Za)? — Eaa) « 0. 
Hence Za,"—1-— Za, "*1—0, and therefore Za,?*-1— 0. 
104. The given equation must be equivalent to 
(0? — 2aa +a? + f?) (a? — 280 + a? + 8?) 0, 
ie. st- 2 (a +p) sè- ... -- (αὖ -- (9?) 0, 
whence it follows that α-- 2 and 8— 1. 
105. In order that the equation 
emt? + (9 — α) a20*1.- (b — a. -- 1) x” -- (a -- 2n) α - a 4- (2n - 1) 0-0, 
may have two equal roots, it must have a root common to the equation, 
(2n +2) st + (2n + 1) (2 — a) 2?" + 2n (b — a + 1) à?*—1 + (a + 2bn) —0. 
This common root is — 1, and dividing the left side of the original equation 
by the factor (x 4- 1)?, the remaining roots of the equation are given by 
g?” 02η] + (a ας 0) gr (a Ale 2b) q2n—3 - ΑΝ 
— (a4 (2n - 2) b] x+a+ (2n — 1) 5 —:0. 
Hence δ]ξα, S,=a+b, δεξα- 20, &c. 
106. The equation may be written 
a7 (Pot — Py) +20? (Pot — ps) +... + Pn =O. 
Hence if z— H, every term of the expression on the left is necessarily 
positive, and therefore no real root of the equation can be greater than H. 
Again, the equation may be written 
g^ + 4? ( — py + py) + 2-4 (— pst +p4) +... + (—Pn—-1 2 4) =. 
Hence, if x< K, every term of the expression on the left is necessarily 
positive, and therefore no real root of the equation can be less than K. 
Thus all the real roots must be greater than K and less than H, and there- 
fore there can be no real roots if K be greater than H. 
107. Subtract the first column from each of the others; then 
Ίο. UIT soar la fl. iss] dis X95 Ὁν (Dos emos 
ip diego IET Sm Jos 0; ὐ--. 
lie 1; 1 $ a, 1, 1 
1 


11] Ὀ | fF steer 9000000990 0099000 


| 
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108. Subtract the first column from each of the others; then add all 
the rows to the first; then 
l+a, 1, 1 1, ο ΞἝιιγταο -α, 0E, 

ο να Ὁ i | 

ile ibo ντα Η; 

+ 


POR ee eee tomes eer eee 111) 


=| n+a, 0, 0, 0, |= (n+a) a®-1, 
1; ο {1}. ο. 
Ἱ ο ας 0 
1. OR ON Sass 
109. 1s ee Lent 1 WSA αι ο ri js 
a b d a ὐ σσ: dd, 


aa’ bb cc’ dd’ |—(b—a) (d—c) c'd' — (c — a) (d — b) Vd’ 
-F (d — a) (c — 5b) b'c’ + (c — b) (d — a) a'd’ 
— (d — b) (c — a) ac' + (d — ο) (b — a) a/b! 
— (a — b) (c — d) (α΄ζ' + c'd/) — (a — c) (b — d) (a'c' + b'a’) 
+ (a — d) (b — c) (a'd' 4- b'c’) 
— (a — b) (c — d) ((a — ο) (V — d) c a/d' 4- 0'c'} 
— (a — c) (b — d) 1 (a — t) (c' — d) - a/d' + δ'ο'} 


t (a — d) (b — ο) 1 a'd + b'c') 
= (a — b) (c — d) (α΄ — c") (i -- d) - (a — c) (b — d) (α’ -- t) (ο΄ - d), 
since (a — b) (c - d) - (a - ο) (b — d) + (a - d) (b — c) 20. 
110. (a°+03+c—3abc)?=| a, b, c|x|a, b, c 
αμ ο. Ὁ ο -ᾱ. b 
b ον, α Dy ο Ὁ 


111. Subtract the first column from the second and divide the members 
of that column by a-b; also subtract the first column from the third and 
divide by a-c. Then we have 

z?— αὖ, a+b, a+c 90, 
(- αν, (z-af-(z-a)(zr-5)-(r-b9, (α-α}ἠ-(α- α)(α -- ο) -ε (x -- ο)3 
(c+a)*, — (za α)”-- (z a)(z b) - (x-0)?, -- (z-- a)? -- (xo α)(α }- ο) -- (x+ c)? 

τ Subtract the second column from the third, and divide by b-c; then we 
ave 

a? -- αἲ, a+b r zl =0. 

(ᾳ-- αν, (z-a) + (x-a) (x-b)+(x-b)}, 3z-a-b-c 
(z +a)’, - (x +a} - (x +a)(x+b)- (a+b), 3r+a+b+e 
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Add the third row to the second for a new second row, and take this 
from twice the third for a new third row. Then 


| g-a, a+b ; -1 =(0p 
| 94 (a? +3a?), — 6x (a+b) A 6a 
2a (a?--3a?), —2 (893 +a? -- ab -- 09), 2(a+b+c) 
ο αἷ-αἳ , a+b ^ -1 Ξ0. 
arp gates -3(a+b) , 8 
a(a?+32?), —3a?—a?— ab— 0, a+bt+e 


Multiply the first row by 3 and add the second; then we have 
a+ b , 1 | == 0, 

327+a7+ab+b%, a+b+c | 

i.e. 2? (32? — bc — ca —ab)=0. 


z? 


b, be b+e 
σα”, ca, cca 
a?b?, ab, a+b 
= Xb?c?a {ο (a+b) -- b (c - a)) 
= a’b*c?d (c — 0) z 0. 


112. 


119. Multiply the first column by p?+p (a? -- δ3 +c?) and subtract from 
the last ; then we have 


1 «Ὁ p 0 

1 b+c bc —pat+b%? 

1 cca ca —pb?+c?a? 

1 a+b ab -pc-a?b? 

b+c, be, —pa?+ bci 
ο--α, ca, —pb?+c?a? 
a+b, ab, -—pc?+a%b? 


1, bre, —pa?+b’c? |. 
1, cca, -pb + ca? 
1, a+b, —pc?+a?b? 


The first determinant is by Ex. 112 equal to 


-p| b+c, bc, a? |=p (b-c)(c—a)(a—-b) (Za?  Zibe). 
cra, σα, ὂ 
a+b, ab, cà 


'The second determinant is equal to 
1 b+c —pa?+b*c? (a — b) (b — c) 
ϱ 1 p(a+b)+c? (a+b) 
0 1 = p(b+c)+a?(b+c) 

=p (b—c)(c—a)(a—b) {p - Ebe}; 


“. original determinant =p (b — c) (c - a) (a - b) { p + 2α3]. 


P 
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114. The determinant is equal to — b4ct {at — (a? + b?) (a? + c?)] 
+ a2b2 (D? 4- c?) (c2-+ a?) (e (a? + 02) + a0} 
+ a?c? (a? + b?) (D? + c?) (0? (c? + a?) + c?a?) 
= Bbc? { + btct + a2? (02 4- c?) (ο3 + a?) + a?c? (a? + b?) (0? 4- c*)) 
c 


= Dbe? (Xastó + 24209: Za?) 


* 


zi 2zb*c2)$, 
Πιο. ὔσροαμα) ΙΟ Ὁ Ὁ δε Ὁ Ὁ 
qucOocn ect a Orea 
Gis Su» NO 1 ο T ας 
τάς 0 1, «13 Ὁ 


=given result by Art. 430. 
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